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PREFACE 



For many years elementary school mathematics has been a study of ' 
numbers and their properties taught in terms of techniques and manipulations 

In reefftlt years a number of people and organizations have voyked to 
change this patt^rn^ As a result there are now being advocated a number ' , 
of "new" programs in elementary school mathematics, ^^^These programs have 
in common an increased en5)hasis on the structural aspects of mathematics 
and an attempt to show the "why" of arithmetical computation. 

Now it is certainly rf air for you to ask what axl^this fuss aboift "rrew 
prograr^" and "modern mathematics" involves and why you should concern 
yourself vlth such matters. An answer that is too obvious, but true 
nevertheless, is that mathematics as well as ikny other aspects of tne 
world we live in is changing at a rapid rate. Less w^ll known is th.e fact 
that in the past few decades the uses and applications of mathematics have 
also changed enormousLj^, and, therefore, some sound knowledge of mathematics 
is becoming' a prerequisite for fruitful work in an ever increasing number 
of(occupa,tions. This kno'^ledge must include why mathematical processes 
vork as well as how they work.^ • ' 

The new approach to mathematics can be greatly helpe;d by using the 
new and better ways Vhich have been developed in recent y«ars of presenting 
knowledge in many fields to children. It is not enough for today's children 
to learn mathematics by rote memorization. Children now in elementary 
school will face problems we cannot predict. These problems will be solved 
not l)y knowledge of mathematical facts alone, but by knowledge of mathe- 
matical methods of attacking problems ^ New and^as yet unknown questions 
may involve, ^d in fact require, new and as yet unknown mathematics for 
their solution. Naturally, we cannot teach this, but we must teach methods 
of mathematical thinking as well ^ the basic content of mathematics if 
we are to fulfill our responsibility td the youngsters in our charge. 

In this peHod of transition it has been difficult for a teacher 
even to discover what raatherr^tics is needed in ciider to teach the modern " 
approach to jnathematics in the 'elementary school, let alone to have a 
chance to learn it. We hope to point out to you some of thece aspects of 
mathematicB and to provide you with enough experience in them so that you 
can work better with children regkrdless of the particular program you 
are teaching. You will find most new programs have much in common. TJie 
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coHLTOn element is an atte:T. t to lead students to understand principles ^ 
rather than nierei:, s :iesent to them rules for menorization. JAris Lt^- 
poruant to note tr.ai j \jrre partxpf what ^s presented here is tackground 
iraterial for }OJi as a teacher and ije not intended to be. transmitted to your 
students jper se. 

We knoy --^hat, you as teachers have some knowledge of mathematics. 
What vt attempt td do in this course is to strengthen your understanding 
of mathematics and its uses. Hence, by the time you finish the couVse 
we &pe >ou will "have a better comprehension of mathematics; not merely 
of r.ov to compute witn numbers but of what number ^^re and vh:. we ca*n work 
with them as we do. As you study this course, read the text and do the 
exercises yo^will discover that you aire increasing ^our understanding of 
some of the basic notions ^inderlying the mathematics that :*oa are teaching • 
^ Ihe upgrading of the mathematics Drograra involves new teaching methods, 
new wa:^;s of looking at the subject and new understandings of underlying 
^ principles as ^ell as some nev^>mathematics . At first ;^ou may fjnd that 
h> this new way is not sasier to teach but you will also find that the gratif:, ing 
response of children to an;/ pr^ram which gives the- conceptual aspect its 
proper attention makes teaching and learning more exciting and more Interesting. 



O/erview 



The basic topics in the V-g c^urriculum are t;. picall> Number Sj^stems, 
including their properties operations # Geometfj ; Measurement; and 
Applications, Figure P-1 show? briefly the main strands that will be dealt, 
witn in developing th^se topics from Kindergarten through Grade Eight. 
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^ We may think of mathematics' in three ways. . One way is an exercise 
in the manipulation of ifeyrabols. This vlj stresses the .con5)utational skills 
which are still in5)ortant. Childrep must acquire computational skill and 
practice is necessary to develop this facility. 

However, another way to think of mathematics is, as an abstrac't system; 
children should understand the unifying, structural and organizational 
ideas which establish a mathematical system. These are the conceptual ideas 
which they will rely on for their understanding of each new- concept in their 
mathematical learning. ' - . 

, Since the inspiration for mathematics comes f^om the physical world, 
applications are also essential, fact, there must be a blading and a 
balance* of all three aspects, the conceptual, the con?)utaiional and the * 
applications in ^he curriculum. If is to help you achieve this balance 
tnat IS the aim ffnd purpose o'f this course,- - ^ 



I. 
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INTRODUCTION 



In Ms^, 196?. a conference of representives of the Mathematical 
, •Association of America, MAA, the National Counci>| of ^Teachers of Mathematics, 
\ NCTM, and, the Sc<hool Mathematics Study Group, SMSG, was held. The purpose 
^ of* the conrer\nce was to* consider what fui^!ifer uses could be^pad^e of motion 
pictures and television. tb inqorove Instruction in mathematix:s at all levels. 
One^of 'th§ results of this conference was the sugge^ion that the SMSG . 
pr^peure a course with" mathematical content whi'ch could be used' in the 
in-sarvice training of elementaiy^ school teachers. Ihe idea was to help 
them prepare to teach any one of the new, curricula being suggested by various 
grciups. It was also hoped' that such a course might "help ariy teacher under- 
stand better and therefor© t^each better aiiy mathematics curriculum, old 
or new. , 

* ** The SMSCJ accepted this 'suggestion. Its Panel qn Elementary School 
T^iacher Training prepared an outl^e of such* a course, in tfie summer of 
1962 there was prepared a preliminary version of a text *to accon^jany the 
films' when they were made.' Pur-ing^the year I962-63, .thirty half -hour 
films wex\e made with Professor Stewart Nbredock as lecturer, using the 
outline and preliminary tfext as a guide line. In the summer of I963, the 
text presented here was written bearing in mind the films as made and the 
maw suggestions, and comments received on the p'reliminaiyedition^ ^ 
* This 'text is designed primarily to be used,wi"fh the set of films mentioned 
before, providing further reading materia^ as well as problems and exercises 
to help fix "the ideas in mina. , 

In addition, however, it is felt that this material may be used'* 
independently of the films by teachers ^n elementary schools who wi^h to 
improve their knovledge of matiremat^cs. It has been written with ;the* i^ea* 
that man^ of those who study it will not have conisultants or professors at 
. hand to 'answer questions, *Hence, many details-are included which may seem- 
Jbvious to some but which, it is hoped, will be helpful to others. , 

Mathematics should alwayc be studied with pencil in hand and lots of 
paper at* Ihe fey)ov, Problems in each chap-ter should be yorked as they* 
occur in that chapter as they are part of- the deVeLoptnent, Solutions for 
such .problems may b^ checked immediately with those prc/ided at the end of • 
the chapter. Exercises at the end .of the^various chapters may serve to 



review and clinch the iddfes presented therein. Answers, for these will be ^, 
fouhd at the end of the book. f , ' 

A glo^6ary of terms' which may be new and unf amiliai^ is provided for 
easy reference. • • 
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Chapter 1 
PRE- NUMBER IDEA6 

Introduction to Sets 

^ We cannot determine' exactly the time when man began to use nanbers. 
Surely in the very early stages of man^s development even the wisest men 
knew ver)r little about ^he numbers we use today because there was no need 
to do so. Presumably, food and shelter were obtained fi'om what was 
available -at the time and in the iiianediate environment. When the first crude 
forma of society developed, the necessity for keeping records of possessions 
' became important and this involved some use of number. Tiie ba^ic ideas 
tha^ underlie these fir^t attempts at keeping records may seem very simple 
yet these are the ideas upon'which our mathematical structure is built. 
It is interesting to note that primitive man^s first attempts to solve sit- ' 
uations concerning numbers correspond rather closely to the wa> goring children 
.think about n'amber situaxions long before they have learned to count or to 
, use numbers abstractly. When prin .ive man makes marks on the ground to 
keep account of his flock and then pairs each mark on the ground with each 
of .his animals, he is going through essentia]l;y the same process that young 
children experience when they go to the cookie jar to get one cookie *for 
each of their friends. In the first case the set of marks on the ground is 
matched with the sec of animals. In the second case the set of cookies is 
matched wi-th the set of children. 

Sets 

We think of numbers as abstract ideas about things. In fact numbers 
are abstractions and" concepts derived from collections or sets of things, 

^ The concept of set is fundamental for communicating ideas in mathematics' 
Just as it is in everyday language. We speak of herds, flocks, committees, 
armies, teams, groups, etc. All of these terms may be replaced by the word 
set, 'A set is a collection of things and the things in the set are called 

■ the elements or members of the set. It is important' to distinguish, between 

ti*e^set and the elements within the set. If these are physical objects it 

is easy to construct the set by grouping the members and putting them in 

a container; then we know what is a member oT the set and what is not 'a 

member". Another way of identifying the set is by listing its members, 
« 



Suppose we have a set such as a set 6f toys 

A = {ddll, boll, sailboat, airplane). 

For convenience the members of the get or the words that represent the, 
members of the set ar<? enclosed' within braces. The set itself is indicated 
by the letter A. In set A all members have the common property of being * 
toys. However, there need be no relation among the various members of a^ 
set other than being members of the set; nor is the order of listing members , 
isqportant • 

B « {elephant, the color red, telephone, spaceship) 
B = {the color red'', spaceship, elephant^ telephone) 
In B there is no relation among the members of the set other than that 
they all belong to B. It is a set because' its members are specified as 
being members of the set. ^ 

A set may have many members; it may have a single member > it may have 
no member at all. If a set has no member, it is- named the emity set. 
Two «xfim5)les of the empty set are 

E = {mail carried by the pony express ia-1963) 
F = (Jet planes that existed in I963 B.C.) 
The convention of using braces for sets is also used for the empty 
set. It is designated { ). The empty space between the braces indicates 
that there is no member of the en^ty set. Any. example oi the empty set ha^^ 
the saxae members as any other exasnple, of the eiqpty set because none of them 
has any member. This is why we say the empty set; there is only one such set. 

Sets are definite things.. The elements of a set may be concrete objects 
such as an elephant or an abstract idea such as "the color red." Once the 
set has ^een giyen to us we can discover many ideas about it and about sets 
like it. One of these ideas about sets is the concept of number. In the 
next chapter we will explain , and develop this concept from our intuitive 
knowledge of the properties of sets. 

Svunmary , • ^ 

•pie notion of set is, discussed as a key pre-number idea. By so d^ng we 
have the beginnings of a w^y by which we will be able to connect numbers to 
sets of physical objects. This connection' is important because it enables ^ 
arithmetic to be applied to^ the physical world and it is throngi^^orking with 
-sets that we effectiv^y t,each numbers to childreh. ^ 



Problems • ' # 

Pretend that you know nothing about number and you donH know how to count. 
How would you solve the following problems? 

1. You have a handful of dimes that you w^h to share with a friend. How 
can you make sure that you and your 'friend share equally? 

2. Suppose you are interested in finding out whether there are" more girls 
than boys in a school auditorium. What would you do? 

3- There are two pastures of goats. One pasture is separated from the other 
by a very swift river. Kie two primitive tribesmen who own each of these 
pastures want to know whicl; has more goats. Ihey have a raft which will 
transport one of the tribesmen but will not transport the goats. 
There ai-e* pebbles scattered around both pastures. Wha^ mights they do? 

^. You own a set of tools that is so large that you cannot remember all that 
IS in the set. How could you devise a scheme by which you can keep track 
of each tool? 

5« You have as manj' textbooks as there are desks in your school room. The 
principal of the school notifies you that there will be as man>^ children 
in your class as there are desks. What conclusions can you make concern- 
ing textbooks, desks and children? 

6. Given two sets. How can you determine whether one set has as'many ' . 
members as the other set or whether it has more or less members than 

the other set? 

7. You have a friend "who speaks no English and you do. not speak his language. 
How can you convey to him the idea of the numberjlve'* usin^ sets? How 
can you convey to him the idea of a triangle itotfig sets? 



Solutions for Problems 

^ail- each dime that you give to your friend with each dime that you 

keep for yourself. 

* < 
Line up boys on one side of the auditorium *>nd girls on the other side. 
Pair off one boy to one girl. 

Each tribesman collects one pebble for each of his goats. One tribesman 
crosses the river with his set of pebbles. The two tribesmen pair their 
pebbles one by one. If there are _,more pebbles in one man's set than in 
the other man's set, he has the greater number of goats. 



* Solutions for problems in this chapter are on this page. 



k. Draw an outline of each tool on the board where they hang. If the set 
of tools doesn't match the set of outlines, there are missing toop. 

5. You can put a book on each desk and seat a child at each desk. This 
pairs the books and the desks, and also pairs the children with the 
desks. Thus there is one book for each child and one child for each 
book. Ve have the* same number of books as children. 

6. By pairing the elements of one set with those of the othe*r. If the 
peiring comes out even, each set nas as many members as the other. 
Otherwise the set which has some elements left unpaired has more members 
than the other. 

7. You may point to many sets of objects each having five members. You 
may display many represehtations and various models of triangles and 
by tracing with your finger the outline of each, convey the idea of 
triangle^ 



u 



t 



^. - Chapter 2 

WHOLE ITUMBERS 



Introduction 

In Chapter 1 the idea of a set was introduced and the stat.einent made 
that out of some of the basic properties of sets the idea of number would 
be developed. The problems at the end of the chapter were carefully 
designed to introduce sdrce of these propert.ies which will be more care- 
fully developed in this and the following chapters, Man:y times in this 
bobk we will talk about phj/s^cal models to help-^clarify ideas. It will 
help you both now and later to actually make such ^ph^rsical models and work 
With them as >ou read. Different kinds of buttons, . coins, "checkers, etc, " 
would be- excellent as members of sets whidh jou could use to illustrate^ 
.the varijOus situations we shall talk about, ' 

Description of a Set 

The first basic idea leading tc the -notion of number is the idea of 
a set itself which we began to look at in Chapter 1. An important paH 

^ S ..." 

of the idea pf a set is that a set is completely specified when its 
n:embers are specified'. Tnus the set (Mary, Bill," Max, Dick) is the, ^ 
'same set as the set {Dick, Mary, Max, Bill), The same set ma:y, well have 
many different descriptions. In fact, the set named before may very 
well be the same as the set of students now working at the chalkboard," 
Thus a set imy b^ determined by naming its members (without regard to their 
order) or describing them by some property the> have in common. Remember 
that if a set has no members or there are no objects which possess the 
specified property," th6 'set is called the empty .set. Thus the set of 
purple cows is ( , 

Pairing ^he ^fembers of Two Sets 
/ 

A second basic idea leading towards number involves tw6 sets. Sup- 
pose that we have two specific sets of objects A and B where 
.A = (A, O, 0} and B ^X, Y), We can think of pairing the individual' 
members of A with those of B, ' To carry out this operation, we choose 
one member, in any way we wish, from the f rst set and at the same time 
one member from the second set. We put these two objects aside. Next 
we repeat the process,, choosing one of the remaining members of the first 
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* set and one of the rer ning members of the second. We put these aside, 
and then continue. We keep going until we run out of members of one of 
the sets (or perhaps both at the same. time). Foj: exaji5)ije, we start a 
one-to-one pairing of the members of A and B by choosing the O 
from A 6Lnd the X from B, We put them aside and for the second step 
we choose the A from A and the Y 'from B, Now we are finished since 
we have used all the members from B even though the 0 is left in A, 

Another way of picturing this is to connect the members of the first 
set with the members of the second set that they are paired with. The 
example above c^Ji be pictured in this way: 
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When we paiAtwo sets, there are only three possible outcomes. 
In the f irbt placey we might run out of members of the two^ sets at the 
same time. In this\case, we say that the sets match . For example,, the;se 
two sets match: {A, O} and {X, Y) , but these two do not: {A, O/ Q) 
and {X, y), rn* 

In the second place, we might us^ up all the elements 'of the second 
set'oefbre running out of members of the firsL, In this case, we say 
that the first set is moro than the second, ^ 

For example: {A, O, D} .is raore than {X, Y) , A is jnore than B, 

Finally, we might use up all^the members of the fii's.t set before those 
of the second. In this case we say that the first set is less than the 
second. For exaiq^.ley tA, O, □}'; is less than {W, X, Y, Z) , 

The mosx important fact about the operation of pairing is that the 
outcome does not depend on tl^e order in which we pick out the members. 
Thus) if we pair t jets and discover that they match, then wc can be 
sure thfit if we shuffle* the members of the first set and also shuffle 
the members of the second set and then repeat the operation, the oi^ome 
will be the' same. They will still match. Whether or not two sets match 
depends onl;, on the sets and not on the way the members of the sets are 
arranged. 

It is this one-to-one* pairing ci the members of two sets which is the 
method ^ should have used to answer the problems posed ^n Chapter 1, 
If you have the boys and girls in the auditorium pair up, you can quickly 
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tell if there ai- as- many girls as hoysr If you paint a picture of each 
tool you own on a peg board and hang each tool in fixDnt of its picture, i 
'is obvious if. one is missing. " ^ , 

Matching Sets 

V 

If there is a one-to-one, pairing of all the members of onriiTvith 
all the members of anothei- set," we have a matching of the two sets and a 
one-to-one correspondence of their members. 

Uiere are some obvious but iii?)ortant praperties of this relation 
between sets w^ich we call matching. 

1. It is always true that a set matches itself . Ihus'if 
A = {Bill^D^ck, Jlary, ^) 

then the -Set iMartr- mrv Mn«- -Tuni ^ ^.^ 

iiitiry, uicK, M^, Biiij ■ is the same set A 

^ and the sets can be matched hy pairing e'ach child in the first listjng 

with himself in the second. ; ^ 

^ 2. if A and B are any two sets and if A , matches B, then 
B matches A. 

This is true sirifce the one-to-one pairing of each member of A with a 
member of B can be considered equally well as a one-to-one pairing of 
eaqh member of B with a member of A. ; 

^ 3. If A, B and C are a^y three sets, and if A matches 
B and B marches C, then A matches C. 
^us in th^probleA posed in' Chapter 1 about the scKool childre^i, textbook 
and desks, we can put a book on iach desk, since we ktiow these ^ets ^atch. 
Also, we can ^eat each child at a\desk and know that there are no empty 
desks since th^se sets match. But-\w we have a one-to-one pairing of 
books with children and so we ^cnow th^set of books matches the set of 
Children. 

Hhe three properties listed above enable us to talk about a whole 
collection of matched sets' since if b matches any one of the three ' 
matched sets A, B and C, it will match the other two and so on for , 
any other set which matches A, B, C or D. We will return to- this 
collection o^matched sets shortly. 

The More |{han Relation * 

7*^ ■ — 

When we paired off the members of A with those of B, it might have 
happened that we ran out of members of B before we had used up all the 
members of A or vice versa. In the first case we said that A was 
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more than Thus the set [H, O, 0] was more than the set fX,' Y) . 
* We alsd ^ay-'that (X, Y) is less than (A, O, O) . * The set C in Figure 2-1 
is more than the set. D since in the one-to-one pairing* of members illus- 
trated 'we run out of meihbers of D. before we use up all the members of C.^ 



c = ( 
5 = 1 



Figure 2-1., ,Set'^C which is more than set D. 
Just as there were some^.iinportant properties of the matching relation- 
ship between sets, so there are some important properties of the "more 
than" relationship. 

1. If B aJId C are any three sets and 
> ' *if A is more than B and B is more than 

C, then A ia more than C. . J « 

This follows mosjb cleaciy prcJm consideration of Figure ^2. 



O } 




no members of B 
paired with. these. 



no members of C 
paired with this 

no members ^of C 
paired with t^iese. 



Figure 2-2*. If A is more th&i B and B' is 

more than C then A is mor'; than C. 

2. If A and" B are any two sets such that A 
is itore than B and if C is anj' set which 
matches A and D is any set that matches B, 
then C is more than D. 

This also /ollS^e from' a figure such as Figure 2rJ* 
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Figure 2-3. Another/* property J>f Vroore th'an." 4' 

We can pair each member of with a^member of C by tracing through the 
paillS^Ffrom' a member "of to a member of • B to a member of . A to 
a memb^er of C. But when all the members of D are thus paired, there 
are still some members of* C;" such as z, which are not paired ;Jith any 
memtierof.D. Thus C is. more than D.' . ' 

Finally cwe mention again, for emphasis, a property mentioned before. 
That is: ^ v • ^ . , ' 

If 'A and' 'B are any two sets, then just one of 

the following occurs: A is more than. B; A matches 

B; or A is less than B. ' - * 

We can see that this must be true by thinking about the pairing of members 
of A and. B. Either we run out of members of B before we do those of 
A or we have ^t enough or there are members of B left over when we 
run out of those of A. These situations correspond exactly ^to the three 
case^ listed above. 

It should be mentioned here that the relationship "less than" has 
properties corresponding 6xactly„ to those of "more than" since to^y 
"B is less than A" is to say exactly the same thing as "A is more 
• than B." 



Problems * 

i« Here are some sets: 

ID 



o 

▼ 



B = 



c = 



ship 

puznpWn 
cookie 

bai;L ' 

^ o 

X 

o 



a:, 
b. 



2. 



Which, pairs of sets match? Draw arrows to show the matching. 

Which sets are less than A? Draw arrows to show the pairing, 
and show the members of A left over. 

Give an exan5)le of sets A, B and'* C such that A is less than 
B and B is less than C. Draw arrows to show that A is less 
than C. 

Give exaD5)les of sets ' A, B, P and Q with A less than* B, , 
P matching- A and Q matching B. Draw arrows to show that P 
is less than Q. \. ^ 

Which of the following sets are empty sets? 

a. The set of girls ten feet tall. 

b. The set of boys five years' old. ^ • 

c. The set of women who have been President of the U.S.A.* • 

d. The set of bald headed men. ^ 

e. The set of children with brown hair. ^ 



Properties Common to Some Sets 

Now whaV do all these considerations of sets, pairing elements of 
sets, sets matching or being more than or lepc than other sets, 6Uid col- 
lections of matching sets have to do with numbers? Ifumbers and their 
properties are ideas eissociated with sets and properties of set^^ but how 
can we get hold of ideas just by looking at sets? Consider how you might 
try to get across the idea of a triangle to someone who speaks no Ihglish. 
You could show him a set of objects of triangular shape. Out of .a whole 



* Solutions for problems in this chapter are on .oage l8. 
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mass of different shaped objects you wc^d pick up a triangular one v^d 

put it iti the set, but a circular one you would^reject. After seeing^^ 

^' this^kind/Of selection made several times/your friend would pi^bably get 

the idea. Similarly, if you wanted to explain the word "blue", to somepne, 

you could put into one set a blue sweater, a blu^, coat a-blue'hat* ' 

At this point he might think "blueV meant sometl;? ng^ to weai-, but if you 

added a blue flower, a book with a blue ^ covei^ and 'd blue electric /light 

bulb, he might get the idea. If not, we could continue adding blue 

objects to the set, rejecting red and green^ones, until he could make the 

correct decision himself thus indicating that he has the Idea. 

«» 

,^A Collection of Matchea Sets , V 

So it is vith tne setspre have been talking about. What, is the 
property we want to acquire out of our consideration of sets of objects? 
This time it is not the color or shape of an object which determines 
whether it goes iifto our collection, it fs whether a certain set under . 
consideration matches a- given set. Thus these sets ( , A, □ , 'A'^ Q f . 
and (P, Q, R, S, T) share a common property; they can be matched with 
each other. There are many othei: sets with the same common property, 
i,e,, sets such as [♦,0,0, r,J} or (boy, cow, dog, cat, pig) 
which can also matched with each of them. The property shared by all 
the sets which canTje matched with these is the elusive id^a that we are 
after. It is called the number property of these sets. For these parti- 
culaV/sets, wfe choose to call the number property "five" ,and to^Write "5/ 
All the sets, which match the set (d,A,a) share a different number 
property which we call "three" and write as "3," Of course, -man^ other • 
sets of objects share this number property, ^e set (Joe, Jane, John) 
has the number property 3; the set (boat, hous. car, garage, bank), 
has the number property 5. In order to write this Easily/ we use ^ 
N(a) ^s an abbreviation for the phrase "the number property of A/' 
Since this number property 1^ a property shared by all the sets which 
match, A we can say that ^f A. and B are sets which match, then they 
have the same number property and we can write, N(a) = N(b), • 
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N umber * - ^* « - . 

— — — « ♦ 

It is in5)ortant to realize that*the number property aseociated with 

( A, 6, O) is jsoife^hing which has' many] different names. A Roman knew 

this, he^caliea it tres and wrote HI; a Chinese knows it, he calls it 

sahn and writes ^ ; a I'renchman and a German know it, they call it 

trois arid drel , but ^ite it 3 as we do • There are many- names by which 

this number property may be called, they are the numerals,^ III, E , 3, etc. 

But Xt is the number property shared by all the sets which match {^,0,Q), 

which is the number itself. It isn't the name, the numeral, which i*s 

in5)ort.ant; it is the recognition that ^ 

a number •is the common property shared by a 
•collection of matched sets 

which 'ife the iii?)ortant idea we must get» Such numbers are' called whole' 
nuanbers- and we see that tlj.ey are' connected fundamentally with sets of 
objects. Ttie properties" of these ^Jh^e numbers will therefore follow ^ 
naturally frojn che properties of sets which were so carefully listed a 
f»ew paragraphs back. 

With#each collection of matched sets W3 associate a certain number: 
wit.h the sets which match (X, Y) , the number 2; vilTh those which match 
{P, Q, R, S), the number' k; with those which match (0), the number 
1; with the empty set ( ] the number 0; and so on. We say the 
en^ty set because there is only 6'ne. Ttie idea of zero as a number is a 
difficult idea for many people. As a matter 6f fact, it was historically 
late in being accepted. But it is extremely useful, in fact almost vital 
for UB# 

Problems 

5. Name the. number property associated with the collection of sets which 
. 0 match the following sets. 

(r,s,t,u,v,v,x,y,z,p,q} 



a. {D,A) 


e. 


b. .{R, S, T, U, V) * 


f. 


c. {' )^ 


g« 


d.'> {O) 


h. 


Specify sets for which 


each number 


eissociated. 




&» k . 


. d. 


b. 5 


e. 


c. 3 . 


f . 







0 
9 
1 
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Properties of Numh^r 



i 



When two sets are coii?)ared by a one-to-one ^pairing of their membeys^ 
we find that A may match B, that A may be mor^ than B, or that 
A may be less than B and these are the gnly things thaf cln happen. 
Corresponding to these three situations, ^we can say in the first case 
N(A) and n(b) are equal, N(A) = n(b); ^in the second case * N(^) 
is greater than N(b), n(A) > N(b); ancTin the third case N(A) Is 
smaller than n(b), n(A) < n(b). Note t^ie symbols > ahd < to^ express 
the relationship »»greater than" akd "smaller than" betweeh numb^s. ^HqJ 
are we to decide between two numbers, say k ^and 6, ^ to which one -is ^ 
the greater? We go right^ back to a set out of the collection associate^^ 
with U and a set out of the collection associated wilh 6. We knpw'we 
can decide by a one-to-one pairing of members of these sets that a set 
of 6 is more than a set of k and therefore we say that 6 >k or h < 
Ordering the Whole Numbers 

} We can compare any two whole numbers in this way. Therefore 
we can now take any set of whole numbers^ such as (6, 3, 2, 0, h, 1, 5}, 
^ compare them in this fashion, and then order them by putting them in a 
row with the smaller ones to the left, Th'os we soon find by comparing 
their sets, that 2 < U ^ and we already" know k < 6, So we order them 
2, h, 6. . What about 3? Con?)aring s^ts of 3 with sets 'of 2 we find 
2 < 3^ so 3 goes to the right of 2 but where in relation to U and 6' 
Comparing a set of 3 with a set of k we find 3 < Now we have 
2^ 3, ^, 6, In like mariner we consider the numbers 5, 0, 1 and 
discover that the correct ordering is 0, 1, 2, 3, k, 5, 6. 

Problem 

7* Put each of the following sets of numbers in order. 

^- (3, 1, 2} . d. [k, 3, 2, 1, 0} — ^ 

^- (6, 0, k, 5)^ . (5, 1, 3, .2} 

c. (5, 7, 3, 1, 9} " ^ f. {1, k, 3, .7} 



\ 



J 



Successive Numbers ' ^ 

If we look at sets o^ 5 and • 3 we see that In the pairing 



' {6,1,0] 



I) 

the set of menibers left over fiifter all the possible pairings is a set, {O), 
with exactly onej* member • Any set, thejjefore, which is more than a set of 
2 must either Jj)atc^ a set pf 3**o5: be.more than a set of 3« This means 
tha/ there is no whole number which is^eater than' 2 and also smaller 
than We say that 3 'is one morel^an 2» 

Any number such as 6 i3 the nuiiij)er property of a set of matched 
setsi Take cme such "Bet. It .is always possible to put another objeclT 
in. this^e<» Thus we^can put Q iJ^"to the set A = { A , O, O, H , T ) 
and get the set B = { A., O, Q, F). OJiis is one^ of a collection^ 

of matched sets and to this collection is associated a number N(B) which 
is one nore than 6. Of course, this is the number we call ?• But the 
important thing to realize, is that for any number we can always go through 
the same procedure Bxi<^ find another number which is one more than it. 
How can we possibly name, all these numbers? Ttils is a very real question 
to which many different answers have been given. Chapter 3 will be devoted 
to exploring the different answers and deciding which one is best for us. 

Counting * j ^ ' . • e 

The ordering of the whole numbers which we have achi^:ed, 0, 1, 2, 3, 
is,tof course, the basis pf what we^xiall counting. For this purpose, we 
ditop the 0 and consider the ordered set of the so called "countirig 
DundDers," 1, 2, 3, U,-... . There is a very remarkable fact about 
a set of these numbers which in some ways seems so obvious that it is 
hard to appreciate^ If we take eCny set of these counting numbers starting 
^ith i ' and going up say to n; we have a set of objects. We might well 
ask: Tb what collection of matched sets does this set belong? In other 
w€rds: What is its number property? Or in sti;Ll other words: How many 
objects are in this' set? Now the' remarkable* property of this set is that 
the last number n in the ordered set we selected is exactly the answer 
to this question. This is why we can use such a set to count the members 
of a given arbitrary set A. 12 we want to count the members of such a 
set, we pair them off one by one with the ordered set of counting numbers 

$ 



=^4 



r. 



until we run out of members. of A. Ihus, to count the set <^ {A,0, 0,t^} 
we might pair them' off in thif fashion: O-*— ^1, <>»r^, i^^^^^ jit . 

The last number wHich we 'use in this p.airin^ is the number which "counts" 
the. set and names the number property of 'the set, d^is is just , because, 
^ire have achieved a matching of the members of this,. set with the^ members 
of^a set of the ordered numbers and. we know 'the last number," U/ of this 
set 'tells us the number, of members in ,the set, -'©cactly the same procedure 
will worjc for an arbitrary 'set A and the ^pairing of its mefiier^.with 
the counting numbers ; 1, 2, 3, 4..., r): tell-s us' that ' A has n members; i 



' Number Sentence ' - » ' • , 



• Wen we ta;j.k -about numbers and say for exai:5)le that six is gi^ater 
than .four -or writ^ . ^ > U ^we are Using liumbers in a \ent enqe or wiitin^/ 
a ^'number sentence." Frequently, we will -want % talk about ftumbefs'or / 
write a nun^ef sentence ^about two' numbers without, 6p^c if ying wfilch' numbers 
T^c mean."^ exaxnple, we may vant >ty isp^ "abc^t the number :p^6perty of ,^ 
sets^ A and B. We have .nl^ten this as N(i^) ^or-"N(B). ' We also use'' . 
letter^ sUch as a , and b^^ for thi^ purpose, i.e., to represent numbers 
Thus if A ^s more than B we write ''n(A) > NCB). or a > b. "^i^ ala 



i^ also 



is a nupjj^er sentence. lb, say' a = b is to say that A aird, B are both 
sets from-the same collectior of matched sets and therefore have the same 
number property. Number sentences are going to be very useful- to us and, 
will be studied carefully in later chapter^ 



er Line' 



^ / 



Another very usefuf, device in'oui" sxudy of numbers is to think of 
them .in reiatioruto a "number line," We sinqply draw a line as 4n figure 2-U 
with arrows on both ends indicating that it can go on and on if we want 
it to. 



(a) ^ 

(b) <: ' ' — I — L — i — I — I 

(c) ' 1 1 1 I ' ' 

^ ' ^ i 2 3 4 S 6 7^ ^ 

Figure A number line. 
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Ihen we mark on it^as in Figure a number of equally spaced mar^s or 
dcts. And then starting at the left we label the dots with the whole 
numbers in order, 0, 1, 2, 3, k, ^,^6, 7, ... . The arrows on the number 
line indicate we can extend it if we Vant to; the three dots ... at the 
end of our list of numbers indicate that we can extend it if we want to. 
Now the order of the whole numbers shows up clear Iv by the position of the ' 
labelled dots. The" dot labelled 7 is to the right of the .dot l^elled 5. 
Correspondingly 7 > 5» Of course, ^this is so since we labelled the dots 
in order, but sometimes pictures and diagrams help us .to see and retain 
ideas n»re easily. !Ihe number lin^' is going to be extremely useful to us 
again and again in our future work. 

Summary ^ 

9 

Let us summarize briefly what we have done. We considered sets and 
their properties and from these ideas developed the idea of number. The 
properties of whole numbers correspond to the properties of sets. We 
list some of these in Figure 2-5. 

Sets ^ Whole Nuir.bers 

•Hie one-to-one pairi|g of < For any whole numbers either 

members of A and B 
^results in either 



a' matches B 




N(A) = N(b) or 


a 


= b 


A /l^ more than B • * 




N(A) > N(b) or 


a 


> b 


A is less than B 




N(A) < N(B) ^r 


a 


< b 


If A is more* than E 




If a > b 






and B is more than C 




and b > c 






then A is more than C. 




then a > c. 






If A is less than 




If a < b 






and B is less than C 




and b " < c 






then A is less than C. 




then a < c. 







Figure 2-5. Correspondence between numbers and sets. 

.Tlie whole numbers cf a be arranged in an order and this order used 
as the basis of counting. 

Numerals are names for nunibers. Ibe same number may have several dif- 
ferent numerals. The problem of names for numbers^ particularly large • 
numbers, is the topic of papier 3. ^ 
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Exercises - Chapter 2 

1. Which sets below are of the same type? 
' a. {a, b, c, d, e, f} 

c« U, 2, 3, ^ 5, 6} • 
d. { } 

2. Match the elements in Set A with the elements in Set B and tell 
which set has more elements. 



A =r 




■ - ! ^ / ^ ^- 

3. If the eleinent,s of set A- match with the elements offset B and 
the elements of set B match with the -elements of "set c,' what can 
you say about the elements of sets A and C? 

k. What numbers are associated with the following sets? 
c. {A,D,«,A,0) 

5- Wiich of the following sets are empty sets? 

a. The set of girfs .fifty feet tall. 

b. The set of married ken. 

c. The set of ugly women. 

d. The set 'Of men from Mars. 

e. The set of children in your school. 

5. Construct a set ^ A and a set B and write a number sentence to show 
that A is less than B. 

r. Write number sentences using symbols to show the number property of 
A and the number property of B. 



17 



2. 



\ 



8. Siippose you want tc explain "wide" to someone who speaks no Siglish 
and you do not speak his language. How would you go about conveying 
to him the idea of "wide"? 

9. Write number sentences using appropriate symbols to show the relatioj;i- 
ship that exists among these sets. < 

A = (A,o,s,r,>i'i 

B = (a, b, c, d} 

C = (p, q, t) • * 

* • • 

10. List several symbols for real objects. 

11. What is the smallest. ;riiole number represented bn the number line? 

12. What can you say about every ' nuijiber represented by a point on the 
namber line that lies to the right of a given point? ^ 

13. If one number is greater than another, what do you know about their 
places on the number line? 

• \ 

Ik. What do the arrows on either end of the number line indicate? 



1. s* A matches D, 



B matches C 



Solutions for Probi^ms 
D = (A,X,2,0,^) 



A = { 



B 



C = (ship, ^Umpkin, ^ookieT^ball) 
Many other pairings are possible, 
b. C and B are both less than A. A = ( ^i^f f^^^/^^ 

C = {ship, pumpkin, cookig^all} B = [^,9,W,<^ 

A = ( o, rf^j^^T^T^ ^ is ^^^^ o^^^- 

▼ is left over. 

Many other pairings are possible but in each case some member of 
A will be left over. 
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2. A = 

2 = ' h ?' T) 



3. 



h. 

.5. 



c = {0,9,^,0,®, 

A. □ 0 



®, <t are left 



over. 



A = (JA, d O) , 
P = (knife, fork, spoon} 
A = {be 
B = {house, 
Q = {cow, I 

P = {knife, f 03?lc7 spoon) 
a and c aresempty sets as of I963, * 

e. 11 

f. 100 in August, 1963. 




cow, dog are left over. 



a. -2 

b. 5 

c. 0 

d. 1 



r 



Snly you"can give these. 



'a. (boy, girl, man, woman) 

b. (HaMei71'aw,"drill, nail, screw) 

c. (X, Y, Z) 

d. { ) 

e. (9, 6, 5, 3, 1, 2, 1+, 8, 7) 
■f. (P) 



a. (1, 2, 3) 

(0, U, 5, 6) 
c- tl. 3, 5, 7, 9) 



d. (0, 1, 2, 3, 1+) 

e. {1, 2, 3, 1+, 5} 

f. U, 3, 1+, 7) 
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Chapter 3 
NAMES FOE NUMBERS 



Introduction 



JfLlhejreceding chapter we studied briefly the idea of a set and its 



" elements. We found that some sets had, the property that their elements could 
be mtched with each other in a one-to-one correspondence.. Fixjm such sets 
we extracted the idea of nm^er as a property of a set of matching sets, 
■niis was called the number property of a set. We found that some sets 
had /-more" elements than others and out of this came the idea of the "order" 

. of numbers and the possibility of using numbers to count the elements of;- 
a set. Numbers can be represented by points on a number line tod the order ' 
of numbers corresponds to a sequence of the points assigned. 
The Beginningg of Numeration 

, Now the problem must be faced as to how the numbers are to be named and 
what symbols can be used for writing them. Ihis is a problem which has 
received attention over many years from the early days of the cave man down 
to the present era when the advent of high speed con?.uting macHines has 
forced us to look anew at the question. 

. In primitive times, men were probably aware of sin?,le nunibers in counting, 
as in counting "one deer" or "two ai^ws." Primitive people also learned to 
use- numbers to keep records. Sometimes they tied knots in a rope, or used 
a pile of pebbles, or cut marks in a stick to represent the number of objects 
counted. A boy counting shee^, might have %\y ' pebbles, or he might make 
notches in a stick, as . one pebble, or one mark in a stick would • 

represent a single sheep. The same kind of a record mi^t be made by tally 
matks as are used even to this day in, for instance, counting votes in a 
class election, m II . when people began to make marks for numbers, by 
making scratches on a stone or in the dirt, or by cutting notches in a stick, 
they were writing the first numerals. Numerals are symbols for numbers. 
Ihus the numeral "7" is a symbol for the number seven as are the marks 
above. Numeration is the study of how symbols are written to represent 
numbers. 
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Distinctions* Between Words ^ ' 

In workings in any field in mathematics, the distinction between ''dif- 
ferent words is usually very important. Thus the word "numeration^' used 
here is not the same word as "enumeration" with which 'you may be more 
familiar. An enumeration of your classes a counting off of the members 
of your clas^. \ ^ 

Principles of numerati(j>n''cannot be de^^ioped effective', if confusion 
exists regarding' the terma'nu^er and nujoeral. These are not synonymc^s. 
A iiumber ' is cloncepty an abstraction, A numeral is a symbol, a name 'for 
a jiumber. A numeration system is a numeral system, not a number system, ^ 
naming numbers. 

Admittedly there are times when making the distinction between such 
'■'4, *> 
words as "number" and "numeral" becomes somewhat cumbersome. However, an 

attempt should be made in treating elementary arithmetic to use such terms 
as "number/' "numeral" and "numeration" vith precise mathemfttical meaning. 

This may be ?m appropriate time Xo comment on the correct use of the 
equal sign "=". For example, when we write 

5 + 2 = 8-1 . " ^^-^ 

we are asserting that the symbols "5 + 2" and "8 - 1" are each names 
for the same thing— the number 7. In general, 'when we write 

^ A = B 

we do not mean that the letters or symbols "A" and "B" are the same. 

They very^vidently^are not. What we do mean is that the letters "A" 

and "B" are each belong used as names for the same thing . That is, the 
t — — — . 

equality ^ 

A = B 

asserts pi^cisely that the thing being named by the symbol "A" is identical 
with the thing being named by the symbol "B". The equals sign always should 
be used only in this sense. 

It is imperative to recognize that a number may have several names-. 
The symbols VII, 7, 8- 1, 2 + 2 + 3 are all names for the same number, seven 
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numeration Systems 

It is of interest to look at some different systems of Writing numerals'- 
and to contrast them with our own Hindu-Arabic System to see the advantages 
-inherent in it. 

-Rie edrliest^syst'ems started out with tally marks, i.e., | for one, 
1 1 for two. III for three, etc. . You .can see that we wiU run into dif- 
ficulty quickly under this system, particularly when we wish to w^ite large 
numbers. If we examine liifferent numeration systems, such as the Egyptian, 
the Chinese and the Roman, we find that tally iarks, letters and various 
forms of special symbols are always used for small numbers, tt is when the 
necessity for namiiig large numbers arises that the advantages of certain 
systems ^of numeration over others become apparent. ' * * - "* 

•lb avoid using too many symbols, a process of grouping evolved very 
early in the history of man's civilization. Just what grouping means and 
how it helps will.be explained in this chapter. Some numeration systems 
grouped by twenties, some by twelves, some by 'twos, but almost universally 
groining was by ten^. Ihis ma^ be because count;Lng began by. matching fingers 
and we have'ten fingers on? our two hands. Vestiges of other gr6upings in 
our language are the words "score,"- "dozen," "couple," etc. 
Egyptian Numerals' 

One of the earlier systems of writing numerals of which there is any 
record is the Egyptian. Their hieroglyphic, or picture numerals, have 
been traced back as far as 3300 B.C. Thus about, 5OOO years 'ago Egyptians 
had developed a system with which they could express numbers up to millions. 
Egyptian symbols are shown in Figure 3-I. 



Our' Symbol ^ 


Egyptlein Symbol 


Object Represented, 


1 




/or! 


stroke or vertical staff 


10 




n 


heel bone 


100 




9 

f 


colled rope or scroll , 


1,000 




lotus flower 


10,000 






pointing finger 


10Q,000 






burbQt fish (or polliwog) 


1,000,000 






astonished man 


Figure 3-1. 


Egyptian 


symbols for nimibers. 
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The Egyptian system combined a simple tally system with the idea of- 
grouping by tens. Thus, one vas represented by a single mark /, and' ^ 

/// ' 

nin« by /// ; note grouping by 3»s for eade in reading. For ten, instead 

//////-. 

of writing ///, they considered all these possible tJallies as being 

/// . ' V 

combined into a single group and -^represented it by a n«w syrnbbl 0 . Then 
'ine'tead of writing ten O's for a hundred, they considered this as a single 
group and introduced again ^ new symbol 9 ^or it, and so on. This is the 
fundamental idea of grouping which is an important advance in numeration 
•systems, , * * 

Using the Egyptian symbols, we can write two hundred thirty-three ^ 
as 99 n n/^llj. Note that in this system we need symbols for each of 
the various groups such as ones, tens and hundreds. Because of the- tallying 
idea we find that nine hundred eighty-seven is awkward to write since the ^ 
symbols must be repeated so often. Thus 

999nnniu 
' wnnO'in = 987. 
9990 n ^ 

Th^ Egyptian system was an improvement "over the cave man^s system of. 
tallies because it used these ideas: , ' ^ 

1, A single symbol could be used to represent the number of objects 
in a group. For example, a heel bone represented a group of ten. 
The system was based on groups of ten. Ten strokes made, up a 
heel bone, ten heel bones made a scroll, etc. 

Symbols were repeated to show sums of nunibers, Ihus the symbols ^ 
9? 9 mean 100 + 100 + 100 or 3OO, ^ 



2, 



Our numerals 


k 


11 ♦ 


23 


20,200 




Egyptian 
numerals 


nil 


ni 


nnui 







J. 



Figure 3-2, A table showing .how Egyptians wrote certain numbers. 
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The prime disadvantage of the Eg^tian system is that they used no 
symbol for the nianber zero and so their nvaaeration system, while \\8ing the 
same base ten as we ordinarily do, could not use the idea of place value. 
"Problems* * 

1. ifrite niimerals for the following numbers in tallies and in Egyptian 
symbols. 

^. s 9 ^ • c. 8 

b. ^ 12 d. 19 

^. Wirite in Egyptian symbols • 

a. 232 c. 2354 ^ 

' b.- 1111 d. 6002 

Other llumeration Systems 

In many ways the Roman numeration system is 'the same as the Egyptian 
except that the Romans used different symbpls and added symbols for five 
and fifty so that there did not have to be quite so many repetitions in 
writing certain numerals. The common Roman symbols axe snown in Figure 3-3. 



Our numeral 


1 


5 


10 


50 


100 


500 


1000 


Roman numeral 


I 


V 


X 


L 


c 


D 


M 



Figure 3.3. Roman symbols for numbers.*** 



Historians believe that the Roman niomerals probably came from pictures 
of fingers like this, | , 1 1 , 1 1 1 and 1 1 1 1 . Ihey then used a hant^^ 
for five. Gradually they omitted some of the marks and wrote V. Two fives 
put together gave, X the symbol for ten. Ttie other symbols were letters 
of the alphabet; In this system 987 would be written as IXICCCLXXXVII . 
In later Roman times, they adopted a siibtractive idea where if an X were 
written before' C, the, numerfitl XC would stand for ninety, wherec^s CX 
would stand for one hundred ten. This is the system we see used to this 
day for inscriptions of dates on buildings, etc. In this fashion 987 would 
be written as CMUQOCVII. — . _ _ ^ 

Ttie Chinese developed a numeration system which avoids the tedious 
repetition of symbols as tallies. IRiey had symbols for each digit from one 
to nine and symbols for ten, hundred, thousand, etc. To write five hundred 

* Solutions for problems in this, chapter are on page 30. 
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they wrote the symbol for tlvt and the symbol for hundred. To illustrate 
this we will use our own symbols for digits and the Egyptian symbols for 
tenvand hundred. Thus, three hundred would be written as 39 instead 
of 999 , and 987 would appear as 99 8 0 7. Notice uow fewer and fewer 
symbols are needed as the system gets better arid better". What is still 
missing? Curiously enough it is the symbol for the number of the empty set. 

Problems 

3. Write in Roinan numerals, 

a. "^232 c. 259^ ^ 

b. 1111 . d. 1963 

k. Write in Chinese system using Arabic digits and Egyptian symbols as 
in the text, 

a. 259^ c, h^2 

b, 1963 d, 6020 

0 and the Decimal System 

Further advances in numeration systems had to wait for the invention 
and general acceptance of the symbol 0 for the number . zero . Systems up 
to this point always needed special symbols for groups of tens and hundreds. 
If the value of a symbol is going to^ depend, as it does in our system, 
on the position it occupies In the written numeral, we must have a method 
and a symbol xo determine its position. In 987 . the value of the 9 as nine 
hundf^ed is determined by its being *in the third position. But, if the 8 

and the 7 were not there to hold the tens an^ units positions, coiAd not 

> 

tell whether the 9 represented nine hundred, nlJiety, nine thousand or 
even Just plain nine. In saying nine hundred seven we know that we have ' 
nine hundreds, but if we had 'to write the numeral without the symbol "0" 
we might try 97 or even 9 7 but we would have no way of being sure what 
the nine represents because we do not know what position it is supposed to 
be in. The symbol 0 enables us to Vrlte 907 "and be sure the 9 stands 
for nine hundred since the 0 pushes it over into the third position. It 
is this use of 0 to establish the positional^ character of our numeration 
system that distinguishes it from all the earlier ones. It is this, combined 
with our practice of grouping by tens and hundreds, that gives us our decimal 
place value system. The, word "decimal" comes from the Latin word decem 
Which means te^. It is used to indicate that the basic grouping is by tens. 




This system is said to have the base ten, .After looking at our own system 
with base ten, we shall also look briefly at systems with different bases. 
Problem 

^ ^* Write the following numbers in our own system, 
a. <999naf\U\ e, 3tf ^(\'^ ' 



b- IKVII g, 39 6^7 

c, XCIX h, f .9^'^;^';' 

d, , ^Ea2xcII i^^'*^ 



Let us now analyze our decimal place value system. We are going to 
group by tens and hundreds and are going to indicate groups by positional 
places in the numeral. First we need symbols for all the numbers up to ten 
and, as we saw, a special symbol for zero. These are the familiar digits, 
0, 1, 2, 3> ^> 5> 6, 7, 8 and 9, the so called Hindu-Arabic numerals,* 
Written in t^\e first position these digits indicate how many units there 
are in the number. Next to indicate the number of tens, we write the ap- 
propriate digit in the second position to the left, holding open the first 
position by writing a 0 there if another digit is not required. In the 
same way we write a digit in the third position to represent the number of 
hundreds required and so on in the fourth and fifth positions for thousands 
and ten thousands, etc. In this system a digit in any position in a numeral 
has a value ten times that which it would have if written .one position to 
the right. Thus, the 7 in 7063 means seven thousand, while in 6752 
it, stands for seven hundred and in I673 for seventy. 

How would we write a decimal numeral to indicate the number of x^s 
in the following set? 

xxxxxx xxxxxx xx 
xxxxxxxxxxxxx-xxxy. ^ 

X X X X.X X X X x./ 

xxxxxxxxxxxxxxxxxxxxxxxxxxxx 
xxxxxxxxxxxxxxxxxxx" 

X X X X X X X xJ?x X X X X XX 

Figure 3-U, A set of x^s , . , 
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. We group these by tens and hundreds in Figure 3-5 • 

Fx X X X X X :x X x"xT 
fSTF^x X X X 3c X x"? 
ocxxxxxxx x"5c] 

& X X X X^HT^X X X Xi 
DC X X X X X x-x 

X X X X X ocxx xl 
ixxxxxxxxxxl 
ixxxxxxxxxxl 
tx xxx xxxx 
pc~x xxxxxxx5n 

hundreds tens units 

^ Figure 3-5. | 

' Analyzing this grouping we ^'see that we have. one group of hundreds, 
no group of tens and four units. So the numeral can be written as 10k. 
Without the ^ to hold the second place or position open, how could we haVe 
written a symool for this number? 

©le decimal place value system adds the powerful idea of positional 
value to the method of grouping to give us a numeration system peculiarly 
adapted to ease of writing and ordinary computation. It is these facts and 
not the fact that the base of the system happens to be/ ten that make it 
so good. In fact, if we examine systems wilih different bases which still 
use the idea of grcfuping and positional value, we shall gain greater under- 
standing of our own system. This we shall do in the next chapter. 



X X X pc 



y Exercises - Chapter 3 

; 

1. Which of the numerals below are neunes for the same number? 

a. in b. Ill c. 3 d. 7 - h e. 5 - 1 

2. List six numerals that ure symbols for five; for eight; for four. 
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Write decimal numerals for each of the following: 

Explain the difference in meaning of *the Roman II and the deciiMj. 
notation 11. 

From the list below write all the betters which are beside correct 
' names for h67* 
a. Four hundred sixty-seven 

rfort-y-six and seven more ^ 
c. Forty-six tens and seven 
d'. Forty hundreds + sixty- seven ones 
e. 300 + 160 + 7 w 
f • Seven plus four hundred 

g. Ij^K) + 60 + 7 

h. 300 + 150 + 17 

i. kSl tens 

» • • 

Answer Yes or No. 

a. 3>729 is '37 tens plus 29 ones. 

b. Ten hundreds plus forty tens plus nine ones is the same €is one 
thousand forty-nine. 

c. 5,000 + 500 + 1 = 5,501. 

d. 36 ' hundreds +1 ten + I8 ones = 3,628. • 

e. 73^ = 600 + 120 + 2I+. 

Write the base ten numeral for each. 

a. Five thousands + six hundreds '+ eight tens -K^thre^ ones 

b. 3 thousands + 8 hundreds + I6 tens + 5 ones 

c. 6 thousands + I5 hundreds' + 2 tens + 7 ones 

d. 8 thousands + k hundreds + Ik tens + I6 ones 

e. 9 thousands + 12 hundreds +3 tens + II+ ones" 



29 

38 











n 


3 








• 




• 


Solutions 


for Problems 


• 


1. 


Tallies 


Egyptian 


Tallies Egyptian 






a. mini 


III 


c. -Qil Ml ill 

Ml 






tmtm II 




II 

d. rmm niii 


• 

n 


- 










tmiiii III 




2. 






/ III 




• 










■ " 3- 


a. ccmn 




c. hMZXCIV 






b. MCXI 




d. icMLxm 




J*. 


a. 2?59 9n 




c. 1*9 5^2 






b. 1*^99 6 n3 




d. 6^2?i 




.5- 


a. 367^ 




e. 30/Olf5 






b. 517 




f. 700,i+03 






^c. 99 




g. 367 




• 


d. Ik92 

> 




h. Ik92 

• 






* 






• 
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Chapter h 
NUME3iATI0N SYSTIMS 

» • 

What is it that make^ our system of numeration superior to those 
of ancient times? Essentially it is the idea of place value, which 
became easy to use only after^the nuniber zero and the numeral 0 were 
introduced. Some people' feel that the use of ten as the base of our 
system is essential to its success, but probably the only reason we 
use ten for thisvpurpose is that man happens to have ten fingers on 
his two hands. The' purpose of this chapter is to make clear the prin- 
ciple ^of place value an'd how it contributes to our ease in handling' 
niuztbers • 

^ We are .so familiar with our own system of numeration using base ten 
that we sometimes fail to sense clearly that it i-e but one of a broad 
class of numeration systems all of which have the saxoe feature of place- 
value but use different bases. It may help to see the features of our 
place value system if we study others with different bases. We have 
selected the system Vith seven as its base for this purpose. 

• The characteristic of any place value numeration system js^the idea 
of grouping and the use of a 'symbol in a certain position in a numeral 
to represent the number of groups of a certain size corresponding to 
that positionV Thus when the base is ten the groups represent units 
or tens or hundreds,, etc., and the numeral "2U3" means two hundreds 
and four tens and three units, ^ince the grouping is by tens in thtr 
system, its base is ten and we call the system a declptftl system from 
the Latin word decem which means ten. 

Note that while we use special vorde like ^'hundred," "thousand)** 
"million," etc., to represent the^^ijze of certain groups the in5)ortant 
thing to readize is that for any given symbol each place to the left 
has ten times the value of the given place. The first place tells us 
how maxjy grou^ of one. Ihe second' place tells uc how many groups of 
ten, or ten tiro^^^e (lO x l). The third place tells us how many groups 
of ten times ten (lO x 10} , or one hundred; the next, ten times ten times 
ten (10 X 10 X 10), or one thousand, and so on. 5y using a base and the 
ideas of place value, it is possible to write any number in the decimal 
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system using pnly ten basic symbols, for exain^le, the digits 0, 1^2, •••^ 9I 

Ihere is no limit to the size ^ numbers which can be represented 
the decimal system. / 

If now instead of grouping by ones, tens, and ten tens, we use groups 
of ones, fives, and five fives or ones, sevens, and seven sfevens, we would 
-be using place value systems with bases five or seven respectively. 

We saw that the numeral 2^3 the decimal system means 2 hundreds 

h tens + 3 units or 2 groups of ten tens + k groups of ten +3 p 

units. If the base were seven, what would the numeral 2^3 mean? It 

would mean 2 groups of seven sevens + k groups of sevens + 3 units. 

We write it as where the , subscript "seven" tells us that we 

^seven 

are using seven as the base. We would not write the numeral as 2^3 y 

because the numeral 7 • is not used in this base. 

What would 2^3 be if it were converted to base ten? 

seven 

• ^^seven = X [7 X 7] ) + (it X [7]) + (3 x [l])* 
= (2 xU9) + X 7) + 3 

= 98+28 + 3 ^ 

= 129^ . 
.ten* 

If we use five as a base for grouping, the five basic symbols are 

the numerals 0, 1, '2, 3, i^. 

What would 2k2r,' be if it were converted to base ten? 
five 

^^3five = (2 X [5 X5]) + X [5]) + (3 X [1]) 
= 50 + 20 + 3 

= ^3ten 



* When we wish to indicate grouping in a mathematical sentence, we use 
parentheses : ' * 

♦ 

(7 + 10) + 3' = 17 + 3 = 20 

When we wish to indicate further groupings within the parentheses, 
we use brackets to keep the groupings clearly indicated. Thus: 

129 = (1 X [10 X 10]) + (2 X [10]) + (9 X [1]) 



J 

Once again 
2030 



seven 



(2 X [7 X 7 X 71) + (0 X [7 X 7]) + (3 X (71) + (O x tH) 
(2 X 3U3) +21 ■ ' 

686 + 21 



= 707, 



ten 



While 



(2 X (5 X 5 X 5]) + (0 X (5 X 5]) + (3 X (5]) + (0 X [1]) 
= (2 X 15) +15 

= 265^ 
^ten 

Notice the in5)ortance of the symbol for zero in any place value 
system* Without it we would not know whether 23 meant 23 or 203 
or 230. In fact^ ^t is the absence of such a symbol in the ancient 
Babylonian numeration system that makes the translation of their mathema- 
,tical writings so difficult. 

^ Let us look a little more closely at the systems whose bases are five 
and seven. How do we write numerals in these systems? What numerals 
in base five and seven represent the number of x«s in each of the follow- 
ing two sets? 

Y Y ^ 



^ X X > 
X ^ X X 

X „ X 

X ^ ^ X 



X 
X 



Figure 1+-1, 
We group j^ese by fives in Figure 1+-2. 

He X X X X I 

^- ' . Y Y 



X X X X X 



22 



five 



|x 


X 


X 


X 




ix 


X 


X 


X 


x! 




X 


X 


X 


X 


X 




X 


X 


X 


X 


X 




ix 


X 


X 


X 


x| 



100 



five 



Figure 1+-2. 

This shows that the numerals may be written 22. 



five 



and 100 



five. 
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We group the same two sets by sevens in Figures and k-k* 



X X X X X X X X X X X X X X X X X X X 



seven 



X X X X X X X 



X X X X 



X X X X X X X 



Figure 1.-3. 3'^3,^,„ 

Figure h-h* 

Thus the numbers *inay be written in base seven as I5 and 

seven 

3^ . Written in base ten the numbers are of course 12 and 2^* 
seven 

In mDre detail we see that in Fig\ire there is one group 'of seven 

and five more. The numeral is written I5 . In this numeral) the 1 

seven ' 

indi<?ates that there is one group of seven, and the 5 means that there 

are five ones. 

Figure ^-k how many groups of seven are there? How many x's 

are left ungrouped by sevens? Ihe numeral representing this number of 

x*s is 3^ • The 3 stands for three groups of seven, and the h 
seven ^ o ^ t 

represents four single x's or four ones. 

When grouping is by sevens the number of individual objects left can 

only be zero, one, two, three, four, five, or six. Symbols are needed 

to represent those numbers. Suppose the familiar 0, 1, 2, 3^ ^} 5^ and 

6 are used for these rather than new symbols. No other symbol is needed 

for the base seven system. 

If the 'x's are marks for days, I5 is a way of writing one 

' seven 

week and five days. In our decimal system this number of days is "twelve" 

and is written "12" to show one group of ten and two more. We should 

not use the name "fifteen" for I5 because fifteen is 1 ten and 

seven 

5 rrore. We shall simply read I5 as "one, five, base seven." 

-^seven 



♦The base name in our decimal numerals is not written since the base 
is always ten. . From now on any numeral without a subscript will be 
considered a base ten numeral. ' ^ 
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Notice that in base ten, z^ro, one, two, three, four, five, six, seven, 
eight, and nine are represented by single Symbols, Ihe base numbier '"ten" 
is represented as 10, and it means one group of ten ^and zero more, 

With this in mind, think about counting in base se^'^en, !Ihe next 
numeral after 6^^^^^ would be 10^^^^^, tliat is, one seven and^ ones. 

be? Here you would have 6 



seven 

What would the next numeral after 66 



seven 

sevens and 6 ones plus another one. This equals 6 



sevens and another 

seven, that is, seven sevens* How could seven sevens be represented without 
using a new symbol? A new group is introduced, the seven sevens group. 



This number would then be written ' 100 



seven 



What number does this numeral 



name? The answer is given below. C3o on from this point and write a few 

more numerals. What would be the next numeral after 666' : 

seven 

Now you are ready to write a list of place values for base seven. 



7 X (7x7x7) 
7 X 3i+3 
2^+01 



Place Values foi; Base Seven 

1l 

7x(7x7)F 7x7 

7x1+9 7x7 
Figure 



7 1 
7x1 
7 



Notice that each place represents seven times the value of the next place 
to the right. The first place on the right is the units place in the 
system with base seven as well as in that with base ten. Ihis is char- 
acteristic of all place value numeration systems. Ihe value of the s^fecond 
place i$ the base times one which is seven. Ihe value of the third place 
from the right represents a group of (seven X seven) or forty-nine, and 
in the next place (seven X seven X seven). 

In general, for any base B the value of positions 
may be illustrated: 

9?/ 




Now what is the numeral. for the niSmber represented by 100 ? 

ten ^ ^ seven 

It is (l^x [seven X seven]) + (O X seven]) + (O X one) = forty-nine, 

since forty-nihe is written in Irase ten as U9, then 100 ' hg. 

seven ^ 
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In 'like maimer we see that 



2h6 =r (2 X seven x seven) + x seven) + (6 x one), 
seven » 

Figure U-6 shows the actual grouping represented by the digits aYid 
the place values in the numeral 2k6 



seven 



X X X X X X X 



X X X X X X X 



X X X X X X X 



X X X X X X X 



X X X X X x*x 



X X X 3g X -^ -X[ - ^ 



X X X X X 



X X X X X X X 



X X X X X X X 



X X X X X X X 



X X X X X X X 



(X X PC X X X X! 



|X X X X X X x| 



|X X X X X X x | 



tX X X X X X X 



|X X X X X X x| 
fx X X X X X xj 
|x X X X X X xj 



X X X X X X 



{h X seven) (6 x one) 



, (2 X seven X seven) 

» Figure k^6. 

If we wish to express the number of x's above in the decimal system 
of notation, we may write: * 



seven 



2k6 = (2 X 7 X 7) + X 7) + (6 X 1) 

= (2 X 1+9) + (i+ X 7) + (6 X 1) 
= 98 + 28+6 
= 132 



Problems 



1. How would you write the numeral in*the base , seven for the number 
U5?' Illustrate by shqwing groupings of "x*s" or dots. 

5w consider 111 and make "a diagram showing how many groups of sevens 
'and seven sevens there are. What numeral is this in base seven? 

SuBmary 

The essential components of an^ositibnal numeration system are: 
a base, for exaii5)le, base seven; a zero; orae^ped symbols,- for example, 
0', 1, 2,, 3, ^,5,6; and place value using successive multiples cf the base, 
for exanple, 1, 7, (7 x 7),' (7x7x7), (7 x 7 x 7 x 7), etc. Note that 
the numeral for the base within the system is ^always 10, that is, 1 of 
the base and zero ones. Thus in our aecimal system, "ten" is 10; in 
ba«e seven system "seven*' is lOg^^g^; in base twelve system "twelve" is 

10 , etc. In general, if a numeral is written in a base B system, 

tvelve' 



* Solutions for problems are or\ page 38. 
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the first symbol on the right indicates the number of l»s,,the next place 

to the left indicates the number of B»s, the next place to the left the 

number of B X B«s, etc. Within this system B is written 10', 

B 

B X B is written lOG^, B X B X B is written 1000^, etc. 



Exercises Chapter k 

!• What is the base ten value "'of the "5" in each of the following 
numerals ? 

a. 560^^,,^^ b, 605 ' c. 5060 

seven ^seven sev§n 

2* In* the base seven system write the value of the fifth place counting 
left from the unit's place. 

3. What n'jmeral in the base seven system represents the^ number named by 
six dozen? 

On planet X-101, the pages 'in books are numbered in order as follows: 

I ,L,A,D,S,S,I-.II , ILJAJDJN, 
IK,L-LI,etc. 

What seems to be the base of the numeration system these people 

use? Why? How would the next number after | I be written? Write 

numerals for numbers^ fromCZ] to SZli • 

5. Create a place value system where the following symbols are used. 

Symbol Decimal Value Name 

O 0« do 

1 1 re 

' . ^ 2 me 

^3 fa 
' ^ ^ re-do 

^ Write the numerals for numbers from zero to twenty in this system. 

6. Group a set of objects so that you will have sets of eight fives and 
two 6nes. What is the numeral which represents this grouping? ^ 

7- Group the samo set of objects so that you will have sets of tens. ^ 
What is the numeral which represents this grouping? 
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8, Now group the same set of objects to show sets of seven. What is 
the numeral which represents this grouping? 

V. 

. ^• When grouping in fives, *fe use place value af^d synibols to name the 
numerals. What are the symbols needed in order to write numerals in 
the base five system? In the base seven system? In the base eight 
system? 

10. Write the base five numeral for each of these items • * 

^' 9 = five S 15 = fi^, 

^- '2'^= —five 3 ,i,e 

^'=' five ' 22 =_ 

11. Now write the base seven numeral for the above items • 

12. Write in base ten the numeral representing the number of objects 
which is meant by each of these base five and base seven numersyls. 

-'five seven 

-^^five " ^^seven " 

2^. = ^f, Ul 
five 4 ^ seven 



\ 



13. The following numbers are written using base ten. If you were to write 
each number using first the base three system, then the base seven 
system, which would require, more digits? 

a* T 12 e. 5 -V 

b. ^10 d. 2 « f. 3 

1^« Repeat Problem I3 using base two and base five. 



:joiutions for i^oblems 





X 


X 


X 


X 


X 


X 


X 


X 


xl 




X 


X 


X 


X 


X 


X 


X 


X 


X 






|x 


X 


X 


X 


X 


X 


X 


X 


X 


A 




|x 


X 




X 


X 


-3t 











X X X X IXXXXXXXi XXX 



X X X X. X X X 



IX X X X X X X 



'x' X X X X X xl 
>^ 10) ' + (5 X 1) lx~x X X X X X i 



X X X X X X X 



(6x7) + (3 X 1) 

45 = 
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'seven 



2. Ill in the decimal system meems 

(1 X 100) + (1 X 10) + (1 X l) 

or using seven as •a basis for grouping we get 



Thus 



IX X X X X X x| 
IX X X X X X xl 
|x X X X X X x| 
|x X X X X X xl 
|x X X X X X xl 



|X X X X X X xi 
|x X X X X X xl 



jX X X X X X xl 
iX X X X X X x| 

|X X X X X X X[ 
|X X X X X X x| 
|x X X X X X x| 
|x X X X X X x| 
Ix X X X X X xl 



(2 X seven X seven) 
111 = 216 



seven 



\ 



|X X X X X X X| X X X X X X 



+ (l X sfven) + (6 X one) 
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Chapter 5 
PLACE VALUE AND ADDITIOH^' 

In the" last chapter we noted that we ordinarily combine the place 
value idea with the use of ten as' a ^^t^e to get our decimal system of 
nuaeration. By using a base and the ideas of place value, it is pos- 
sible, to write any number in the decimal system using the ten symbols 
0/ 1, 2, 3, k, 5,, 6, 7, 8, 9. We also ihdicated that ten is probably 
used as a base because man has ten fingers and it is natural for 
primitive people to count by making coraparisops with their fingers. 
If man had six or eight fingers, he might have counted b^y sixes or 
^ eighPts. Since, he does have twenty fingers and toes he sometimes counts 
by twenties. n 

By investigating, other number bases, we became more aware of how 
our own system works. If, instead of grouping by tens and ten tens, 
we use groups of fives ejid five fives or sevens and seven sevens, we 
are using place value systems with bases five and seven respectively. 
In general, we can use any whole number greater than one as the base 
of a number system. If we use b as the base, then the first place 
on the right still indicates the ntptoer of ones in the number, but the 
second place is used to tell how many groups of b, the third place 
how many groups of b X b, etc. If five is used as the base, we need 
only the digits 0, 1, 2, 3 .and k to write any number; if three is 
used, we need only 0, 1 and 2* 

In a numeration system with ja place value principle, the base of the 
system determines the number of digits to be used in writing numerals in ' 
that system* A numeration system with base twelve has been advocated and^ 
in fact when we buy eggs by the dozen and pencils by the\ross (twelve dOzen) 

are using Just such a system. The main disadvantage of this system is 
that it would need two new digits to represent t€n and eleven. We invent 
the synibols X (read dec) and C (read el) for us^ when we want to dispues 
this system later on. 

We will write a few numbers in the base three system to review, the 
pattern. We start with 0, 1, 2. The next number is written 10 to 
indicate that we have 1 group of three and no units. Then 11, 12, 20, 
• 21, -22. This last numeral means 2 groups of three and 2 ^mits; this 
^is eight. The next number would be nine; which is 1 group of three threes 

and no threes or uiiits and so would be written as 100^^ 

three 
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For example, 1221 as a base three numeral wbuld be: 

^^^three = (i ts x 3 x 3)) + (2 x (3 x 3I) + (2 x 3) + (l x 1) 
= 27 + 18+6 + 1 or 52.' 

A base two or binary system is of -interest to us because it is used 
by some modem, high-speed computing machines. These con?)uters, some- 
times incorrectly called "electronic brains," use the ba'se two bee^use 
an electric switch has only two positions, "on" or "off" and these two 
positions can be used to represent the two digits 0 and 1 oi the 
binary system. ^ 

The numered .11010 in base two stands for / 

» 

(1 X t2 X 2 X 2 X 2]) + (1 X t2 X 2 X 2]) + (0 X [2 X 2]) + (1 X 2) + (0 X 1) 

or l6 + 8 + 2 or 26. 

Counting in the base two system would go: 0, 1, 10, 11, 100, 101, etc. 
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I A chart such, as the following one is helpful in seeing better the 
numeral sequence for place value numeration systems with dif ferment bases. 





# 




BASE 


• 






!hfelve 


Ten 


Eight 


Seven 


Five 


Three 


Two 


1 


• X 


1' 


1 


1 


1 


1 


o 
d 


£: 


2 


2 


2 


2 


10 


3 

• 


^ \ 


3' 
k 


3 
U 


3 
k 


10 
11 - 


11 . 
100 


5 


5 


5 


5 


10 


12 


101 


0 


/r 


o 


6 


11 


20 


110 


7 


7 


7 


10 


12 


'21 


111 


8 


8 


xu 


XX 


13 


22 


1000 


Q 


Q 
7 


XX , 


X£i 


1h 


100 


1001 


XT 


Xv/ 


1 o 
LeL 


13 


20 


101 


1010 




LA. 


13 


14 


21 


102 


1011 


10 


xc 






22 


110 


1100 






15 


lo 


23 


111 


1101 




X*r 


XO ^ 


cU 


24 


112 


1110 






1 f 


21 


30 


120 


1111 




- xo 




22 


31 


121 


10000 




X f 




23 


32 


122 


10001 




Xu 






33 


200 


10010 


1 7 
X f 


xy 


23, 




34 


201 


10011 


■l8. 


20 


2U 


26 


u6 


202 


10100 


19- 


21 


25 


30 


Ul 


210 


10101 


IX 


22 


26 


32 


\2 


211 


10110 


It " 


23 


27 


^*3 


212 


10111 


20 


2k 


30 


33 


hk 


220 


11000 


21 


25 


31 


3h 


100 


221 


11001 



As seen from the chart, the base numerfiil always appears as 10. when 

written in that particular base system. Similarly, in a particular base 

system the numeral 100 always designates the number obtained by multiply 

ing the base by itself. We should read the numeral 10 as "one 

seven 

zero, base seven" not as ten, in order to avoid unnecessary confusion. 

Figure 5^1. 
U3 



Numbers may be expressed by different numerals* For example, twelve 

may be written as nU , XII, 1^^^, ^^geven' ^^^two ^'^ 

These numerals are not the same, yet they represent the same number • The 

symbols used exe not in themselves numbers. "XII" is not twelve things 

nor is "10^ , I^iey are only different numerals, or symbols for 

twelve 

twelve. In fact, even "twelve" is a symbol for twelve. 
Properties of Numbers 

We have been studyir^ what numbers are, how they may be symbolized 
by different kinds of numerals, and how they may be represented on a 
number line. Let us now consider some of the properties of the operations 
used in combining numbers and the results from using different operations 
of combining given numbers. Are there rules which numbers obey or is 
each number a lav unto itself? Are there numbers which merit special 
attention because they act in unique ways? 

Ttie four wa^s of combining numbers with which you are most fj^miliar 
are addition, subtraction, multiplication and division. In this and 
tne next two chapters addition and subtraction will be studied. In 
Chapters 3, 9, 10 and 11 multiplication and division will be analyzed 
and explained. 

Since numbers were defined in terms of sets of objects, ve will 
go back to the idea q^ets in order to get started in this new in- 
vestigation. Let u^consider a pair of sets which have no elements in 
common. If set A has no elements in conmon with set B, ve express 
this idea by saying that A and B are disjoint sets . 

There is a standard way of making a new ^et out of a pair of such 
sets. For example: if we have the set of boys in a classroom and the 
set of girls ih a classroom^ we can join these two sets and get the set 
of pupils in the classroom. If A is the set of boys and B is the set 
of girls, the set of bovs and giris is written Au B and is read as 
"A Join B," or "A union B" or the Join of A and B. We use this 
operation of Joining only if A and B ai^e disjoint; in other words, 
only if no element belongs to both A and B. Another example of the 
Joining of two sets:* if A is the set of frogs in a pond and B the 
set of turtles in a pond, then. AU B is the set containing frogs and 
turtles in the pond. 
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Ttie notion of Joining sets is the basis for the notion of adding 
numbers and the basic facts about the. Joining of sets underlie certain 
arithnjetical facts* Ob take one property that has a direct link to addition 
if A and B are sets, then AuB is the same as B U A* !Ihat is, 
it doesnH matter which comes first and which comes second in performing 
the Join operation. We say that the Join operation is coTmintative , In 
the exaj!^le of the frogs and turtles, AUB and . B U A is the same 
set of turtles and frogs in the pond, 

A second property of the Join of two sets that has a direct link 
to addition indicatec how we can proceed if we have three sets, for we 
know that the Join operation^^can only work on two sets at a time. If 
A, B and C are sets, then because AuB is a set, we may consider 
(A U B) U C as the Join of (A U B) and C and because BUG is a 
set we may consider A U (B U C) as the Join of A and (B U C), The 
interesting fact is that either way we consider the various Joins, the end 
result is the saine, that is, (A U B) U C = A U (B U C) and we say that 
Joining is associative . Thus, if A is a set of nails, B is a set of 
screvs and is a set of tacks, then (A U B) U C is the set of nails 
and screws Joined with the set of tacks and A U (B U C) 'is the set of 
nails Joined to the set of screws ahd tacks. In both cases the resulting 
set is the sa:ne. 

If A is the set of brown cows and B is the set of purple cows, 
then AUB is still the set of brown cows since B (the set of purple 
cows) ts a set that has no members, A set which has no members is 
called the empty set , I^e set of all boys eighty feet tall in a third 
grade classroom; the set of all three-year old children in college or 
the set of all crocodiles in the Yukon River are all exaxaples of the empty 
set. Children delight in using their imaginations to make up exaziqples 
of the empty set. 

How does the notion of the "Join of two sets'* help us. understand the 
idea of addition? Addition is essentially an operation on two numbers: 
given two numbers a and b we can always associate with them a third ^ 
number c , The problem is how to determine £, In Chapter 3 we -learned^ 
how to couxvt members of a set and thus how to determine the number property 
of the set. If we have t\fo numbers a and b, ve can choose a set A 
having a members and a disjoint set B hav^.ng b members. Now consider 
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the Join of X and • B which is the set A u B* By definition: 

If N(A) m a and.. N(B) « then 

a -f b is the nuniber of ZDeiobers in A u B* 

In order to illustrate this definition in a concrete manner* let 
us consider the case of addling 3 and We look for two sets A 
and B which have the nunsber properties we want* A could be the set 
(0,0>^) and B, the set ( □ , * , 2^ !• V® ^i^st check that 
A and B are disjoint sets. Ihen AUB»=(^,0,^,D,* , <!} ,^ h 
5y counting its t43libers we see that the number property of this set is 
?• Remember the number property of any set A' ''is eimply the number of 
elements in the set and is written N(A)« In our exaiz^le we found dis- 
joint sets A and B such that N(A) « 3, N(B) = k, and then we found 
that 'N(A U B) « 7; hence, by our definition 3 + 1+ = ?. 

It is iiq>ortant to remember that addition is an operation on two 
numbers^ while Joining is an operation on two sets* We put together 
or* join two sets to form a third set, while we add two numbers to get a 
third nuafber* Since addition of twp nutoibers is defined in terms of the 
Join of tw& sets, we may detezmlne the properties of addition by consider- 
ing the properties of joining sets* By giving children many experiences 
in joining sets and determining the liuinber properties involved, we can 
teach not only the properties of addition, but the addition facts such 
as 2+2 = if, 2+3=5,* 3+^=7> etc. 

Ihe first iii5>ortant property of addition is sluqply that we can always 
do it* That is, if we add two whole numbers, we always get a whole number* 
'!Itechnically, we say that the set of wjjole numbers is closed imder the 
operation of addition* !Ihie property is called the closure property* 
Observe that subtraction does not have thip property* 

What other properti^ft of addition can we get from our definition that 
a -K'^) is the* number^ of members in Amj B ? To find b + a we have to 
coniidef the number of members of B VJ A* We already know that B U A 
is precisely the same set as A U B* !nierefore it is true that for any 
whole numbers a and b, 

a + b K b + a * 

Ihis property of addition may seem so obvious that it is scarcely worth 
mentioning, but like the property of closure it is a property that sub- 
traction does not have* For exan5)le, 8+2 = 2+8 but does 8 . 2 « 
2 - 8 ? We name this property the commutative property of addition 
or we may say, "addition is commutative*" 

, 1+6 
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If addition is an operation on two numbers, how can we add three 
numbers a, b and c ? We add tvo of them together and then to the 
result we add the third number. Is it lii5)ortant which two we add first? 
Ck>ing^back to the definition of addition in tenns of the union of s^tc, 
we find that (a + b) + c is the number of members in the set 
(Au B)u C while a + (b + c) is the number of members in the set 
Au (BU C). Since these two sets are identical, the number we get 
either way is the same: (ii + 6) + 7 = 10 + 7 = 17 but also ^ + (6 + 7) = 

+ 13 = 17. This property is called the associative property of addition 
or we may say, "addition is associative." 

That is, for any three numbers a, b and c 
(a + b) + c = a + (b + c). 

Repeated use of the associative and commutative properties enables 
us^tcf^group numbers for addition in the most convenient form. To add 
7 ^ 6 + j + 2 + 1+ ve may first use the* commutative property to say that 
,.6- + 3 = 3 + 6 and 2 k = k + 2. Now we associate the first two numbers 
and the second two numbers to get (7+3) +^{6 + k) + 2 = (lO + lO) + 2 = 
22. . 

There is one vhole number which plays a special role with respect 
to addition and that is the number zero. If ve join the empty set to 
any set A we still have set A. Therefore we see that 0+a=a+0=a. 
Since the addition of zero to an> num[bitr leaves that n-imber identical, 
we say that zero is the identity eleir^nt with respect to addition. 
Zero is the only number vith this interesting property. 

Addition on the rtober Line 

Another usefia way of thinking about addition is to consider it with 
respect to the representation of numbers on the nji^ber lAne. Draw a 
number line with the point 1 lying to the right cf the point 0. 

^ — \ — ^ — I 1 — \ — i I ' i 

0 1 2 3 45 6 78 9^ 

Figure 5-2. A number line. 

To add the number 3 to the number k start irom 0, move four 
units to the right to the number k, then move three more units to the 
light from the number We stop at 7 so ^+3=7. Although we 
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are rising the specific nuinbers 3 emd k for our exaii5)le, this process 
will work for any numbers 'a and b and illustrates the closure property 

I ^ i-t— 3 H 



» » « I I I I I 

5 10 

7 H 



Figure 5-3. Closure property: 1+ + 3 = 7 
The commutative property may be illustrated on the number line* 

I k M 3 H 



I I I 

0 5 10 

I 7 H 



3 -^H ^ H 



^ I I I I I I I 1 1 

0 5 iO 



Fi^ore Commutative property: U + 3 = 3 + U 

Hie etssociative property can also be illastrated on the number line, 
though the process is a bit laore involved. Figure 5 -5a shows (3 5) + k 
by first showing (3 +5), then taking the result and adding h to it. 
Figure 5-5b, on the other hand, shows 3 + (5 + ^) first showing 
{5 + k), then taking that result and adding it to 3. The dotted seg- 
ments show the result of (5 + h) being moved down to be added to 3. 
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(3+5) *\ 4 _^ 

(3+5)+'* 



5 >i k —^.^ * . 

(b) ^\ J 1 LJ_L 1 1 1 » . . I 

o " ' * * to 



I 3 (5 +1,). 

• 3 + (5 + i*) - 



Figure 5.5 . Associative property: /3 + 5) + i+ = 3 + (5 + 1*) 
If the number line is used frequently to illustrate addition of 
whole nunibers, the familiarity v.th its properties wiU help a great deal 
in working with numbers and in answering questions about wjmbers.-^ 



, Exercises - Chapter 5 

1. A e {dog, cat, cow, pig}, and 
B = {duck, horse, elephant) 
What is A U B ? 

2. R ^ {2, i|, 6, 8, 10, 12) pind 
S = {1. 3, 5, 7) , 

What is R U S ? 

3. If P is the set of all white horses, and G is the set of all 
lavender horses, what is set Pu G ? 

k. Draw number lines to show the following addition examples, 
a. 3+5=8 
9 + 2 = 11 

c. If + 8 = 12 

d. 2 + 6 = 8 

e. (3 +5) + 7 = 15 

f . 3 + (5 + 7) = 15 
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5. Which of the following laathematical sentences are direct examples 
of the commutative property of addition? 

N a* 18 H> 11 = 11 + 18 

b. 203 + i^Ol = 200 + i^Oi^ 

c, 6+7=5+8 

. d^ 8 + (7 + 3) = (8 f 7) + 3 
e, 1,207 +\o9 = 109 +-1,207. 

6. By which property of addition are each of the following mathematical 
sentences true? 

a, (2 + 3) + ^ "= 2 + (3 + ^) 

(18 + 19) + (39 + 12) = (39 + 12) + (18 + 19) 

c, (8 + 9) + 6 = 6 + (8 + 9) 

d, (8 + 9) +'6 « 8 + (9 + 6) 

e, (8 + 9) + (9 + 8) + 6 

7. Consider the mathematical sentence (6 - n) - 1 = 6 - (n + l) 

a. What is the largest whole number n which makes tbis sentence 
true? 

h. What is the smallest whole number n which makes this sentence 
true? 

c. Find all the whole numjers n which make this sentence true, 

8. For each of the mathematical sentences, below decide which whole 
numbers can make the sentence true, -"There may be no answer, one 
answer, or more than one suiswer. 

a. n-l = l- n 

b, n - 10 = 10 - n 

c. 6+n = n+ 6 

d, n + 50 = 50 + n 
c. 10 + n = 10 

f • 9 - n = 9 
g. n.= n - 1 

9. Use number lines to illustrate the foUowing examples of the 
associative property of addition* 

a. (2 + 3) + - 2 + (3 + ^) 

b, (5 + 1) + 2 = 5 + (1 + 2) 
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10, Let A = {bicycle, telephone, radio, airplane} and 
B = {canoe, diving board, lake) 

a. What is the number property of A ? 

b. What is the number property of B ? 

c« What is the number property of AU B ? 

11- What advantages or disadvantages, if any, do the binary and duodecimal 
system have as con^jared to the decimal sys-^em? 

12* People who work with ijiigh speed coii?)Uters sometimes find it easier 
to express numbers in \e octal, or eight system rather than the 
binary system, ' Conversioriw from one system to the other can be done 
very quickly. Can you discover the method used? 
'Make a table of numerals as shown below: 



13^ 



Base ten 


Base eight 


Base two 


1 


1 


1 


2 


2 


10 


5 


« 

5 ^ 


101 


' 7 






15 






16 






32 






6h 






2^6 







Compare the powers of eight and two up to . ^6. 

and the table above, 101,011,010 = 

two eight" 



Study the powers 
Can you see why? 



An inspector of weights and measures carries a set of weights which 
he uses to check the accuracy of scales. Various weights are placed 
on a scale to check accuracy in weighing any amount. from 1 * to l6 
ounces. Several checks have to be made, because a- scale which 
accurately measures 5 .ounces may, for various reasons, be inaccurate 
for .weighings of 11 ounces and more, 
^ — is the smallest number of weights the inspector may have in his 
set, and what must their weights be, to check the accuracy of scales 
from 1 ounce to I5 ounces? From i ounce to 3I ounces? 
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Chapter 6 
SUBmCTION Am) ADDITION 



Introduction 



In the preceding chapter we dealt with the fundamental connection 
. between the union of sets and .^he addition 'of whole numbers. This 
fundamental connection is : . 

N(A) + n(b) = N(AUB), 
whenever A and B are disjoint sets. Here N(a) . is the numbef of 
elements in A or the number property of A, and N(b) is the number 
of elements in- B. . ' . 

We now come to the operation of subtraction of whole numbers. 'Hiis 
operation is more complicated, conceptually, than addition, 'ihere 
9re two fundamentally different appi^Daches to subtraction. The first 
approach starts with set operations and defines the operation of sub- 
traction of numbers in tenns of these operations. The second approach 
..is mqre abstract, and defiftes subtraction directly in term of addition 
of whole niambers. 

Ho Eake things even mor»^on5)licated, the first approach, the ncre 
concrete one, can be done in two different ways, thus yielding three 
"awerent ways of thinking about subtraction. 

In the classroom, no sharp distinction is mad^ between these dif- 
ferent approaches, but it is important that the teacher realize what the . 
differences are in order to guide learning more effectively. We shall 
therefore discuss these approaches ^one by one. In order to do this, we 
first need to discuss two more concepts related to sets, namely "subset" 
and "remainder set." 

Subse ts 

So far we have only considered disjoint sets. Now we consider a 
different case. Supposd we have a set A and another set B all of 
whose members are also members of A. Then we say that B is a subset 
of A. An illustration of this is: 

A = (all the members of a class of children) 
B = (all the boys in the claffs of children) 
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Each member of B is a member of A, so B is a subset of A, 
Here is another exan5>le: 

A = {o,^,n>} 

Some of the subsets of A are 

(O,^} 

{□) 

Is the set 'B = (O^D^^) a subset of^^? The answer is no, becausa 
there Us at least one member of B, namei^ S , wHich is not a member of 
A. 

More generally we see that 

B is a subset of A if every member of B 
is a member of A, 

Another way .to- say this Is 

B is a subset of A if there is no member 
of B which is not also a member of A*. 

Both statements say exactly the same thing. 

The second statement above leads us to accept the statement that 
the entity set is a subset of the set A, since .there is no member of 
the en^ty set which is not a member of* A. In fact, the empty" set is 
a subset of every set. 

Notice »lflo that according to our definition of subset, any set 
is a subset of itself, for it is surely true that every member of A 
is a member of A. 

Thinking in terms of a set of numbers, let 

A = {2, i;,*6) 

We can write all the subsets ofyt- A : 

V . A =- {2, !+, 6) E = {2) 

B = {2, !+], F = \h] 

C = 6] G = (6) 

D = {h, 6] H = { } 
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• Remainder Sets 

Suppose we have % set A arid another set B which is a subset 
of A. Nbw^consider the set which consists of all the elements of ' 
A which are not elements of B. We call- this new set a r^i^lnder set ' 
and denote it by A ^ B. For exaii5)le, if A is the set of all the 
children in your class and B is the set 'of boys in your class, then 
A ^ B is^thc set of girls in your class. Similarly, if A = {0,-^,D,^) 
and B = {0,D), then A ^ B = {^,^). Also, A ^ A = { ) , the ' 
eD?)ty set^ Note that removing the elements of subset B from A is 
indicated by the syinbol read "wiggle," and not by the familiar 

sign "-" which we reserve for the subtraction of two numbers. 

We now have two set operations, that of forming a union and that 
of forming a remainder set. The fundamental connection between them is: 

(A ^ B) U B = A 

In words: If we first form the remainder set A ^' B and then form 
the union of it with B, we get back the original set A. For exaii?)le, 
if A is the. set of children in your class, and if B is the set of 
boys, then A ^ B is the set of girls in the class, and thp union of 
(A ^ B) and B i? the set of all girls and all boys, in other words, 
the whole class. We say that these two operations are inverse . 

Ihe ie.»a of the in^^erse of an operation is a very in5)ortant idea 
in mathematics, as it is in many non-mathematical situations, and it 
is an idea which you will meet again and again. If we wish to put 
the idea in a non-mathematical situation we might ask the question. 
What will "undo" taking two steps backward? The answer is faking 
two steps forward. The inverse of falling asleep is waking up; the 
inverse of putting on a coat is taking it off; the inverse of standing 
up is sitting down. 

First Definition of Subtraction 

We can use the idea of remainder set to define the operation of 
subtraction of whole nuAbers. If a is a number and if b 4s a number ^ 
less than or equal to a, we first choose a set A such that N(A) = a. 
Next we pick a set B which is a subset of A and such that N(b) = b. • 
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rnese two sets determine the remainder set A - B. The number of elements 
in A ~ B is, of course, N(A - B). Then the first definition^ of sub- 
traction is 

a - b = N(A ~ B), 

Ik * 

For example, if a = 5 a'nd b = 2, we can choose A , to be the set 

Next we can choose B to be the subset 

B={/^,1^). ^ 
Then A ~ B = (CD,^) • 

Now our definition tells us that ' ^ - 

5 - 2 = N(A - B) = 3. 
Note that if we made a different choice for for example 

' B = {o>i)> 

the result would be the same/ Also, if we had chosen a different 

set A, for exan^le A = {V, W, X, Y, Z) , and any two member subset of 

this set as the result would still be the same. 

Problem 

1. Use this definition of subtraction to compute in detail 7-3* 
Second Definition of Subtraction 

This definition does not use the idea of remainder set, but use^^ 
the ideas of union of disjoint sets and of one-to-one matching, if a 
is a number and if b is a number, with b < a, we start by choosing , 
a set A with N(A) = a and a set B disjoint from A with N(b) = b. 
(B is used for this set instead of B to remind- us that it is a set 
disjoint from A and not )a subset of A as B was in the first 
definition. In both cases the use of the letter B in the name reflects 
the fact that the set is chosen to have b members.) 

* Solutions for problems in this chapter are on page 65. 
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Next we choose a set C, disjoint from both A and B in such a way 
that A and (B VJC) are in one-to-one correspondence. That is, there 
is a matching of the elements of A to the elements of Bvj C. Then 
the second definition of subtraction is: 

a - .b = N(C) . 

In other words, having chosen appropriate disjoint sets A and B 
we look for a third set C with just the ri^^^t number of members so that 
the union of this set and t)ie set B will exactly match up with the aet 
A. The number of members in such a set C tells us "how much larger" 
A is than B. 

As dn example of this definition of subtraction let us again use 
^ a = 5 and b = 2. A can bfe the same set [0,^,0,^, ff] as was used 
before, but B must now be a disjoint set with 2 members. Let , 
= (X, y). Now if C is chosen to be ^he i^ei (alpna, oeta, ^aijuoa) it 
appears to be a perfect choic.e .to fit the definition because BUG 
can be put into one-to-one correspondence with A. Such a matching ^is' 
indicated i*a Figure 6-1 by arrows. 

( • 

B U C r X, Y, alpha, beta, gamma) 

V K • J ^ . I } ^ 

A = {Ov ^, □ , , f ) 

''Figure 6-1. A matching of^ BUG and A. 
Now by the second definition ^ - 2 = N(C) = j. 
Problem - * 

2. Uoe the second definition of subtraction to compute in detail 7-3. 

The most important thing to say about this definition of subtraction 
is that it always tiives exactly the saiiie resist as thh first definition 
We can illustrate this with the exaitipJe, 5-2, used above. 
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First Definition 



We choose 'the sanie set 
A in both cases. 



In the second def- 
inition we choose 

V 

and 



A - 

B = 
C = 



In the matching of 
FigiJe 6-1, the sub-' 
set of A which 
matches the 'elements 
of B is 



Second Definition 

» 

{X, Y) 

{alpha, beta, gamma) 
B • C 



^B U C = {X, Y, alpha, beta, gamma) 



To apply the first 
definition we now 
take this subset ap B. 

i.e., ,b'= fO,^). 

Then, A - B = {D,^,S] which in the 

matching of Figure 6-1 
is in one-to-one cor- 
respondence with the 
elements of C. 

Therefore, N(A B) = 

But by Definition 1 

a - b = N(A ~ B) ard by Definition '2 



N(C) 



a . b = N(C) 



Therefore, the second definition gives precisely the same result as the 
first definition. 

Problem 

3. Show by following tne pattern of the preceding pai-agraph that there 
is a good reason for the fact Jhat the results in Problems 1 and 2 
are the same. 

Now the question naturally arises as to why we should bother with 
two different definitions if they both give the same result. Why not 
use Just one of them? 

!Ihe reason is that there are two quite different kinds of problems 
that we commonly meet and it is important to know that the same mat he - 
matical operation can be used* to solve both kinds of problems. , 
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The first Kind is the "take avay" type: 

"John has 5 dollars and loses two of them. 
How mcmy does he have left?" 

Ttie second Kind is the ^ "how many more" type: 

"John has ^ dollars • Bill has 2 dollars. 
How many more dollars does Bill need in order 
to have as many as John?" 

The first definition of subtraction fits very well with the "take 
away" type of problem, and the second fits very well with the "how many 
more" type. But in each case the problem is solved by means of the 
subtraction: 5 - 2'= 3. 

Third Definition of Sut^traction 

In this definition we do not use sets at all, but instead work 
directly with whole numbers and the opei*etion of addition. 
Our definition is: 

a T b is the number n for which b + n = a. 
Another way of putting this is: ' 



\ 



The statements 

a - b = n 
and 

b + n = a ' ^ 

ineaii exactly the same thing. 

From this point of view, subtraction it the operation of finding the 

unknown addend, n, in the addition problem T 
t , . ^ 

» b + n = a. 



For example we know that: 



5-2=3 because 2+3=5. 
r 

Also, siQce we know that both 

8 + 6 = lU and 6 = lU, 

we get both 

]4 - 6 = 8 and lU - 8 6. 
In general any addition fact gives us two subtraction facts automatically. 



59 



6 



froblem 

^. Trie two stateicents a - b = n and b + n « a mean the same thing • 
Working with whole numbers 6, k show the related addition and 
subtraction facts. 

There are two reasons why ^t is important for teachers to understand 
this way, as well as the first two, of thinking about subtraction, V 
Hie first is that this is the way that children usually think when they 
are developing their sl^ills in computation. Ttie second is that as 
children move through school, and study other Kinds of numbers, such as 
fractions, decimals, negative numbers, etc., they will meet this idea 
of defining subtraction in terms of addition again and again. 

It is ii!?)ortant to realize that all three definitions of subtraction 
are equivalent and yield the same properties. 

Properties of Subtraction 

The operation of subtraction has some iiqjortant properties that 
are easily seen. 

For any number a, a - 0 - a. 
For any number a, a - a = 0, 
For ahy .numbers a and b, 
vi'th a > b, (a - b) + h = a 
and (a + b) - b = a. 

The first is true because A - B = A if B is the empty set. 
Hie second is tnie because A - A is always the en^ty set. The third 
is true because, as we saw above, (A - B) U B = A. 

From the third statement we^ See that subtracting a number and adding 
the same number are inverse operations. One undoes what the other does. 
For exaji5)le 

(7 - 5) + 5 = 7 

and 

(7 ^ ^ 5 7- 
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It is important to note that the operation of subtraction does xiot 
have some of the propei^ies that the operation of addition has. We 
can always add two whole numbers, but we cfiui't always subtract • Fbr 
example, we can add ii • and J, but U - ? Is not defined. Ttie reason 
is that if we have a set A such that N(A) ^ we cannot find any 
subset B of A which has 7 members • Consequently, subtraction is 
not closed, 

WDreover, subtraction, unlike addition, is not commutative. It 
is true that 

+ 7 = 7 + li. 

But 4-7 is not even defined, although 7 - k is. 

Also we see that subtraction is not associative. For exaii5)le, 

(9 - 5) . 3 = li . 3 = 1 

but 

9- (5. 3) = 9. 2 - 7- 

Problems 

5. By the definition of subtraction we see that if b ^ n = a, then 

n = a - b and that (a - b) + b = a. Which properties are exempli- 
fied by the following: 

(a) (202 - 200) + 200 = 202 

M (y - x) + X = y 

(c) ((30 - 15) - 5] ^ 5 = 15 

(d) 5 + 0 = 5 

6. roes the sentence (5 - 7) + 7 make sense? (See third item under 
Properties of Subtraction. ) *' 

*7. Show by the use of the pix^perties ^f addition and subtraction that 
the following sentence is trv.e: \ 

If b > a, a + (b - a) = Jb. } 

Check that it is true by using several pairs of numbers. 
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Subtraction on the Number Line 

If we consider sjibtraction vith respect to the representation of 
numbers on the number line, we can illustrate rn^^, of its important pro- 
cesses and properties • 

What is the answer to 9 - 4 ? We\tart on the number line at 9 
and take away or move to the left if units thus arriving at 5 vh.ich is 
our answer. 

' 9 ■ — 

^ k 1 

^ 1 1 1 1 I ' « I I I i > 

0 5 9 

I 5 — , ^ 



Figure 6-2. 9-^=5. 

We know that 9 - k is the number" n for which k + n = 9. This concent 
call be shown on the number line as follovs where we see that n = 5 
by bringing back the arrow representing n so that it starts at 0. 

I — ^ -1 

^ ^ -I n - - 

» ^ 9 ^ M 

^ n = 5 

Fig-are 6-3. Since ^+n=9, 9-^=n=:5. 

We illustrated in Figure 5-5 the use of the niomber line to show the 
associative propert^^of addition. Subtraction does not have ^he associative 
property for (13 - ^) - 2 = 8 - 2 = 6 while I3 - (5 - 2) I3 - 3 = 10. 
^ jn Figures 6-^ and 6-5 J.r.ese problems are worked out on niimber lines.* 

Figure 6-Ua shows that I3 - 5 ^- 8 and this^ result is used in Figure 6-Vd 
<i to get the answer 6. Similarly i''igure'^-5a shows that 5-2 = 3 and 

this result is used in 6-5b to get the answer 10. 
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^ 1 1 1 1 1 1 1 1 I 

0 8 10 19 



13 - 5 = 8 



Figure 13 - 5 = 8. 
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H 

2 ^ < 



-^t * * ' " > ' " " 

0 6 * S 10 13 

i 6-2 = 6 >^ 

Figure 6-k\). 8-2=6. 
Figure 6-if. Two number -lines showing (l3-5)-2 = 8- 2 = 6# 



2 — ^ 



^ « 1 1 1 1 1 1 1 1 I I I t » 2r 

0 3 5 to 13 

Figure 6-5a. 5-2 = 3. 



13 



-^J 1 1 1 1 1 1 1 1 > I ' « ' » » 

0 to 13 



13 - 3 = 10 ' 



Figure 6-5b. 13 - 3 = 10 . 
Figxire 6-5. Twc number lines showing 13 - (5 - 2) = I3 - 3 = 10 . 
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Exercises - Chapter 6 

. 1. A = (0,Ad) 



VTnat ic the number property of A ? 
What is the number property of B ? 
What js the number property of AU B ? 




List all the subsets of A. 



Join to B a set C disjoint from B such that B U C = A, 
Ihis illustrates the set form of the method • 

exhibit A ^ B. 

5. If from a set of 8 merbers we remove a set of 2 members, how nany 

uembers does the resulting set have? Tr.is illustrates the method. 

exhibit B such that A U B = C. What is N(b) ? 

?• Snow a representation on xhe number line which illustrates the fact 
that 10 - 3 = 7. Use the same figiire to illustrate the idea that 
3 + 7 = 10. 

8. Show a representation on the number line which- illustrates that the 
associative {property does not hole under the operation of subtraction. 
(9 - 6) - 3 / 9 < (6 - 3) 
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9. What operation is the inverse of adding 7 to any number? What is 
the inverse of subtracting 8 ? 

*10. If A and B are disjoint, show that (A U B) - B - A. 
What happens if A and B jare not disjoint? 

11. Set A = {1,2,3^^5^6^7, ...,1CX)}. Wiiich of the following sets 
are subsets of A ? 

a. B = (1,3,5^7,... //y] 

b. C = {0,1<&) 

c. D = { ) 

d. E = {U, 8,12,16) 

e. F = {0,3,10if) 



Solutions for Problenis 

1, Choose A = {0^^>n>^^@^^^®} vith 1J(A)=-7. 

Choose B = (tV^O^D) '-^hich is a subset of A and N(B) = 3. 
A - B = {0,0,^,^} 

B>' definition, we ioTow that 7 - 3 = l\{k - B) = ^. 

2. Choose k ^ [0>^,U,^,@,& vith N(A) = 7 
Choose B = { a, b, c ) vith K(B) = 3 
Nov choose a set C disjoint frorr. both A and B 
C = {@, ^,®,*} and N(C) = 

so that by matching (B U c) vith A ve can put BL.*C in one-to- 
one correspondence vith A. 

B UC = { a, b, c,§, f ,(S),4>) 

A = (6,^,aiV,@,<?,a) 

By definition wc know that 7 - 3 = rr(c) = h 
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3. In the solution of Problem 1 we chose ^^10,^,0,^,©,^,^] 
such that N(A) =7. 

It Problem 2 we chose the same A and for B ve chose { a, b, c 
In Problem 2 matching of B U C vlth A the elements of B were 
matched with {0,^,0} . We can use this as the subset B which 
ve need to use Definition 1, m this case A ^ B = {^,@^ g ,\^) 
and this is the exact set which matches C, so N(A ^ B) = N(C) 
and the two methods must yield the same result since by (T) a - b = ' 
N(A ^ B) and by (i) a - b = N(C), 

h. By using whole numbers 6, k we can illustrate the fact tnat a - b 
and b^+ n = a 'mean the same thing. 
Thxxs 6 - 1+ = 2 because U + 2 = 6 
and 6-2 = 1+ because 2 + U = 6 • 

5. (a) inverse property of addition and subtraction 

(b) inverse property of addition and subtraction 

(c) inverse property of addition and subtraction shoving grouping 
within the parentheses. 30 - I5 is another name for« I5, 

(d) identity element of zero (Zero added to an^^ number results 
in that number.)- 

(e) identity element of zero (Zero ^subtracted from any number 
results in that number,) 

6. (5 - 7) + 7 does not maJce sense in the present context because 
5-7 is not a vhole number. For any nunbers a and b, 

(a - b) + b = a if a > b.' 

7. lb shov that a + (b - a) = b if b > a we use the cormrrutative 
property of addition getting a + (b . a) = (b - a) + a, which 
by the third item in Properties of Subtraction is equal to b. 
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Chapter 7 
ADDITION AND SUBTRACTION TECHNIQUES 



Intrcfduction 
^— »i * 

We have used sets to describe addition and subtraction and to de- 
velop its properties. Knowing that 5+3 is the number of members 
in A U B, where A is a set of 5 members and B is a disjoint set 
of 3 members, enables us to count the members of AUB and to dis- 
cover that 5'+ 3 is 8. Knowing that 5 +3=8, from the definition 
of subtraction, we can see that 8-3=5. This is fine, but it does 
not really help us much if we want to determine 892 + 367 or 532 - 278. 
To do problems like these quickly and accurately is a goal of real im- 
portance. It is a goal whose achievement is made much easier in our 
declmaj. system of numeration than in, for instance, the Chinese or , 
Egyptian systems. 

«^ 

This, unit is concerned with explaining the vhys and wherefores of 
"carrying" and "borrowing" in the processes of computing sums and differ- 
ences. Regrouping is a more accurate term for "carrying" and "borrowing" 
and vill be used throughout this text. 

We must recall how our system of numerati'^n with base ten is built. 
. What does the numeral 532 stand for? It stands for 5OO + 30 + 2; 
or 5 hundreds + 3 tens + 2 ones; or again, since one hundred stands 
for 10 tens, 532 stands for 5 groups of ten tens + 3 groups of 
ten + 2 ones. Also if we knov that a number has 2 groups of ten tens 
and 7 groups of ten and 8 ones, we can write a numeral for that number 
in the form (2 x [10 x 10] ) + (7 X lO) + (8 x l) or 200 + 70 + 8 = 2781 



When we write the numeral in this stretched-out way, we have \^ritten 
it in "expanded form." 

Regrouping Used in Addition 

Let us assume that we know the addition facts for all the one-digit 
whole numbers and that we understand our decimal system of numeration. 
Hov does this help us? Let's try some examples. Suppose we want to 
add if 2 and 37. Since we are adding (4 tens + 2 ones) to 
(3 tens + 7 ones) we get (7 ten^ + 9 ones) which we can write as 79. 
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Essentially what we are doing is finding hov many groups of tens 
and how many units we have and then using our system of mimeration to 
write the correct numeral. 

Let us add 27 and 35. This time we have (2 tens + 7 ones) ^ 
(3 tens + 5 ones) which may be illustrated: 

be X X X X X X xlTafl 



X X X,X XXX 



2 tens + 7 ones 

DCXXXXXXXXXl X X X X X 



ixxxxxxxxxxl 
ixxxxxxxxxxl 



3 tens . + 5 ones 

?y putting these groups together we now have: 
IX ^ it X X X k k 



ixxxxxxxx jflc] 

\ 

ixxxxxxxxxxl xxxxxxxxxxxx 



IXXXXXXXX jflcl 
IXXXXXXXX x~x| 



5 tens + 12 ones 

We now regroup the 12 ones and get another set of 1 ten and 2 ones, 

ixxxxxxxxxxl X X 

1 ten + 2 ones 

We now add 5 tens + 1 ten + 2 ones, 

IX X X X X X X X"3nc] 

IX X X X X X X xing 

IXXXXXXXX jTlcl X X 

Ixxxxxxxxxxl 

IXXXXXXXX x"xl ^ 
IXXXXXXXX 5c~5c) , 

5 tens + 1 ten + 2 ones 

= 6 tens + 2 ones 

= 62 



ERLC 



68 

75 



When we add 63 and 57 "e get Ix tens and I5 ones which we rewrite 
as fellows: 



68 = 6 
?7 = ? 



tens + b ones 
tens + 7 ones 



11 tens +15 ones = (l hundred + 1 ten) + (l ten + 5 ones) 
= 1 hundred + 2 tens + 5 ones 

If we switch from vertical to horizontal form, we write 

68 + 57''= (60 + 8) + (50 + 7) ^ 
= (6C + 50) + (8 + 7) 
= 110 + 15 

= (;loq + 10) + (10 +'5) 
= 100 + (10 + 10) + 5 
= 100 '+ 20 + 5 
= 125 . 

Thus, for example, whenever we add 7 groups of one kind to 5 groups 
of the same kind, we get 12 groups which we write_ as_^ 1 _ group of the 
next Kind + 2 groups* It is this 1 which we can think of as "carrying" 
over to the next group. 



use of associative property 
and commutative property 



use of associative property 
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Precisely the same process is used in adding three or more numbers* 
Once again the associative and commutative properties of addition are 
important • Thus : 

563 + 787 + 1384 can be thought of as follows: 

563 = 500 + 60 + 3 = (5 X 100) + (6 X 10) + (3x1) 

787 = ' 700 + 80 + 7 = (7 X 100) + (8 X lO) + (7 x 1) 

liSk^^ 1000 + 300 + 80 + i+ =(1 X 1000)+ (3 X 100) + (8 X 10) + {h X 1) 

and the sum 563 + 787 + 138^1 

= (1 X 1000) + (15 X 100) + (22 X 10) + {Ik X 1) 

= (1 X 1000) + [(1 X 1000) + <5 X 100)1 + [(2 X 100) + 

(2 X 10)] + [(1 X 10) + {h X 1)] 
= [(1 X 1000) + (1 X 1000)] + [(? X 100) + (2 X 100)] + ^ , 

[(2 X^IO) + (1 X 10)] + (h X 1) 
= (2 X 1000) + (7 X 100) + (3 X 10) + (4x1) 
= 2000 + 700 + 30 + U 
= 273^ 

This is usually abbreviated a great deal. But 'it is important that the 
underlying "pattern be 'understood and the abbreviations recognized. Thus: 

500+60+3 

can be written' with 
psirtial sums 



700+80 + 7 
1000 + 300 + 80 + 1^ 

1000+ 1500+ 220 + 1^ 



indicated as: 



V 



and the operation 1. still further abbreviated to: 
563. 

787 "^inally, by omitting 

II 1 even the carry over 

273^ numerals we get: 



^63 
787 
138i^ 

sums of ones 
220 sums of tens 
1500 sums of hundreds 
1000 sums of thousands 
273^ 



563 

787 
138k 
2735^ 



Regrouping Used in Subtraction 

In the operation of addition we operate upon two numbers called addends 
to produce a unique third number called the sum. The process of subtrac- 
tion can be thought of as finding an unknown addend which add^d to a known 
addend will produce a known sum. If n is the unknown addend, a - b = n 
is the niimber n such that a = b +71, This is the third definition of 
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subtraction discussed in Chapter 6, When the numbers are small, the 

unluiowri addend is easily determined, if* the usual addition facts are 

known. Thus 6 - 2 = U because 6 = 2'+ h and 17-9-8 because 

* 17 = 9 »+ 8, We easily do hp - 17 as this is simply the answer to the 

question: what number euided to 1 ten and 7 ones will produce k tens 

and 9 ones? It is, of course, 3 tens and 2 ones which we write 

directly as 32, 

An example with larger numbers such as 5^3 - 376 wiil perh^^ 

make clearer the usefulness of expressing a number in expanded form in 

order to understand the process of subtraction. We are focusing for the 

moment on the conceptual aspects of subtraction. Of course, we do not 

ordinarily use this form in computation. Let us go back to our exan^le^ 

523 - 376; that is, find the number which must be added to 376 to yield 

the sum 523-. Since recognition of the answer is not immediate, we proceed 

to something like this. First we write 

> 523 
- 376 

Now the usefulness of expressing 523 and 376 in forms that clearly 

delineate what each place means is apparent. The objective is to put at 

least as great a number of ones in the ones' place in the sum 523 

as in the ones' place in the known cwidend 376; to put at least as many 

tens in the tens' place in the su^ as in the tens* place in the known 

afidend; and so on. 

Thus we may write: 
t 

523 = 500 + 20+3 

376-300 + 70+6 

as an initial step in accomplishing our purpose. 
Next we write 

523 = 500 + 20 + 3 = 500 + 10 + 13 = UOO + 110 + 13 
376 = 300 + 70 + 6 = 300 + 70 + 6 = 300+ 70 + 6 ^ 

and the answer can be seen to be: 100 hO + 7 o: 1U7« 

There is no need for a special term to describe what we are doing 
and we do not usually write it out in detail. The primary issue is to 
recognize the need for at least as many ones in the ones' place dt the 
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sum as in the ones* i lace of the aadenvl, at least as ir^ny tens in 
the tens' place of the s^iin ac> ii*. the tens^ place of tne addend, etc. 
Of co^irse, this is tie process usually known as "i^grouping. " 

Let us now return to the subtraction ^+9 - 17, and let us re- 
examine this problem from the point of viev of the first definition . 
of subtraction in' Chapter C, that is, in terms of remainder sets. 
We can take for ooi- set A a collection of ^ x's ar^-an^^^ed as follows: 





X 


X 


X 


X 


X 


X 


X oc 


x| 






X 


X 


X 


X 


X 


X 


X X 


x| 




X 


X 


X 


X 


X 


X 


X 


X X 


X 




fx 


X 


X 


X 


X 


X 


X 


X X 


X 



X X X X X X X X X 



Nov we need to pick a'i^ubset 3* of A which contains 17 members. 
.,Then the number of members of the remainder sat A - E will be k9 - 17, 
Tnere are many ways to chc.se 3 . One of them is this: 



A 



Ixxxxxxxxxxl 

|x X X X X^^^ X X X i 
|x X X X X X xAx X X I 



X X X X xA 
X X X X X X x|x X X I 




But when we choose B this way, the remainder set A - B is not easy 
to count. Some of the oricinal bundles of ten have been broken up, and 



on2^ pieces of them are in A - B. 
. ^^^t is much better if we t^hoose 
of ten or none of it. 

|x X X X X X X I 



■>se B so as to either Include all of 
a bundle of ten or none of it. Here is one way: 



a x X X X X ^X X. X X X I 
. ^ .., „ „ . r " '' ' X X X X X X x;x X 

|X X X X X X X X x x] ~ • 

1 1 « 

[xxxxxxxxxx| . o 

Now it is easy to count tiie remainder set A - B . It can be done 
in two steps. Looking at the right r.and side above, we see that the. number 
of units in the remainder set is >-7==2. Looking' at the left hand 
side above, Ve see that trie number of bundles of ten in the remainder 
cet is ^'i - 1 - 3. Ti;erefore the number of members in the remainder 
set is 32. 

Tne impoi-tant tr.irv to notice is that since we dealt only with complete 
bundles cf t?n, we co'old count these usinr only "small" n'ombefs. 
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Now, let us examine in, the same way another problem- 32 - I7 
, We can pick A to be a set of 32 x*s 

Ixxxxxxxxxxl 

A 



Ixxxxxxxxxxl 
jxxxxxxxx xTI 



X X 



We need to pick a subset B with 1? members, that is, one bundle of 
ten and seven units. But -A nas only two units, so we will have to 
use some of 'the members of A in the bundles of ten. As we saw above, 
it is best if we use onl> vhole bundles. Therefore, we will take one 
of the bundles of ten in A and put it in with the units. Now A looks 
like this^ ^ J - 

Ixxxxxxxx^xT] 
A Ixxxxxxxx xTI * xxxxxxxxxxxx 

Nov it is easy to see how we can pick a convenient subset B which 
has 17 , members. Here is one: 




Now it is easy to count the remainder s^ A ^ B, The number of 
units is 12 - 7 = 5 and the number of tens is 2-1=1, Therefore 
32 - 17 = 15. • 

Let us repeat this problem, 32 - 17, .using e>n3anded form rather than 
sets. We can write 32 as: 

3 tens + 2 ones 
or -^-T^s + 1 ten + 2 ones 
or 2 tens + 12 ones 

Written another way: 

32 = 30 + 2 = (20 + 10) + 2 = 20 + (10 + 2) = 20 + 12 

Now the number to be added to 17 (l ten and 7 ones) to give 32 
(2 tens and 12 ones) is seen to be 1 ten and 5 ones, or I5. 
This result can also be readily seen. either by thinking in terms of a 
remainder set or in terms of a missing addend. 
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Figure 7-1 displays the cpn?)utation 68 - U9 in some detail using 
the procedures discussed here. 

Horizontal Form < Vertical Form 

Step 1: 68 and k9 ore written in expanded form 

68 . 1+9 = (60 + 8) - (1+0 + 9) 68 = (60 + 8) 

1+9 = (1+0 + 9) 

Step 2: 68 is regrouped as 50 + 18 because, looking ahead, 
we see the need for more ones in the ones' place 
because (8 - 9) cannot be computed with whole numbers, 

68 - 1+9 = (50 + 18) - (1+0 + 9) ■ 50 + 18 

' i+b + 9 



step 3: Now we rearrange so as to subtract 9 fi^m I8 and 1+0 
from 50, 

68 - 1+9 = (50 - 1+0) + (18 - 9) 50 + 18 

= 10 + 9 1+0+9 



= 19 10 + 9 = 19 

Figure 7-1. The subtraction: 68 - 1+9 . 

It is recognized that this explanation is long and wordy in written 
exposition. The actua]^ computation is fairly brief. Details are sup- 
plied in an atteii?)t to explain the basis for regrouping in computational 
processes which are frequently executed properly but almost universally 
misunderstood. 

Another Property of Subtraction 

In Chapter 6 we considered some of the important properties of 
subtraction. In the exarqple worked in Figure 7-1, we used another 
important property which now is stated formally: 

If a + b is the name of one nuznber and c + d 

is the name of a second number, and if 

a + b > c + d and al^o a > c and > d then 

(a +,b) - Cc + d) = (a - c) + (b - d). 

Figure 7-2 gives another illustration of this property for 
68 - 42. It shows that in writing a subtraction in the vertical form 
the property is applied automatically. 



t 

Horizontal Form Vertical Form 

68 . 1+2 = (60 + 8) • (10 + 2) ' • 68 

= (60 - UO) + (8 - 2) ' .1+2 
= 20 + 6 26 
=.26 , ' 

Figure 7-2. Example of the rule (a + b) - (c + d) «= (a - c) + (b- - d 



The relation between the illustration and the statement of the property 
is seen if you think of a replaced by 60, b replaced by 8, c 
replaced by kO and^ d replaced by 2. 

The property is applicable to other subtractions such as 3I+2 - 187, 
.More steps are required, however, because of the necessai^ regrouping. 

Horizontal Form 
3h2'' 187 = (300 + 1+0 + 2) - (100 +80 + 7) 
= (300 + 30 + 12) - (100 +80+7) 
= (200 + 130 + 12) - (100 +80+7) 
- (200 - 100) + (130 . 80) + (12 - 7) 
=100+50+5 
= 155 

Vertical Form 
3^+2 = 300 + 1+0 + 2 = 300 + 30 + 12 = 200 + 130 + 1^ 
187 = 100 + '80 + 7 = 100 + 80 + 7 = 100 + 80 + 7 

100+50+5 = 155 

Sv^imary 

It is important that students thoroughly understand the positional 
system and think of regrouping in many different ways. This understanding 
of the positional system and its many regroi5>ing potentials leads the 
student to see that each numeral indicates a sum of parts end this is 
useful in explaining the techniques used in addition and subtraction. 
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Exercises - Chapter 7 

Use expanded notation to do the following sume. 

a. 2k6 c. 777 e. U8c 

139 96^ 766 

b. 78U d. 123 f. 9^9 
926 ^ 987 892 

Hov would yoi' regroup the 3OO to do the following subtraction exanrole? 

500 
178 

Show the answer in various groupings. 

VTnich of the following are other names for 80OO ? 

a . 8000 ones e . 800 tens 

b. 8021 - 21 f. 80 hundreds 

c. 8 thousands g. 80OO - 0 
G. ^7000 1000 h. 8000 + 0 

V^hat property or properties of addition are you using when ^^ou check 
adaiticn c> adding from top to bottom after ^ou have added from bottom 
1.0 tpp? 

a. when you use two addends. 

b. when y'bu use three or more addends. 

Do the following subtraction examples both horizontally and vertically 
showing all the regrouping. 

a. 76U b. 402 c. 71f 

199 139 




Chapter 8 
WJLTIPLICATION 



Introduatlon 

Chapters 5, 6 and 7 dealt with addition and subtracti^T^ "whole 
numbers. Ihe point was made but is worth repeating a:^ emphasizing here, 
that addition is an operation on two numbei.- which yields a third number.' 
Ihu8, given the numbers 7 and 3, addition yields 10. Ihe given numbers 
arc not necessarily different numbers; nor is it meant that the third number 
referred to is necessarily different from any of the given numbers. For 
example, 

for the given numbers 1+ and h, addition yields 8; 

for the given numbers 1+ and 0, " addition yields 1+; and 

for the given numbers 0 and 0, addition yields 0. 

All that is meant is that if a is a wholo number and b is a whole number, 
then a + b is always a whole nuznber. Thus,' the set of'whole nuznbera is 
said to,be closed under addition; in other words, Edition has the property 
of closure for whole numbers. 

On the other. hand, if a, is a whole number and b is a whole number, 
it is not always true that a - b is a whole' number . If a is 5 and 
b is 8 for example, 5-8 is not a whole number. Recall that by one 
of the definitions for subtraction, 5 - 8 is that number which added 
to 8 is 5. That is, 

5 - 8 = n if and only if 8 + n = 5, 

and since neither of these statements is true for any whole nuznber n, it 
can be concluded that 5-8 is hot a whole number. 
Problem * 



1. For each of the following pairs of numbers (a. 



— * - — \*-^ '/f UCJL.^ WIICU 

a - b is a whole number and whether b • a is l whole number 



For example, for (5, 8), a - b is not a whole 
is a whole number. 



), tell whether 



nuznber, but b - a 
i^, 9) b. (9; 7) c. (0, 3) d. (0, 0) 



Another interpretation 



for subtraction was presented as removing a 



subset from a set; it is i4oisible to remove a subset of 8 from a set 
of 5. Hence again, 5 - 8: koes not name a whole number. MaL such 

* Solutions for problems in thisi' chapter are on page 90, 
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exceptions can te found, but it requires onl\ one exception to show that 
the set of whole numbers is -not closed under subtraction. 

Addition was mentioned as a special way of assigning a unique number ▼ 
to an ordered pair of numbers. For example, 

to the ordered pair (7, 3) is assigned 
the number ^0; that is, 7 + 3 = 10. 

Since addition is ar. operation on a pair of numbers, addition is said to 
be a binar:> operation . (7:;e "bi" is the same "bi" as in "bic:.cle" or *'biped" 
or "bivalve." In each case it indicates- "two.") Tnere are man: possible 
binar: operations on an ordered pair of numbers; the most familiar binar:. 
operations are addition, subtraction, multiplication and division. In 
each case, a pair of numbers is combined to produce a third number. 

I-!ultiplication as such a binary operation is the subject of this chapter. 
^^alti plication assigns a unique number called the product to a pair of 
numbers. V/hen tr.e n'umber 20 is associated with the ordered pi ir (U. 5), 
multiplication ma;, be indicated. Numbers were defined in terms of sets of 
objects, and an Interpretation of k x ^ = 20 ma;, be referred :o the notion 
of sets. How 20 is determined from the two numbers h and ; is central 
to the interpretation. 

For a physical interpretation of x 5 ve ma^ set up a rectangular 
array of - rows witn 5 objects in each rov a.nd count the n^urxer of objects 
in the array- An arra*. for ^ x 5 and arra:-s for various other such products 
are illustrated in Figure 8-1. 



X ; = 10 3 X 5 = i5 U X ^ = 20 

Figure 8-1. Vairious arra; s to illustrate multiplication. ^ 

From Figure 8-2a it ma;, be seen that a it b; 5 arra; ' is the union 
of ^1- disjoint sets, eacn set having 5 members. Consequertl; , 4 x 5 
can be computed b; the successive addition^ 

% addends 
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5-5+5-^3, 

tna* is, 5 is jsed as an addend h times. (This is sometimes referred • 
to as tr.e repeated addition description of multiplication.) It is also true 
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that the array is the union of 5 disjoint sets, each set having 1. rnembers 



(TTTTT) 
(TTTT3 

h sets, 5 members 
in each set. 



5 sets, 1+ members 
in each set* 



Figure 8-2. 

(see Figure 8-2b). Tnus 1» x 5 can be computed by the successive addition 
Of U as an addend 5 timej. 

Definition of f^tiplication 

The result of multiplying two numbers is their pn^duct and may be 
defined in terras of counting sets as follows: 

Given numbers a and b, an a by b rectan. 
cular array of objects can be constructed such 
tnat there are a rows and b colimins in the 
array, rne product, written a x b and read 
a times b, is to be the number of 

objects in the ai^ay. 

This definition gives a means of computing a product by physica] manipulation 
of sets, and makes several of the important properties of multitlication 
fairly evident. 

As in the special case of the 1» x 5 array, in genera] an' a by b 
arra^ is the uAion of a disjoint sets (rows), each having jb members. 
Hence, a x b can be computed by the successive addition of b to itself 
a times. It is also true that the array is the union of b dis:;oint sets 
(columns) each of which has a members. If the first number indicates the 
munber of rows and the second the number of columns, then a x b is an 
array of a rows and b columns. I^ie a and b are called factors 
and a X b is the product . I 

The product of every oair of thole numbers is a whole number; hence, 
the set of whole numbers is closed under multiplication.' 
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Problems 



For each pair (a, b) where a is thought of as the number of rows 
and b the number of columns, ''draw an a^" ay to show the product, a X b, 

a, (2, 5) 

b, ^5. 2) 1) 

c, (5, 6) g- (0, 3) 
d- (6, 5) 0) 

For the number pair (a, b) where a = 3 and b = 3, draw an array 

to show the product, a x b; also draw an array to show b X a. 

In adding, there is a particular number a such that a + a = a; 
find this number a» 

In multiplication, is there a number a such that a X a = a? 
Are there more than one number a such that a X a = a? 
If possible, draw an array for a x a such that a X a = a. 

The rectangular array offers a nitv^al way of displaying various 
results of mixing and matching. For exar^le, if a store offers a sweater and 
skirt ensemble with each sweater available in white, blue or gray, and each 
skirt available in white, blue, gray or red, the various ensembles possible 
may be (--^.spla^ed as follows: 



3- 

1. 





vhite /X 
skirt 


gray / x 
skirt 


red / \ 
skirt 


blue /. N 
skirt 


white sweater (w) 


W w 


W g . 


W r 


W b 


blue sweater (B) 


B w 


B g 


B r 


B b 


gray sweater (f) 


G w 


G g 


G r 


G b 



problem 
8. Dori 



^xxf, has 5 blouses and '6 skirts ♦ Kow many mix and match outfits 
can Doris make? Assume that each blouse will match with each skirt. 
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The Commutative Property of Multiplication 

From -the study of various arr^zyz another property of whole n, 
may be discovered. 



umbers 



2 X 5 = 10 



^ 5 X 2 = 10 

Notice that 2x5 =5x2. 
5 • h 



^ ^ 5 = 20 5 X 4 = 20 

Jfotice that h x ^ = 5 x if. 

Figure 8^3. i\bdels to illustrate the commutative 
property of multiplicaxion. 

In general, if a and b are whole numbers, a x b = b x a. I^^is is the 
Conmiutative Property of ^hatiplication. This pn^perty may be seen fxx)m the 
definition directly, for an a by b array can be changed into a b 
by a array simply by rotating through 90 degrees, 

a . _ _ 

" " ' lo-' 

• • • 

• • • 

Figure d-h. The coramtative property 
illustrated by same model. 

Commuting the order of factors does not alter the product (3x7=7x3). 
Commutativity is pedagogically quite in^ortant because, for example, the 
product of 3 and 7 seems siii^ler than the product of 7 and 3. Thir 
property also reduces the number of multiplication facts to be remembered 
since a X b and b x a may be learned simultaneously, and the property 
is ubefiJ. in simplifying calculations. 

Problem 

9. Show by trying to indicate the steps in repeated addiMor. how the commuta- 
tive property of multiplication would simplify the calculction of 1000 x 3. 
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The Associative Property of Multiplication 

Multiplication is a binary operation, and given three numbers, (a, b, c)*, . 
it is not immediately obvious whether any meaning may be attached to 
a X b X c. Ore may note that if a and b are whole numbers, (a x b) 
is a single whole number. Now this whole number may be paired with c 
to obtain a product. This is indicated by (a x b) x c. Or alternately, 
one may note that (b x c) is a whole number, and may bfe paired with a 
to obtain a product which may be described as a x (b x c). For exainple, 

(3 X 2) X 1+ = 6 X 1+ = 21+ , 
. did 3 X (2 X 1+) = 3 X 8 = 21+ . 

In general, it is true that (a x b) x c = a x (b x cj, so it does not matter 
how the pairings are grouped; a unique number is assigned to the triple 
(a, b, c) as the product. This freedom of grouping is si?iilar to the- 
associative property of addition, and is called the Associative Property 
of Mult ipli cat icm . That is, for any three whole numbers a, b, c,. 

(a X b) X c = a X (b X c). 

This is, in fact, the property which permits a x b x c to ^e written 

without pttrentheses. The same procedure used above also permits multiplication 

to be extended to more than three factors. 

Problem 

10. Show by grouping with parentheses how a x b x c x d may be regarded 

as a product involving 3 factors instead of h for each of the following: 

a*2x3>^liX5=2^3x20 

b. 2x3xl+x5=6xi+x5 

• c. 2x3x1^x5=2x12x5 

Since multiplication has the commutative and the associative properties, j 
multiplication has the same flexibility in grouping and rearranging of I 
the factors as addition has In the grouping and rearranging of the addends. 
For example, for 

^ X 15 X 3 X U, it can be seen that the product • 
of 2^ and k is 100 and the product of j 3 
/ and 15 is I+5, consequently, ^xl5x4xl+ = 1*500. 

This flexibility amounts to a sort of "do-it-whichev^'-way-we-want" 
principle in any problem where only multiplications are involved, 

/ 



ERIC/ ^'^ 



n 



8 



Problems ' 

11. Show that 2 X 3 X 1. = 8 X 3 involves both the commutative and the 
associative properties of multiplication. 

^.12. What property or properties are involved in each of the following? 

a. 2x3x1^ = 2x12 d. 2x3x1^ = 2x1^x3 

b. 2x3x1^ = 3x8 e. 2x3x4 = 3x2x1. 

c. 2x 3 X 1. = 6 xl. ' f. l^.x 3 X 2 = If X 3 X 2 

rne physical model of a box made up of cubica. blocks with dimension^' 
■a by b by c, may be used to imstrate the associativity of multiplication. 





a X b blocks in 
each vertical slice; 
c vertical slices. 



b X c blocks in each 
horizontal slice; a 
horizontal slices. ~ 



Figure 8-5. Model illustrating the associative 
property of multiplication. 

Ohe number of blocks in such a box is (a x b) x c and is also a X (b X c) 
indicating that it is true that (a x b) X c = a X (b X c) . 
Bie Identity for Multiplication 

^ The number 1 occupies, with respect to multiplication, the same 
position that 0 occupies with respect to addition. Notice that, 

I • 1x3=3x1=3, 

1x5=5x1=5, 
1x6 = 6x1 = 6, 
1x8 = 8x1 = 8. 

It is true that 1 x n = n for all munbers n because a 1 by n array 
consists of only one row having n members, and therefore the entire array 
contains exactly n members. Since 1 x n = n, the number 1 is called 
tjie identity element for multiplication. 

5.6 fl 



1 n 



1x5=5 



1 r 



1 V 



1x6 = 6 

Figure 8-6. Arrays of 1 by 



1 X 
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Multiplication Property of 0 

The number 0, besides playing the role of the identity element for 
addition, also has a rather special property with respect to multiplication. 
The number of members in a 0 by n array (that is, a^ array with 0 
rows, each having n members) is 0 because the set of members of this 
array is empty. Similarly, the set of members of an array of n rows, 
each of "them halving 0 members, is empty. Thus for any number n, 

OXn = nXO = 0. 

What has been done so far shows that multiplication, as with addition, 
is an operation on the whole numbers which has the properties of closure, 
commutativity and associativity. There is a special number 1 that is an 
identity for multiplication just as 0 is ain identity for addition. More- 
over, 0 plays a special role in multiplication for which there is no 
corresponding property in addition. 
The Distributive ' Property 

We have seen that multiplication may be described by repeated addition. 
Aside from this, there is another important property that links the two 
operations. This property which we shall now study is the basis, for example, 
for the following statement: 

1+ X (7 + 2) = (i+ X 7) + X 2). 

This example may be verified by noting that both 1+ X (7 + 2) and 
(1+ X 7) + (1+ X 2) give the same result: 



It X (7 + 2) 
(1+ X 7) + 



k X 9 = 36,^ and 
X 2) = 28 



+ ^ = 36. I 



Ths property is called the Dlstribuftive Property of Multiplication over Addition 



The distributive property states that if a, b and c are any j^hole numbers, 
then j 

a X (b, + c) = (a X b) + (a X c). 
The distributive property may be illustrated by considering an a by 

b •+ c array. / 
b + c ^ + c 



Figure 8-7. An a by b + c array. 
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It is true that this array is formed from an a by b array and an a 
by £ array. 



' An a by b array ^ ' An a by c array 

Figure 8-8. Makeup of an a by b + c array. 
Consequently, the number a x (b + c) of members in the la^-ge array is the 
sum of (a X b) and (a x c), the numbers of members of the subsets. 
That is, a X (b + c) = (a X b) (a X c). 

Since multiplication is commutative, both the "left hand" and the 
."right hand" distributive properties hold, that is. 

Left hand: a x (b + c) = (a x b) + (a x c), and 
Right hand: (b + c) x a = (b x- a) + (c x a) . 

For exAmple, by these distributive properties^ 

Left hand:' 3 x (5 + 8) = (3 x 5) + (3 x 8), and 
Right hand: + 7) x 2 = (1+ x 2) + (? x 2) . 

Recalling that when we say A B we mean A and B both name the 
same thing, then if A = B, it really makes no difference whether we write 
A = B or B = A. With this in mind, since the left hand distributive 
property says that a x (b + c) and (a x b) + (a x c) name the same 
number, the statement 



X (b + c) = (a X b) 



+ (a X c) 



can equally well be written as 

(a X b) (a X c) = a x (b + c). 
For example, | ' 

' (3 X 5) + (3 X 8) = 3 X (5 + 8). 
Similarly, the right hand distributive property may be expressed as either 

(b + c) X a = .-(b X a) |^.(c x a) | 



or 



Forjexample, 



(b X a) + (c X a) = (b + c) x a. 
X 2) -f (7 X 2) = (i^ + /; X 2. 
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The distributive property is very important as it is the basis of shortcutting 
many a computation %hat appears invoJ.vfa. Thus, 

Left hand: (5 x- It) + (5 x 6) = 5 x + 6) 

= 5 X 10 = 5O; also 

Right hand: (7 X 9) + (3 X 9) = (7 + 3) X 9 

= 10 X 9 = 90. 

The convenience in such shortcutting may be further illustrated by the 

following examples: . 

(9 X 17) + (9 X 83) = 9 X (17 +83) = 9 X 100 = 900; 
21* X 17) + (26 X 17) = (21* + 26) X 17 = 50 X 17 = 850; 
C85I* X 673) + (11*6 X 673) = (85"+ ^ li^S) X 673 = 1000 x 673 = 673,000; 

(81* X 367) + (81* X 633) = 81* X 1000 = a,ooo. 

Problems 

13. Use the distributive property to compute each of the following: 

a. (57 X 7) + (57 X 93) 

b. (57 X 8) + (57 X 93) 8 = 7+1] 

11*. Show that (57 X 5) ^ (57 X 5) = 57 X 10 by xhe distributive property. 

The question may now arise: Given three numbers 1*, 7, 2, is (1* + 7)''X 

the same as 1* + (7 X 2)? Is 1* X (7 + 2) the same as (1* X 7) + 2? 

Neither of these is true since: 

(1* + 7) X 2 = 11 X 2 = 22, , 

It + (7 X 2} - 1* + 11* = 18, 

1* X (7 + 2) = 1* X 9 = 36, 

, (1* X 7) + 2 =-- 28 + 2 = 30. 

Hence, extra caution mJst be exercised when both addition and miiLtipLication 

are intermixed. i ( 

One might questioli vhethsr addition distributes over multiplication. 

That is, is it always the cae ' that 

a + (b / c) = (a + b) X (a + c)? . / 

This would be false if any set of numbers a, b a.nd c can be found that 
would disprove the stateme.nt. For example, a = l, b = 3, and c=2 
may be tried. For these values, 

a + (b X c) = 1 + (: X 2) = 1 H 6 = 7, but 

(a +lb) X (a + c) = (1 + 3) X (1 + 2) = 1* X 3 = 12. 
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^ So it cannot be stated that a + (b x c) is always equal to 
(a + b) X (a + c). 

Another related question may arise as to whether multiplication 
distributes over subtraction; that is, whether it is true that 

a X (b - c) = (a X b) - (a X c): 
For the values a = 1, b = 3, c = 2, 

a X (b - c) = 1 X (3 - 2) ,= 1 X 1 = 1, and 
(a X b) - (a X c) = (1 X 3) - (1 X 2) = 3 - 2 = 1. - 
Other exainples may be tried and it will turn out that in every instance 
multiplication does distribute over subtraction, subject to the restriction 
Of course that b > c, otherwise b - c is not defined for whole numbers. 

As a further remark that may be of interest, consider that 3x5 can 
be thought of as 3 fives. Since 5=1+1+1+1+1, 

3 fives = 3x5=3x(i +1 + 1+1+1) ^ 

= 3+ 3+ 3+ 3+ 3= 5 threes 
= 5x3. 

So by the distributive property, the commutative pi^^perty of multiplication 
may again be illustrated. 

S ummary 

The properties of addition and multiplication developed so far for 
. Whole numbers may be summarized as follows, where a, b and c are whole 
numbers* 

1. Whole numbers are CMSJD under addition and multiplication 

a + b and a x b are whole numbers. 

2. Addition and multiplication are COMMJIATIVE operations 

a + b = b + a and a x b = b x a. 

3. Addition and multiplication are ASSOCIATIVE operations 
(a + b) + c = a + (b + c) and (a X b) x c = a x (b x c). 

• h. Tne^e is an IDENTITY element 0 for addition and an IDENTITY element 1 
for multiplication 

& &1O = & and a X 1 = a. 

5. Multipljcktlon is DISTRIBUTIVE over addition 
a x (b + c) = (a X b) + (k X c). 
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6. Multiplication is DISTRIBimVE over subtraction whenever subtraction 
is defined 

a X (b - c) = (a X b) - (a X c), 

7. Zero has a special multiplication property 

0 X a = 0, 



Exercises - Chapter 8 
1. What mathematical sentence is suggested h:, eac^>^ of the arrays below? 



*5. 



b. 



Mr, Rhodes is buying a two-tone car. The company offers tops in 5 
colors and bodies in 3 colors. Draw an array that shows the various 
possible results, assimdn^ that none of the body colors are the same 
as 8*^v of the top colors. 

Mr. Rhodes is buying a two-tone car. Colors available for the top are: 
red; orange, yellow, green and blue. Colors available for the body are: 
red; yellow and blue. Draw an array to show the variour. possible results. 
If Mr. Rhodes insicts that the car must be two-toned, how many choices 
does he have? | 

In an experiment, 3 varieties of plantc are each test eel Uith 5 
different plant hormones. A plot is reserved for each vai-iety with 
each hormone. How many plots does this experiment require? 
An ensemble of sweater and s>irt is offered with the sweater available 
in five different colors and tr.e skirt ir^ colors. Tiie skirt also 
comes in either straieht or flare st:.lc for each of the h colors. 
How many different ensembles are possible? 
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6. Con?)lfete the fcllowfne statementa by using either **aiways/' "not always," 
or "never." 

a. Ihe j)roduct of two even numbers is an even number. 

b. Wie product of two odd numbers .is an even number. 

c. Ihe product of two even numbers isjj^ eun odd number. 

d. The product- of an odd number andean eyen number is an even 

number. 

\ . 

?• Here is an array separated into two smaller arrays. 



(n = U X 8) 
Array A 



(p = !♦ X 3) 
Array B 



(q = X 5) 
Array C 



a. 
b. 

c. 



Hov many dots are in arr^y A? array B? array 
Itoes n = p + q? 
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Itoes Ux8=(Ux3) +T^x 5)? 

Show two different ways of working the following problem to illustrate 
the distributive property. ^ 
"Jerry sold paperbacks at 90 cents each. On MDnday, he sold 23 and 
on Tuesday, he sold 2?. How much money did he collect? 

9* A familiar puzzle problem calls for planting 

10 trees in an orchard so theie are 5 rows • 
with k trees in each row. The solution is 
in the form of the star shown in the figure 
, - to th^ right. Why doesn't. this star illustrate 
* the pifoduct of 5 and hV 

10. The middle section cf an ditorium seats 28 to a row, and each side 
section seats 11 tc a : /. What Is the capacity of this auditorium 
if ther^^are 20 such rows? 

11. What property oT numbers is used in the following regrouping? 
96 + 2U8 = 96 + U + 2kk ^ 100 + 2kk = 31*4. 

12. Use the do-it-whichever-way-we-want rrinciT)le to get the, answer quickly. 

a. 5xUV3x2xl 

b. 15 X 7 X 3 X 8 

c . 250 X lU X U X 2 
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12^ Which of the following are true?i . ^ 

a. 3 + X 2) = (3 + i+) X (3 + 2) 

b. 3 x-ih - 2) = (3 X ^) - (3 X 2) 

c. (J+ + 6) X 2 = (V X 2) -r (6 X 2) 

d. + 6) + 2 = (1+ + 2) + (6 + 2), . - /. 

e. 3.+ X 2) = (3 X I*) + -(3 X 2) . u 

lU. Make each, .of the following a true statement illustrating the dis- 
tributive property. ^ 

^ a. 3 X (V ) = (3x4) + (3 X 3) , 

b. 2 X ( \+ 5) =.(2 X + ( X 5) 

c; 13 X (6 (13 X ) + (13 X ) 



d. (2x7)+ ,(3 ) = •( ^' ) X 7 



Solutions for Ftobleias 



1. 



a. 


a 


- b 


9 


1+ 


- 9 


is not a 'Whole number. 




b 


- a 




9 


- k 


is a whole nuznber. 


b. 


a 


- b 




9 


- 7 


is Q. whole number. 




b 


- a 




7 


- 9 


is not a whole number. 


c. 


a 


- b 




"0 


- 3 


is not a whole number. 




b 






3 


- 0 


is a whole nusiber. 


d. 


a 


- b" 




0 


- 0" 


is a whole number. 




b 


- a 




0 


- 0 


is a .whole number. 


a* 




• • 


• 


• 


• 





b. 



f. 



d. 



g. (the en?>ty set) 



'h.* (the enmty set) 




90 



97 



T 



■^8 



*3. a X b ' > b X a 



• • • 

• • • • 

• • • 



5- Yes ^ 

"6. fes; both 0 X P = 0 and "1 x 1' = T, so ^ may be either 0 or* 1. 
?• * (i.e.,, a 1 X 1 array) ^ ^ 

5 ^ ^ = 30 • 1000 addends 

"9. 1000 x 3 = * 3 + 3+ ... +3^= 3000 

3 X 1000 = 1000 + 1000 + IQpO = 3000. - ' » 



10. 


a. 


2x3 


xUx5 = 2"x3,x(ifX5) = px3x20 




b. 


2x3 


xifX5 = (2x3)xifX5=6xUx5 




c. 


2x3 


>^i+x5=2x(3xU)x5=2xl2x5 • 


11. 


2x3x1* 


= 2 X 1| X 3, conamitative 








= (2 X li) X 3,. associative 








= 8x3, renaming 


12. 


• a. 


2x3 


X 1| = 2 X (3 X 1+) = 2 X 12, associative 




b. 


2x3 


xli = 3x2xlf, commutative 


A 




7 


= 3 X (2 X If), kssociative , . 






.= 3x8 






2x3 


xi+=(2x3)xi+=6xlf, associative 






2 x'3 


xl+=r2xl+x3, ^ commutative ■ 




e. 


2x3 


X 1+ =r 3 X 2 X commutative 




f. 


k X i 


X2 = i+X3x2, none involved 


13. 


a. 


(57 X 


7) + (57 X 93) = 57vx (7 t 9^) 








= 57 X 100 = 5700 




b. 


(57 X 


8) + (57 X 93) = (57 X [1 + 7]) + (57 X 93) 



= (57 X 1) + (57 X 7) + ,(57 X 93) 
= (57 x\) + (57 X [7 + 9310 
'= (57 X 1) + ^7 X 100) 
= 57 + 5700 
= 5757 



(57 »^5) +'(57^x 5)' ^57 x.(5 + 5) =^57 x ii 
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Chapter 9 
DIVISION 




^ In tlje .preceding ciapter^ijj^rectangUlar array of a rows with ^ ♦ 
members in each row was aiTP^hj-sical model for a x b. From this 

and from other 'modeis, the ^properties* of nultipiicati^n for whole nuznberSv 
were developed. • We saw that multiplication of who^Le numbers has the 
properties of closure, commutati^xy and associativity, and that multi- 
plication is distributive; over addition. Also, the numibers 1 and 0-| 
have the special properties that 

lxa = a>^l^a, and 
0 X a ='a.x 0=0. 

*, The first three prop.erties exactly parallel the same three properties 
for addition, and 1 plays a role for multiplication' closely corresponding 
to that of 0 for addition. The similarity in behavior of the two o]^ra- 
tions leads to the question* as to wh^^r there is an operation which bears 
to multiplicatiorr a^ similar relation as subtraction does to addition; neSely 
an inverse or undoing opeSartion. The answer to this is the operation * ^ 
calle^^ division. ^ \^ 

, ThQ procedm-e adopted for the stud^ of the properties of subtraction 

using $maj.l whole numbers before looking at the techniques* for adding and 

subtracting large numbers will be followed in -developing properties of 

iii vision using femall whole nuiTiOersi The techniques of mailt iplic at ion and ' 

division for large numbers will be considered in the next two chapters. 

^In the operation of multiplication applied to theL ordered pair {h, 5), 

c 

in order to determine the unknown number n which is the product U X 5 
of the two known 'factors k and 5, 'we counted the number of' members in 
a 4 b/ 5 array--that is, in an array of k rows with 5 members in ~ ^ 
^ch row (or k disjoint sets with 5 members* in each set). 

An associated problem is to start with 20 * object. s and ask hov maiiy * 
disjo^t subsets there are 'in this set if each sub*set is to have V members 
Jn terms of arrays, the question is "if a set of 20 members is arranged 
U to a row, how many rows will there be?" 2n this particular case, the 
ansHer is 5, but in mahy cases there would be no answer; for examplfe, 
20 objects arraQge# 6 to a row does not give an exact number of rows. 



f X X X xy 

* X X X X 

X X X X ; • > *' " 

xx x 'x^^ p 

•X X X X ' . • o 

Figure 9-1. 20 objects arrange^ U 'to a row. 
\ ' 

It is true that ordinarily we do carry out such a division process 

20 .divided by 6 obtaining a quotient and a remainder. In speaking 

of division as an operation in the set of whole numbers, the expression, j 

20 divided by 6, is meaningLess because it is not a whole number, T!t\e 

procese as indicrxted by 3^ remainder 2, will be more fully developed * 

^6/20 

later when tho techniques *of division are discussed in detail. It will then 
be pointet out that for smy ordered pair (a, b) with b / 0, the dividend 

7 

a may be expressed as follows: 

^ ' ... 

a^= (q X b) + r, where a is the dividend, 

q is the quotient, 

b is the divisor, ' - . 

and r is the remainder. 



So,r^<Jr*the pair (20, 6), • ^ * ^ 

20 = (3 X 6) + 2. ^" 



\ 



We may identify the quotient 3 * as th« largest number of complete rows in 

an array of 20 objects, 6 to a row.. In fact, the statement', 

20 = (3 X 6) + 2, is precisely xhe procedure for checking the division 

process Indicated by 3 , remainder 2. * • 

6/20 • ' ' . 

Closure . % . / / 

~ — - • I ■ / ' ' 

The operation of division applied to the ordered pair of numbers 
(20, h) means that an unknown factor n must be determiri^d such that if ' • 
h and n ^e the two factors, the product will be . 20. That is, it is a ^ 
dumber n that will make either one of the two number sentences k X n = 2q/ 
"or n X 1+ = 20 a true statement. The two number sentences, of course, say^' 
the same thing since for any whole number n, U x n - n x I+. Under the j 
operation of division, to the ordered pair (20, ^0 is attached the whoW 



number 5/ For \he orxiered -pair (2(i, 6)^ there, is. no such niunber that , - \ 

can be attached; nor is there for • (5, I5.), '-^So, under' the operation 6f 
•«»•,■ • • 

^diVision, (20, 6) or (5, I5) are not defined in thej set of ctiole ' \/ 
nambers* Division therefore does* not have the prortei-t^ of closure in .the 
seit of wh6le nombers. The last case for "(5, I5) is simplj an example, 9r 

'^the fact t>.at in the orderei pair of whole numbeVs C^, -b), if. b > a," * 

> ^ t' ■ ' 

and a ^ 0, the operation of division never :yields a whole number, 

Problepis * . . - \ ~ * 

7^ .■ ■•• ' ^. 1. . . • 

i. What prcJperty of numbers asserts that for am whole nujnber n, * * 
k X n = n X hZ ^ ^ ' 

2f Find the number attached to each of the' following ordered vairs under 

the operation of division. ^ ' * 

a; i?0,3) • • (72, 9) : 

, b.' (28, V . * ^ e, (ok', 8) ' O 

' (6, 1) ' *''f. <'{k2^ 7) ' . ■ - 

Definition of Division . • 

The norLial S^/nbol for Xhe operation of division is * • 'Thus, 
3*2 is the unknown, factory if there is one, 'which muJ.tiplied by .2 , ■ 
gives tl!e product 8. "It is, therefore, It ^ aI,so the number^ of ) 

columns in an arraj of 8 objects pranged in 2 equal rows or fc^Sttd into 
disjoint subsets, 2 objects in each subset (see Figure 9-2). y ' 




8 objects ^rran^fed - Set of 8 objects in disjoint 

in 2 equal rows, * subset_s., ' 2 objects in each .subset,. 

• * • • ^ 

Figure ^-2a ' Figure 9-2o 

As antjther example, 17 * k is the number n, if any, for which ^ * 
n X 4- ;= 17* A few trials will suffice to indicate that there is no such 
whole number. Al£.o, the attempt .to arrange an array of 17 element's in 
equal columns of h memteys each is doomed to failure.. . As a matter of 
fact; thtre'is no a b:, b array \^itn 17 ^members except the 1 X 17 
or the 17 X i array. . /. 



/ 

* Solutions for problems in this chapter are on page lOh, 
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There are many problems where the number ^relat ions hip can be recognised 
as that of a known product*" and one known factor. The numl^er sentence to ^ 
translate this relationship will express problem in division. Thil^B, if 
tulip' oulbs are to be plantecf in equal rows of I5^ach. how many bulbs 

• will be In each row? The number sentence to express this relatiotiship is 

n X 15 = 75 or n = 75 ♦ 15* 

Since division may be described as finding an unknown factor in a 
multiplication problem, when the product and one factor are known, if a 
and b are known whole numbers, a ♦ b = n and a = b x^n are two 
number sentences which say the same thing. < This "missing factor" concept 
in division parallels the "missing addend" concept in subtractioh where it 
' is noted that if a and b are known whole nuirters, • a - b = n and 
- a = b + n ar^ two number sentences which say the Qfeme thing. Accordingly, 
if h ^ 0, division may be defined as follows; ' ' , 

a ♦ b = n if and only if ■ a = b X n. 

- Why b = 0 is^ to be ruled out in division will be discussed in the next^ 
section. ' ^ \ 

In the same way as subtraction* is the inverse of addition-, diyisipn * ^ 
by n may be.thought^of as the inverse of ' multiplication by ■ n. Thus,* • ^ 

(8 X 3) ♦ 3 = 8 and (17 x 4) ♦ 4 = 17. . 

However, caution ^ust be exercised in thinking about multiplication as the ^ 
inverse of division because it is true^ that 

(15 ♦ 3) X 3 = 15, while '(8 ♦ 3) X 3^ is meaningless 

since 8*3 is not a whole number. This is similar to the caution we 
must exercise in this "doing and undoing" process with subtraction; thus 
while ^ ^ ' , * ' 

(15 - 3) + 3 = 15 is' perfectly acceptable, * ^ 
*^ (5 - 13) + 13 is meaningless * ' / . > 

* since (5 - I3) is not a whole number. * Of course, the restricti^in will 
be removed later when the set of whol.i numbers is extended to include 
numbers for which '8*3 and 5 - 13 have meaning. 
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3, TeU'whetJier each of the' f ollouing statements is true or whether it 
is meaningless for^ whole numbers, 

a. (3 + 9) - 9 = 3 ' e, (3 ♦ 9) x"9 = 5 . 

. . b/ (9 + 3)' - 9 = 3 ^ (9 X 3V» 3 = 9' ' 

. c. (3^.' 9.; + 9 = 3 • g. (9 ♦ 3) X 3 ='9 

(^x 9 ) ♦ 3 = 9 ■ ' . ^ ^ ' . , 

The Role of 0 and 1 in Division 

The operation of division was connected to the operation of multi- 
plication by the statement that * , . ^ 
* » ^ * . * 

X a ♦ b ^ n if and only if a = b x n. 

Since 0 and 1 played .special roles in multiplication, it may be appro- 
priate to pay particular attention to the two numbers in division, 

1^ a = 0 and b is any number not zero J then 0- ♦ b is that number 
^n, if there is one, such that 0 = b X *n. From the multiplication facts, 
0 = b X n is certeiniy true if n = 0, So, - • 

0 ♦ 'b = 0 if b / 0, . ' . 

The above is true for a = 0 and b / 0/ Now consider a = 6 and 
;b = 0; this is tl^^ case, 0 i 0. BjJ Jthe definition of division, 0*0 
is equal to that number n, ' if there is one, for which' it is true- that 
0 = 0 X rx, But'by'tlie special multip^lication property of 0, 0 X n . 
is equal to CT 'for any ^whole pumber n whatever. Thus ' y 

^ . ' . 0 ♦ 0 is an ambiguous symbol • 

Th^' c^se of* a ♦ 0*, where a 0 is. still another situation. Thi<s 
must be equal to that number n s^h tKat a = 0 X n. But this is a 
•contradiction in terms for any numt)er a not equal to 0 since we must 
have a = 0 X n and 0 X n is always equal to/ 0. For this reason, 
a ♦ 0 is meaning^ss for a / Oj that is, ^* _ • * 

a ♦ 0 *is undefined.- 

•Notice that* 0 ♦ b = 0 ,if ,b / 0, bfit that a ♦ 0 is either 'ambiguous • 

' 4 

^jjjieiningless, depeMiftg on whether or not a = 0. In either- case, division 
by zero is to be avoided. Thus, 0 plays a very special role with respect 

..-r-- • • • 
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to division- -a ^role that is not unders^tood clearly/ by many* In suiranary, 

' >^ a ♦ b is ambiguous if a = 0 and b = 0; 

a ♦ b is meaningless if a / 0 and b =0; ; ^ 
a ♦ b is zero' if a = 0 and h ^ 0. 

Proble m - ' ' ' 

k: Tell whether each of the foldoVing is ambiguous, me&ningless, zero, or 
cannot be deterrpined. • , ^ 

b.^ 0 ♦ 6 • 'e, 0 4 0 ' 

ic,.a*0. 

^Using the )iefinitiorf it cfan be seen that for any ( f O) whole number 
'b, 1 ♦ b is not a whole number at all unless b - 1, while a ♦ 1 = a 
for any whole number a. Consequently, • 

*> >. • ^ 

a ♦ 1 = a for any whole number a; ^ ^""^ , 

* ' ^-^ ' ^ 1 * ,b is not a whole number unless b^ 1. 

In the sensQ that a * 1 = a, the number 1 acts .somewhat like an identity 
element fcr di?viston. Unlike- the identity element flor multiB|licatit)a. in 
.which, for any a, 1 X ia = a x 1, the number 1 is liifiited to acting as 
an identity element for division if it is ^to the right 'od the symbol ♦ y. 

Problem . >, . 

whethr^r each of the following is a whole pumber, is not a whole 
number, or cannot b'e determined; if j^jo'ssible, name the whole number • 

■a. 8 ♦ 4 . ' ' ^ ^ ^ 

b. 2 ♦ 4 ^ A [ 

c. 3 ♦ 3 ' V . • . 

d. 6 * 0 

e/ , 0 ♦ 13^ 

. -'..f . 1 ♦ b, b* 4s a whQle number and b = 1. 

g. l*b, b is a whole number and' b-/^ 1. 

h# a ♦ b, a and b »*are whole num)pers and b > a. . " 

i. 0 ♦ b, b is«a*wl[iole number and b / 0* . ^ * ^ 

j. a ♦ b, a, and b are whole numbers and a > b* 

k. a ♦ b, £ and b are whole numbers and a = b. 




Properties of Division 

Many examples may be given to show that the whole numbers are not 
closed under division. ' For example, while 6*3 = 2, 3*6 is not a 
whole number • These same two examples show that 6 ♦ J 3 ♦ 6,'* 'hence 
the operation is not comnjitatlve. To see that division is not associative, 
again many, examples may be produced. We need on^y one exa^le, ani such 
an example is the following: 

/ ' A ' ' ' 

(12 ♦ 6) ♦ 2 = 2 ♦ 2 1, but ^ 
12 ♦ (6 ♦ 2) = 12 ♦ 3 = 

The different results obtained for (12 ♦ 6) ♦ 2- on the one' haiTd, and 

for 12 ♦ (6 ♦ 2) on the other, shows that, in general, it 'is not true that 

(a ♦ b) c = a ♦ (b ♦ c)« 

.So feur, division with respect to whole numbers vhas revealed itself as . 
an operation that does not have the properties of closure, commutativity 
ajid associativity. Furthermore, division by 0 , is to be avoided. 
To free oiirselve.*^ 'from the impression that not much can be said about this ^ , 
operati^On, we need %o consider*only the important notion 'that division by 
V i^ the inverse of the operation of multiplication by b. That' is, 
(a X b; ♦ b = a, provided, of course, b 0. , 

Problems * • ' ' , ' 

6. For which of the following is it true that (a ♦ b) ♦ c =^ a ♦ (b ♦ c)? 
*a. U ♦ 2 ♦ 2 e. 9 ♦ -9 ♦ 1 

' b. U ♦ 2 ♦ 1 ' f. .9 ♦ 3 ♦ 1 ^ 

^ c. 2U ♦ 6 ♦ 2 ^ g* 0/» .9 ♦ 3 

d. 0 ♦ 5 ♦ 1 ^ 

7. From the results of the 'preceding exercises, under what conditions will / 
(a ♦ b) ♦ c = a ♦ (b ^ c)? / J 

The Distribjitive Property * * ^ 

Recall that, relating multiplication to addition and subtraction was 

the distributive property. In a limited way, division aiso has a distributive 

property, but care is needed in using it. This is so becaus.e division is 

nit commutafive and hence it is not expected that *a ♦^(b* + c) would be 

# * • 
the same as (b + c) ♦ a. In. general, ^ ^ 

/ 

if b + c > a, a ♦ (b + c) is not' a vhole « *' 
* / ' number unless 'a = 0, but (b,+ c) ♦ a.'- may 
. be a whole number. , , * ' 
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If (b + c) ♦ a is a whole number and if b ♦ a and c ♦ a are 
whole numbers, then it* is true that 

(b + c) ♦ a = (b ♦ a) + (c * a). ^ 

This is what we mean when we sa^ that division has a limited distributive 
property; that it has only the right hand distributive property, and only 
when (b ♦ a) and (c ♦ a) - are defined. For example, 

, (15 + 2li) f 3 - ♦ 3 = 13, and . ' . 

(15'* 3) + (2ii ♦ 3) = 5 + 8 = 13, ^ 
\ 

and^thus we see that the two results are the same; that is, 
(15 - 2ii) i 3 = (15 ♦ 3) + {2k ♦ 3)v ' 
On the other nand, 

20 ♦ (2 + 5) = 20 ♦ 7 is not a whole number, whereas 
(20 ♦ 2) + (20 4 5)- = 10 + ii = Ih is a whole number. 
So 20 ♦ (2 + 5) M20 ♦ 2) + (20 ♦ 5). - 

In general then, a (b'+ c) / (a ♦ b) + (a ♦ c), but it *is true that 
(b + c) ♦ a = (b fa) + (c fa), .provided b ♦ a and c ♦ ^ have 
me&ning. Many examples may also be* produced to confirm that division 
has the ri^^ht hand distributive property over subtraction, provided each, 
of the indicated s.ubtraction^ an4 divisions has meaning; that is, 

' ' (b - c) ♦ a = (b ♦ a) - (c ♦ a), provided b -tc, 
b ♦ a, and c ♦ a are whole numbers. 

'As an example, we can use (2^^ - I5) ♦ 3 arid {2k ♦*3) - (15 ♦ 3) to' 
illustrate this point, but it must be borne in mind that this is mex-ely 
an exfiimple, and does npt prove our larger claim that the right hand 
distrib^utive property holds whenever each indicated subtraation and 
division has meaning for whole numbers. 

Note that 39 can also be- written as 3O + 9 and so 

39.* 3 = (30 + ?) ♦ 3 = (30 ♦ 3) + (? ♦ 3). 

^However, if ve write 39 as ^ + 1^+ it would be incorrect to say that 

(5. lii) ♦ 3 = (25 ♦ 3) + {Ik ♦ 3) 

since tne latter two expressions are not whole numbers. Later when we 
study "fractions," we shall see that, as a statement about "fractions," 
this will' be correct. Tnis amounts to the same* type of relaxing of 
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'I ' ♦ ^ 

restrictions as when t>e set of whole nanbers is extended so that the set of 
, new numbers is closed under subtraction; when "frr.ctions" are considered; 
the set of whole numbers is extended so that the set of new njunbers §b * 
Closed under division* 

Incomplete Arrays ^ • • ^ 

We have found that* to determine a - ♦ b, we may somctimcs^enlist the 

♦ 

aid of a physical model in the* form of an. array* For example^ to determine 
35 ♦ 5, ve put the 35 elements in 5 rows and we find tHat this can be 
done with exactly seven elements in each row, ' ^ ^ . • * 

X 

On^the other hand, if «an &^emp^ were made to determine * 37 ♦ 5, ' ' , 
there is ni whole number n ♦sucH that'' 37 =^ X.n;. hence 37 ♦ 5 is not 
defiAed in the set of whole numbers* However, an approach may be made 
guided b^ the procedure ia setting up an array as before* Filling out .5 
rows^ witjii the 37' elements, i1^ can be seen thkt on^^ element in each row 
requires 5 elements;^ 2 elements in eajh row requires 10 elements; 
3 in each row. I5 elements, etcl, until 7 elements have been displayed' 
in each of 5' rows* The arfay now employs 3^ of the 37 elements, with 
2 elements left over* This situation cai* be expressed by the number 
sentence, . • • , 




•remainder 2 



Figure 9-3* Rearrangement of 37 elements in an array* 

Essentially what has "been dohe is to set up as large an array as possible 
^ which has 5 equal rows and observe the number of elements left over. 

if "ho element remains undisplayed, then the quotient obtained io precisely 
vthe missing factor n in b X n = a; otherwise, the process is said to 

yield a remainder* 

From ttie physical model that had helped to. determine the missing factor, 
the procedure has shifted to a process of obtaining a quotient and remainder, 
using this modql as a guide* Tnis process is then applied to such questions 
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as 37 ♦ 5 for which it may be knovn that there is no missing^ factoi^ anong * 
the whole numbers • This is done by expressing 37 as (7 X 5) + 2, where 
7, is the quotient, l£ g^eneral, this is done by expressing' a as (q X b) + r, 
where q -is the quotient , and r *is the remainder. This can also be achieved 
by group^ig the 37 elements in disjoint subsets of 5 elements in eech 
sutset, /By this', we find 7 disjoint subsets an^ again with a remainder 
of 2 1[see Figure 9-^).* So, * ' < 



37 = (7 X 5) ■+ 2, 




Figure 9-^. Grouping 3? elements into disjoint sets. 

Note that in one regrouping we have 37 ^ (5 X 7) + 2 and in another 

regrouping, 37 = (7x5) +2, Since 5x7 = 7x5,. the two regroupings 
are equivetlent; that is, 

37 = (5 X 7) + 2 = (7 X5) + 2, 

In terms of. the ordered, pair- ^(a,'b), the regrouping is a - (q x b) + r, 
or, ia^the farrlliar form. 



q, remainder^ r. 



Problems 



8, For (37, 5) name the £ and the r in the sentence 37 = (7 X 5) + 2, 

9* For each of the following ordered pairs, express the pair (a, bj • 
as a = (q X b) + r. 

a- (20, 3)' b, (20, k) ' c, (3, 7) 

10, For each of the above number pairs, name the quotient q and the 
remainder r, 

11» By what property of whole numbers is it true that 

(5 X 7) + 2 = (7 X 5) 2? 
12,. What is the basis for checking by the proceiure, 



7 

X 6 
"Tl2 



for the problem 6 r 3 
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13 • Tell whether each of the following is more readily visualized by a 

rectangular array of. 7 rofws of by disjoint subsets with 7 in each 
subset. ' * 



a. h2 pieces of candy are to be divided equally among 7 children. 

b. h2 ^pieces of candy "ere to be packaged V pieces to 'a package* 



•llf*. , Ejcplain why 89. tea cups cannot be packaged in^ 7 equal sets. 

151. A standard deck^f 52 'playing cards- Is to be dealt to 3 players. 
Write a number sentence tfclUng how many cards each player is to^ 
receive *if the entire decl^s to be dealt out as- much as possible, 

16. 'A standard deck of 52 cardsN^ to be dealt to 7 players, EacU 
- player is to be^ dealt 5 cardsK^Write a number sentence telling how 
many cards are to be dealt and how many cvds are to be left in the 
deck. How many m6re cards may each player be dealt? 

Division of whole nuzribers is defined as an operation in which two^ given 
whole numbers are combined to produce a third whole number. We have found 
that it may or may not be possible to produce a third *hole number depending 

. on the numbers we start with^ Eventif division is not possible aa^ such ati 

^ /J ' 
operation, there is still a process that can be used in obtaining a quotient 

and a, remainder. Certaiij properties of division as an operation were 
investigated in ^this chapter and will be useful in developing certaj^ com- 
putational technique^. For\xample,* in Chapter 11, when the techniques of 
long division are studied, we shall see that the distributive property will 
be of great value. \ 

Exercises - Chapter 9 \ 

1. Rewrite each mathematical sentence below as a division sentence. 
^ Find the unknown factor. 

a. 5 X n = 20 . d. 9 X n = 72 

b. p X U = 28 ' '* e. 8 X n = 'SU . 

c. ' n X 1 » 6 f. q X 7 = ^+2 ' 

2. W]t)ich of the symbols below are meaningless? Which are amb-iguous^ 



Which are zero? 



a. 



8^0 , f ♦ 



0) X 6 



b. 0 U • g.. (5 xjo) ♦ (7x0) 



c. 



0 0 . h. 9 ♦ 1) 



d. X 0) ♦ 6. i. 0 ♦ +^9) 

e. 4.x (0 ♦ 6') ^ ' . J. * (j-x 0) V 3 
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3. A marching band, always forms an array when it marches. Ttie leader 

likes to use many different formations ♦ Aside from the leader, the band 
has 59 ' members. The leader is trying very hard to find one more 
member. Why? * * 

h* Does division have the commutative property? Give an exaB?)le to sub- 
stantiate your answer. 

5. Give five illustrations of the distrioutive property for divlsiotJ^ 

6. Which of the following is distributive for whole numbers? 
a. (15 + 5) ♦ 5 e. U ♦ (11+ + 6) 

•b. (5 + 15) ♦ 5 f- (15 - 5) ♦ 5 • ' 

c. 5 ♦ .(5 +15) g. (5 - 15) ♦ 15 

d. ilk + 6) ♦ 1+ h. (15 - 15) ♦ 15 

7. Explain whether a ♦ b is ever a whole number, if b > a. 




Solutions for Problems 



1. 


CommuTOtive property of multiplication 


2. 


a. 


h ' 


d. 


8 




b. 


7 


e. 


8 




c« 


6 


f. 




3. 


a. 


True 


e. 


Meaningless 




b. 


True 


f. 


True 




c. 


Meaningless 




True 






True 






k. 


a. 


Meaningless 








h. 


Zero 







c. Cannot be determined; ambiguous if a = 0 and meaningless 4f a 0. 

d. Cannot be determined; ambiguous if a = 0 andNzero if a / 0. 

e. Ambiguous « 



a« Whole nuinber; 2 
b« Not a whole nuznber 
1 

Not a^hole number 
Whole nisnber; 0 



e« 



Whole number^ 



f. Whole nuniber; 1 



a« False 
b. True 
False 
'True 



e. True 

f . True 

g. True 



g* Not a whole nuznber 

h. Cannot be ^termined; zero if 

a 7= 0 and ,not a whole number if 

i. Whole number; 0 

J. Cannot be determined; meaningless 
if b = 0, the whole number a 

* if b = 1, and not a whole number 
if b >1 unless - a / Is multiple 
of b, " , 

Cannot be determined; ambiguous 

if a = b = 0 and the whol^ number 

1 if a = b p. > 



7. 
8. 
9. 

10. 

II. 

12. 

13. 

Ik. 

15. 
16. 



If a: = 0, or c = 1, or both a = 0 and c = 1. 
q= 7; r = 2 

a. SO = (6 X 3) + 2 

b. 20 = (5 X + 0 ^ 

c. '3 = (0 X 7) + 3 * 

a. q = 6; r = 2 

b. i q = 5; r = 0 

c. q = 0; r = 3 



/ 



Commitative property of moiltiplication 

For any ordered pair of whole numbers (ay b) . when b 0, a '3 
€md an r may be found such that a = (q X b) + r. 

a. 7 rows, 6 members to a row . * * 

b. 6 disjoint subsets, 7 in each subset. 

89 ♦ 7 is not a whole number. 
52 = (17 X 3) + 1 

> 

52 = (5 x'7) + L7J 2 more cards may be dealt to each player. 

I 
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. Chapter 10 / . 

• ; TEXJHNIQUES OF MLJLTIPLICAIION AND DIVISION 

Confuting vith Large > Numbers • , - 

Ihe properties of the operatigns which have been so carefully^ set 
forth will now\be used to develop t;echniques for computing the results 
of the operati(ii;i§ of multiplication and division of whole numbers 
vhen the numbers are so large that the results are not immediately available 
from memory. For example, knowing that 'a X b is the number of elements:^ * 
^ 'in an a by < b array is of 'littl^ help if we are asked to compute 275 ^ 352. 
It is just too much tr6uble -to count so many elements. Buit we can make 
use of the coninutative a^d associative properties of multiplication and 
addition, the distributive property, tlie special properties of 0 and 1 
as factors, the multiplication and addition facts for small numbers which 
we eissume known and o.ur decimal (base ten) system of numeration (see 
Chapter 5) to help us in our dfemputation. If you have ever tried to multiply 
^ two numbers, even fairly small ones, which are written as numerals in the 
Roman system you will ^.ppreciate more than ever our own place value system. 
'Try (XVIl) (DCXi). The properties of numbers do n&t depend on t\ie 
numeration system we u're for naming them, but facility* in conqputatdon^;^^^ 
lean heavily on it. y * \ 

Itie process, ol coijgJUting a number such as 7 X 2k depends' on the idea VN) 
of renaming 2k as <Ine sum of two smaller numbers so that we can compute 
by the ordinary table of known "multiplication facts." When •2k *has beea \ 
so renamed, we apply the distributive property; thus we might say 

7 X 2if = 7 X (9 + 15) = (7 X 9) + (7 X 15) \ - 

• and in turn this is. equal t© ' * 

\ (7 X 9)-+ [7 X (8 + 7)] = (/ X k^(7 X 8) + (7 X 7)] 

= 63 .-f 56 + 1+9 = 168. 

There are other ways of renaming 2k and if we try several of 1jl\em we soon 
discover that the way which maJces our con5)Utation easiest is to write 2k ^ 
in the standard expanded form with base 10. That is, w^ write - 
2k = (2 X 10) + k» We may write out the details of the cbraputation 
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naming at elUh step the property which justifies it. Then 7 x 2h ^ 

7 X t(2 X 10) + it] = [7 X (2 X 10)] + (7 X distributive 
= [t7 X 2) X 10] + 28, assbciative 
= (ll+ X 10) + 28, renaming 7X2 as Ik 
= .[(10 + 1+) X 10] + (20 + 8), expanding base 10 
= (10 X 10) + (1+ X 10) + (2 X 10) + 8, distribu^ive 
= (10 X 10) + [(i+ + 2) X 10] + 8; distributive 
= .(l X lOO) (6 X 10) + 8, renaming 
=-^6o, renaming. 

^ course, we neve^ go through this amount of detail when actually doing 
problems. Ne mnall y this is condensed "as follows: 

^ 7 X 21+ = 7 X ^20 -f if) 

^ ^.(7 X.20) + (7x1+) 
^ = li+o- + 28 . ' ^ 
' ■ . , =168 * 

Piobleras* ' \ 

, • ■ 

l.'i Rewrite- 2l+ as the sum of three numbers, each less than 9 and dihow 
the 'con^jutation involved in 7 X 2l+. ' ^ 

•2, Use the condensed form as' shown in the example, 7 X 2l+ = 7 X (20 + 1+), 
to show the con?)Utation for 7x1+2. / 

^ice that the con?)U?Sfeon shown by the condensed form is 
being dor^b. when the multiplication is put in vertic^ form but that Certain 
abbreviations and omissions "are^jiade to, save writing. Thvs, 

21+ ■ • 20 t 

^ ^ may be written as ^ ^ ^ ^ 

' 15+0 + = i68 

or more usually as 



2if .21*. 

28 ' (= 7 X It) which may be shortened to 9- 
lliO (= 7 X 20) „ 
168 



♦Solutions for problems in this chapter are on page ll6. 
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or even, if one can remember the "2 tens" from 28 = (2 X lO) + 8 an<| 
add it mentally to the tens" from IkO « (l x lOO) + %- x 10), we. f 
C6m writte ' . J 

168 I 

i 

Ttieee saioe procedures may be used for finding ^he products. of pair<i of 
larger^jiuiribers • IRie thought process and the redord of results become m(jre 
and more con5)lex. , < l] 

li 

/ Suppose n ='20 X 3U; • 

then 20' X 3^ « 20 x.(30 + 4>, since 3^ = 30 + 4 [' \ ^ 

^ = [20 X 30] + [20 X 4], distWj)utive ) 

^ • = [(2 X 10) X 30] + '[ (2 X 10) X 4], 'since 20 42 X 10 
= [ (2 X 16;^ X (3 X 10)'] + [ (2 X 10) X k), dist:^ibutive. 

. ' . ' \ 

By using the eissociative and commutative properties we know that - © 



(2 X^IO) X (3 X 10) = (2 X 3) X (10 X 10) = 6 5< 100, 
^ (? X -10) X 4 ^ 4 X (2 X 10) = (4 X 2) X 10 = 8 x'lO. 



, We have therefore: 



20 X 34 = (6 X 100) + (8 x/lo) 



I 



•which bjr our decimal system of huineration^can be written as 680. Noticed 
that the '^'^rtical form of this multiplication caqries out the sajne ideas t 
though ^^ffluch condensed 'form, \ 



3i. . '\ 

X 20 , _ I* 

80 .(= 20 X 4) .-,;V' V/ , • ..^ \ 
^ 6oo . (::= 20^x 30) . ' I 

^ ' • I .SBo \: ' ^ ' \ 

Let's try 3^ ^6. . ' ^ V . 

3^ X k6 = (3Q + 4) X 46 = (30 X h6) + (4 x 46), distributive 
= [39* >^ t^O +6)] + [4 X (40 V.:6)] 

= (30 k40) + (30 X 6)'+ (4 X 40)^+ (4x6), distributive 
= 1200 + 180 +160+24 ^ 

= 1564- ; ^ ^ 



10.. 

'Written in a sort of expanded vertical form the coraputation looks lilce this": 



U6 {ho + 6^ IfO + 6 ^ ifO + 6 



xjiL. X (30 •^ ' X 30 x 1» 

If 0 • * • 6 »fO 6 

~ X 30 X y X If X V • 

1200 + Too +^ + ^ = i56if 

In normal vertical fon2> Wt 4till unabbreviate*d, it looks like this: 



k6 



(If X 6) 
160 ' (If. X ifC 
A 180 ' (30 X 64 

• 1200 (30 xAo) 

. ' ^ m - . ^ 

1Mb is usually shortened to read: 



- k'6 ■ 1*6 . • 

* 'Iw and sometimes to • Iw , . , 

fetimat es ^ the Pipduct ^ . ^ ^ ^ 

Soneil'mes, particularly if yo^u 'are interested in estimates rather 'than 
exact- answers, you can think like this: ■ ' • . \ 

" 38 x^ifS = (30 + 8) X If3 = (30 X If3) + (8 X If3)* 

= (30 X ifO)' i (30 X 3)/<(8 X lfO> + (8 X 3) 1 
\ ^ ' = (lfO>< 30) + (3 x^iiO) + {ko X 8J + (3 X 8)( 

A rough estimate of the answer would be 30 x IfO; for a better estimate, 
add* IfO X 8 to' the, rough estimate; and for a still better estimate, ad* 
JO X 3 to the second estimate* 

38. ' •. 0 

0 

1^ 1200 . ■ 1200 1200 

'320 

.90 . 

2lf / 

I200 1520 ^ T5io' T53^ ^ 






<3 


1200 . 


1200 


J20 


320 




, 90 


I52O 


f T5io' 


better 


6tiir 


esti:Kate 


better 



exact \ • 
answe^^*"-^-—-^: 
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Notice that in this case we start multiply ij:ig with the digits on thrteff' 

w^icf! repres^-nt the larger parts'* of the given factors, v-* 

ft 

Notice \lso the position&l system coming into play in. each of^ the 
intermediate computations. For example, 

c 

^ * iiO X 30 = ii X 10 X 3 X 10 * 

= ^ X 3 ){ 10 X 10 ^ ^ 

12 X 100 

= (10 + 2) X 100 ^ 

= (10 X 100) + (2 X 100) 

^ • = (1 X 1000); + (2 X 100) 

♦ 

This indicates a 12 in the hundreds' position, or'a 1 in the thousands 
position and a 2 in the hundreds' pdsition. The pattern of the number 
.of zeros should also be noted in the multiplication process. 

Problems 

Show a. rougluestimf^te and „jihow successively better estimates foi^ 

a. i*3 X 21 

b. 76 X 58 - ^ 

i*. How many zeros follow the 8 'in 200 X iiO,000? 

5. Write the number sentence which states 'that one-hundred thousands is 
one one -hundred- thousand, 

6. Since 2 X 5 t= 10, l;ow many zeros follow the 1 in 20,000 X 50,.000? 
In which position is the 1 in 20,00*0 X 50,000? 

To multiply three digit or larger numbei^s., the same techniques apply. 
For example, if . *• 

n-^= 23U X 433, 'we may write 

n (200 + 30 + i+) X ii33 V 

= (200 X 433) + (30 X I133) + (ii X hil) 
= (4 X ii33) + (30 X ii33) + (200 X 433) 



^^33 
X 23^^ 
1732- 
12990 
86600 
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23i+ X 433 
lb 
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It might be^well^at this time 'to go'back to our definition of the proauotio 
of 12 X Ik OS the nuiriber of ^lements in an flCrray of jlci rows of Ih 
elements per row and see how our computation process is reflected in our 
array. First we represent the arrajf 



ill ^ 



12 



f: 



12 X liT 



We separate 



Figure 10-1. 
into several smaller arrays: 

10 ^ 




12^. 



\ 



t • 




12 X k} = (12 X 10) + (12 X 1+) 



9 



Figure 10-2. 



11 



10 



h 
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10 1+ 

12 X 11+ = 12 X (10 + k) ^ jl2 X 10) + (12 X 1+) 

^ • = (10 + 2) X 10 + (10 + 2) X 1+ 

^ ^ ^ / » = (10 X 10) + (2 X 10) + (10 x"h) + (2 X 

Figujre 10-3 • ^ . > 

The foUr arrays in Figure 10-3 Vortray -the four partial sums which the 
distributigh of the muTtiplications gives, ^ 
Also the results now can be put in the form 

(1 X 100) +[{2}< 10) + (1+ X 10)] + ^2 X 1|) = (1 X 100) + (6 X 10) + 8, 

and the product can be easily read as, l68 in our decimal numeration. 

Division Algorithm ^ 

We have noted in Chapter 9 that the whole numbers are not closed 
under the operation of division. ^ Ttixxe, for example, for the ordered pfiir 
(37> 7)^ division as an operation does 'not yield a whole number, Ttie 
attempt to set up an array ^of 37 elements in 7 rows fails, but, in the 
atten^Jt, we are led to a division process which gives us a quotient and 
a r*ajLhder--nainely ^ and 2. This process is called the "division algor- 
^ithm" (after the ninth century Arabieui mathematician Al-Kworesml who wrote 
the first book on arithmetic algarithms), "Algorithm," or "algorism," 
as it is sometimes spelled, is a technical word in mathematics which me ins 
a numerical process that may be applied again and again to reach a' solu'iion 
of a problem. For a ♦ b, • the division algorithm then eventually ^fei^e^ 
us the largest whole number ^ such that q X b < a. If q x^ = a, 
then £ is the missing factor.' If q X b < a, then g is theiquotient 
and* there is a remainder. So a»(qxb)+r, where r mayt5r voay not 
be 0- 
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^ Let> us exairdne more 'closely what occurs as we attempt to set up an 

I array of 37 elemeats in' f fSws, Jfirst, from* the set of 37 slements> 
y we obtain 7 el^nts and place these 7,*^one to a row. ^In^the origin^^ 
set of the Zl elements now reinain 30 elj^ents. We prbceed to obtain 
another 7 elements from the remaining elements, etc/ This process is 
indicated as follows: . • V " \^ ' 

I ' 

* 37 * element;^ ij>/the original set , 

30 elements remain ^ter displaying \1 to a row* 

23 • elements remain after di^splaying ^2 to a row 

- T ' , . ^ ' 

* 15 elements' remain after displayiifg 3;, "to a row ^ 

z2. ' ' . , . ^ 

^ . 9 elements rem'feiin after displaying 4 to a row 

' ' ' 2 elements* remain aftei^ displaying . 5 •:t5 a row 

This process is referred to as the repeated subtraction dviscription -of ^ >y 
division and parallels the '^-repeated addition description o^ multiplication; 
The final step shows that the quotient is 5 and the remainder is 2. 
^ Nofice that each step may be described as follows: i 

37 " 

37 =. (1 x 7)+ 30 30 

- 7 - , ■ 
37 - (2 )f 7) + 23 23 

. - 7 

37 = (3 X 7) + 16 "l5 

zJ. 

37 = (It X 7) + 9 9 • 

- 7 

.. ■ 37 = (5 X 7) + 2 2 

1 r 30 2 r *23 • ^ ^ 2 . 

or as ^73:, \ ' 7/37 • ' "•^ ' 7/37 ^" 

exajnple, ^ ^, th? 1+ is sometimes referred to a6 the parti^ 

quotient; as is the 3 in ^ etc. In. the algorithm, <mat we 

a^e iooKiftg for is^,the largest '^nuifiber of complete cplumns possible in the 
^array; in this .:ase it is 5, so, 5 is the quotient. In the chain of 
repeated' subtract ions we get closer and closer to the quotient desired. _ 
We can imagine, then, thf same jvrocess applied to a ♦ b; ultimatelyi we 
want to get the largest number . q .such that a = (q X b) + r. 

^' • IIU 
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It is 13^ xikely that we would want to go through all this manipulation 
evei^ timq we* have to' coiroute a ^b, but for the youngsters , in the lower 
grades, this ^kind o*f pro^fedure puts coii?>utation in a manageable size and 
can be refined, as- the youngsters afequir^ more and more experience with the 
algorithm. ' . 



^ ; Exercises - Chapter 10 . "^ 

■ U ■ 



1» Use the cpmrautative, associative^ and distributive properties of 
/ multip'Iicatipn to do the exaii?)les below* Follow^he form of\ the 
.i"* -ustration. ^ 

20 X 37 = 20 X (30 + 7) [^Ihink of, 37 ^aa JO + 7] 

' • . = (20 X 30) + (.20 X'7) [Distributive Property] 

= 600 + lUO {Write the products] 

= 7^+0 • ' [Addition-] 

a. W X 30 . " . d. 90' X 5? 

b. \2 X 30 e. |>0 X 76 

* c. 76 X 80 f. 52 X 1+7" . 

2; In 'the example to the'lright, expiailn why * I+33 
the 86fe on the fifth, line does not ^ Tif^- 
represent 2 X U33. , " * . 1299 

866 ^ 



•^101322 



3. For the above example, write out the full decimal ^^kyaiision of 4 X J+33 
, to get 1732. ^ ^ ^ . 

\. By the distributive propjerty, show how k x ^33 may be considered the * 
repeated addi-(^on of four |*33*8. ^ ' 

5. Use the repeated subtx^ction process to describe each of the following; 
^ ^ then write each dividend in the form: a = (q X b) + r« 

\ a. Ii7 4 8 

b. 28 ♦ 7 . 

6. How many times must k be subtracted from, 95 in the algorithm 
indicated by 95 ♦ ^ 
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Solutions for Probleffls 

1^ 7 X 2if « 7 X (8 + 8 + 8) . 7 X [8, + (8 '+ 8)] 

« (7 X 8) + [7 X (8 + 8)] 
= (7x8y+ (7x8).+ (7x8) 
« 56 *+ 56 + 56 ' 
= 168 

2* 7 X U2 = 7 x'(U0 + 2) » (7 X kO) + (7x2)" 

= 280 + lU ; ■ 

* r s ' 

3. a. ,20 X kO « 800 rough cBtinMite 

20 X 3 » +]60 . ' * 

• . . * 860 . better estimate' ' 
1 X 1*0 » ^kO- " j , 

900 stm better ' - 

/x. 903 exact answer 

b. 50 X 70 .3500 rough estimate " ^ 

. 50 X 6 • +300 ' 

3800 better estimate 

8 X 70 « -^60 \ 

1*360 still better * 
8 X 6 - + U8 



kkoB exact answer 



5. JjOO X 1000 •^l X 100,000 

6. 9 zeros; the 1 is in the billions* posijtSn. 



"f2i 



] 



y 
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Chapter 11 
DIVISION TECHTJIQUES 

Uniqueness of c[ an d r 

In th^ last chapter we observed that division as an operation for whole 
numbers. may or may not yield a whole nuniber* Whether or not a ♦ b was \ 
defined in the set of whole numbers, we nonetheless did arrive at a process 
^ which is called the division algorithm , Ihe algorithm gave us the largest 
whole number £ such that q x b < a, and enabled us to express the dividend 
as 

a = (q X b) + r, provided h ^ 0 and r < b, " 

Biroughcut the discussion, when Ve spoke of the quotient and the remainder, 
we had been assuming implicitly that there was only one such £ arid only 
one such r, and our experience with division of . whole numbers had never; 
led us to believe, otherwise-- As a matter o€ fact, it can be sho'vn tHal'for 
^ pair (a, b) with Jo f 0, the quotient q' aad the remainde'i-" ,r 
are uniquely determined. By this we mecm there is one and only one such 3 

one and only one such r, whei-e * r*-< b. Before shoving this, let's 
look at an exajiple such as {37, 5), The uumber 37 is represented on the 
number line by jone'cmd only one point; so is t\^e number 5 (= 1 x 5); 
^so-a3;e the numbers 10 (= 2 X 5), 15 (= 3 x 5), etc-; so is 0 (= 0 X 5), 
See Figure 11-1. 

. ' • " I 

05 37 
1 » — : 1 ■ ^ ► 

0>^ 1>^ 2x5 3>^ 4>5 5>5 . 6>5 7>5 8)5 

4 

. Figure 11-1 • Determining £ and r for 37 ♦ 5. 

Ihe numbers 0, 5, 10, form an ord ^ed set of multiples of 5: 

{0, 5, 10; 15, ... U 

If we start to represent some of these on the number line, we shall see that * 
0 is to the left of 37; 5 is to the left of 37; 10 i:i to the left 
of 3?'; 15 is to the left of 37; etc* Eventually we get to a point 
x^at r-^prese .ts the first one of the multiples of 5 represented on xhe 
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fUjmber line to the right of 37. In. this case, it is 8x5 or hO. The 
multiple of 5 [ just preceding this is the one we are interested in; namely, 
7x5, Remember that considering division in terms of an array, this is the 
largest 5 row array that "can be completed for il, ^^&r}^JJ^ the number 
of elements, 7, is the quotient. -35 (or 7x5) is tj^e largest multiple 
of 5 not exceeding 37. Retiirning to the number line, 3!^ * is represented 
by one and only one point. From this, the quotient q (= 7) is uniquely 
determined .and the remainder r (= 37 - 35 = 2) is uniquely determined. 

In general, for any pair (a, b) such that b / 0, the same procedure 
> can be followed. The number a is represented on the number li^e by one 
and only one point; so is 1 x b; so are th^ numbers 2 X b, 3 X b, etc.; 
so is OX b. Eventually, there will be a first one of the numbers in the' 
ordered set 

^ ' . {0 X b, 1 X*b, 2 X b, 

« - 

that is to the right of a in the number line. Let's call the multiple of 
b just preceding this q X b. There is one and only one point representing 
q X b, hence £ is uniquely det^ermined. 



0 

— I— 

OXb 



.IXb 



— I — 

2>6 



Figure 11-2. Determin 




qXb 



and t on the number line. 



If q X b coincides with a, then q is the missing factor such that 
k = q X b; here, the remainder is 0. lliat is, a = (q x b) 0. If 
q X b does not coincide with a, then there will be a remainder. Since 
q X b and a are whole numbers, the difference, a - (q X b), is a whole 
number. This is the remainder r, and a = (q x b) + t-, rue numbers a 
and q X b are uniquely determined, hence, so is r. 



Computing with Large Numbers 

For small numbers we can usually see whether or not for 'i ♦ b = ii 
or for the equivalent sentence . b x n = a, there ^s an unknown factor n 
which multiplied by the known factor b will eive the known product a- 
Thus, 18 ♦ 6 = n has the solution 3 since 6 x 3 = 18, and 67 : Ij 
has no solution in whole numbers. It is not obvious, however, whether 
6hQ ♦ has a whole number solution or not. 
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For the expression, 6? *-13, we find that we can put 13 elements, 
one in each of the I3 rows of our array and have 54 .left, W6 can put 
out aiiother I3 and have kl left. Again, we put out I3 and have' 28 
left. Next time we have I5 left and then 2. We have put 5 elements 
in each row and have 2 left. ^ So we can write c7 = (5 x I3) + 2. Notice 
that in doing the problem we repeatedly subtracted 13 elements. Instead 
.of doing this repeated subtraction of I3 elengnts we might try to see how 
large a multiple of 13 we could subtract from 6? at once. 

If we^uess 6 we find that 6 X I3 = 78 and, we canixpt subtract 78 " 
from ^67. If we try k we can't go wrong, but' we do not get our result 
immediately.' 

* * • 

67 = 52 + 15 = X 13) + 15 but 15 > 13 so we can 
J still write 67 = (i+ x I3) + (l x I3) + 2 
^ . ^ \ 67 = [(U X 13) + (1 X 13)] + 2 

67 = (5 X 13) + 2. • 

Our bep choice would be 5 since 5 x I3 = 65 and we cari write directly 

67 = 65 + 2 = (5 X 13) + 2* 

^ Ifotice what we are atten5)ting to do'^\If we cannot get at the quotient 
immediately, we split the dividend 67 inta two addends' so that the divisor 
13 is a factor of at least o'ne of the addends • -fThus, 67 ma> be expressed 
as 52 +15^ where I3 is a factor of 52, We could have expressed 67 
as 26 + Ifl, where iV^ is a factor of 26. The point is that we simply 
want 13 to be a factor of at least one of the addends. 

In the exainple where 67 is split into 52 + I5, the divisor I3 
is a factor of one of the addends, namely 52. The other addend, 1^, is - 
greater thaJi the divisor. We can express I5 as 13 + 2, where again the 
divisor I3 is a f€u:tor of the first addend 13 . This process can continue 
until any addend either has the divisor .as a factor, or is less than the 
divisor « In our exainple, 

' 67 = 52 + 13/+ 2. 

Both 52 and 13 have I3 as a factor; is less than I3. The number 

sentence may now be restated t 

^ w 

67 = (1+ X 13) + (1 X 13) + 2 ' ' 

^ [{k X 13) +■ (1 X 13)] + 2 
= (5 X 1^) + 2. 



When the ^dividend is split into two addends so that the divisor is 
a factor of at least one of these addends, it may turn out that the divisor 
is also a factor of the other addend. For exanqple, in 65-* i3r. we may 
' write . ■ . 

^ 65 = 39 + 26. 

In this case,^ 13, is a factor of both 39 and 26^; * then we may, apply the 
right hand distributive property to get the missing factor. Thus, 
65 = 39 + 26 = (3 X 13) + (2 X 13) 
« (3 + 2) X 13 = 5 X 13, 

* and 5 is the missing factor; so 65 ♦ 13 = 5* 

•lb iUustrate further^ if we want to try to find a niMber n such that 
165 ^ 15 = n, we can write 

165 =150+15 

= (10 X 15) + (1 X 15). • 

Then 165 * 15 = [(10 X + (1 X 15)] ♦15 

= [(10 X 15) ♦15] + [(1 X 15) ♦ 15L 

By the definition of division as the inverse of rnSLtiplicat^on, 
(10 -x 15) * 15 = 10 and (1 X 15) ♦15=1- 
So, 165 ♦ 15 = 10 + 1 = 11^ 
If we tr:^ the same process with 191 ♦ 15> may. notice that 

191 = 150 + 1+1. 

150 has 15 as a factor; the other addend, 1+1, is greater than I5. ' 
So we continue to split 1+1 into addends, for example, into 30 + 11. 
Now 191 = 150 + 1+1 = (150 + 30) + 11, and while we know that 1?Oth I5O • , 
and 30 have 15 as a factor since 

150 ♦ 15 = 10 and 30 ♦ 15 = 2, 
we also know that, 11 * I5 is not a whole number. It is evident that we cannot 
apply the distributive property of the division operation to the whole sum. 
^Nevertheless, the part, of the sum in parentheses, (15O + 30), has 15 
as a factor and we can say 

(150 + 30) ♦ 15 = (150 ♦ 15) + (30 ♦ 15) 
= 10+2 
= 12. 



•I2r> 



11 



Now using the facts that (a * b) x b = a (if a * b is a whole number) 
and (150 + 30) f 1^ = 12, we can write 

l.'l = (150 + jO) + 11 

\ ^ 1)1 = [(150 + T 15] X 15 + 11 

' 191 = (12 X 15) + 11; 

The compufation process is to Bubtract from I91 as lar^e'a multiple of 
15 as is easily recJgnized anU to repeat this process as many times as 
possible. write this in a vertical set-up as follows: 



(10 V 15) 
( 2 X Iv) 



2 

10 
1^5/191 
IpO 

4l 

30 
11 



We were able' to subtract ly , (10 + 2) times before getting'a remainder 
which 'was less than I5. ' ' 

191 = [15 X (10, + 2)] +11 

(15 X 12) + 11 C*«y 

Suppose we want to tr^ 575 ^ 25. Ue can write it in a slightly different 
form. 













^ 10 


• - 32 










10 












3 


0 




23 = 10 + 10 + 3 


ThiG time we dia n&t subtract as 


lerce a multiple of 


micht have sc the process took a 


little ^loncer, but we 




Because of the form in which the series of triaJs is indicated in the 
computation, this io cometimes referred to as the "escalator method." 
We might have done this: 



25/5^ 
300 

11' 



20 



2j 



In this case we write 



^;75 = (23 X 2^;) + 0. 
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Here, the object is to refine the process so that the first partial quotient 
takes care, of the lOO's, the second takes, care of the lO's, etc. If 
the» dividend were in the thousands, then the object is to refine the process 
so thaj: the first partial quotient takes care of the 1000' s, and so on* 

Qb see the mechanism involved in the technique, let us. examine . 5^+39 * * h 
and its' corresponding algorithm in vertical form: 



UOOO 
T539 
1200 
239 
200 
39 
36 



1000-^ 
300 
50 , 
9 



remainder 3 ^359 

As we can- see from the various steps, the dividend, ^k39, is split into 
the' addends successively thus, 

^ 5^1i39 = liooo + lii39 

= 1+000 + 1200 + 239 

= 1+000 + '1200 + 200 + 36 + 3' 

Ifotice that in the final spp.itting, the 1000»s, lOO's and lO's all have 
U as a factor, and we can apply the right hand distributive property to at 
least this portion of the sum. Hence, 

5I+39 = [ (t^OOO + ).200 .+ 200 + 36) f 1+] X 1| + 3 
= [ (1000 + 300 + 50 + 9) X 1+] +3 
= (1359 X ^) + 3. 

■ • 

Problems * ^ 

1, For 15,139 * 13 show the splitting of 15,139 into addends of 
1000* s, 100* s, etc., such that each addend greater than I3 has I3 
as a factor. Show this also in the vertical (escalator) form, 

2, Do thp same for 1+0,728 ♦ 8, 

'3, Shov whether 61|8 f 2l+ has a whole number solution, 

Ttie technique we have developed is known as the ^'division algorithm" 
or the "division process," It enables us to write any ordered pair of 
numbers (a, b) in the form a = (n X b) + r, where r < b, ^Teg^dless 
whether o/not a ♦ b* is defined In the set of whole numbers. If V^find 



Solutions for problems in this chapter rxe on page 125, 
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that ^=0 we have shown that there 'is' an n such that a = n . X an* 
therefore a ♦ b = n and the operation of division applied to^the numbers 
a and b yields a whole number n. » " * 

^ Let us emphasize the very irr^ortant fact about whole numbers which we 
have just established. 

If (a, b) is any ordered pair of whole nuibers 

with b ^ G, it is ^always possible to find* two 

whole, numbers g and r with r < b such that ' 

a = (q X b) + r. 



a = 9. We can write 
We see that q = 0 



What happens if b > a? Suppose b = I5 and 
9 = (0 X 15) + 9, or in general a = (o X b) +.r* 
•anc^a = r. 

In applying the division algorithm to large numbers, 'an -abilitj^' to 
.make a good estimate of the product of two numbers' is a great help. Suppose 
we want to try.;^ 978 * 37, What we want to do is subtract multiples of 37 
from 978. Shall we subtract 100 X 37? This is muchXoo large, 10 x 37? 
This is all right, but the larger the number we subtract \ch time, the quicker 
we get throtiftj. An estimate of 30 X 37 shows that this produpt is over 
1000 and so^ somewhat too large. We next try " 20 x 37 and find this is 
all-right. If '^we* set, the work up in the standard form for'the division 
algorithm, the fact that we are using 20 as the multiplier is not quite 
o-bvious, so we change the form slightly to make the situation a little 
clearer. Thus 













20 


r 


238 





(7^+0 = 50 x^'7). 

So far ve have 978 = (20 X 37) + 238. We follow the same procedure with 
238, Then . , 



(222 = 6 X 37) 



and 238 = (6 K 37y + I6, Notice how the>process repeats itself'; We now have 

/ 978 = (20 X 37) + (6 X 37) + 16 

\ = [(20 + 6) X 37] + 16 

* ' . ; ' = (26 X 37) + 16, and ve are finished 

-> - »' ' 
; V V' ' / because I6 < 37. 
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Ttie work can be exhibited -in conqolete form as: 



37/975" 
- 7^+0 
23B 
22Z 
IT 



(20 +'6) 



20. 

+ 6\ 



•or 



, ; . . .'.20 

'•. ■•. 7l^0 
'■ • 235 
222 
"1^ 



bat we usually writie the two stages as 



2 ' 
37/97H. 

lit 

23 



and then 



26 

.37/97H. 

235 
222 
"T5 




Ihe first step conceals from many people that what we are really doing Ls 
subtracting" 20 >^37 from 97^. Of course, once we underst&nd what is 
going on^ all the short cuts and time paving abbreviations and omissioni 
possible are permissible. HowevV> we "hould keep in mind that the divrsion 
process applied to (a, b) is essentx JJLy subtracting from a as large 
multiples/of b as is conveniently possible until the remainder is less 
than b and then counting up how, many such multiples have been subtracted. 

Many problems have a number relationship which- when put into a number ^ 
sentence reveals the need of applying the division process.* For exait5)le, 
how many \'J passenger buses will a school hav-e to order to take its 820 
pupils on a school excursion? We don't Know if they will fit evenly into 
a certain number of buses, but we rather doubt it, so we set up the number 



sentence , ^ 



820 = (q X \1) + r 
820 f (10 X 1+7) + 350 
350 = (5 X Ii7) 115 
115 = (2 X 1+7) + 21 



and we find that 
so we need more than 10 buses 
so we need more than 10 + 5 =15 buses 
so .we need 17 buses and have -21 children 
left. We either order I8 buses and have! some enqoty seats or provide a 
smaller bus or some private cars for the 21 children remaining after 17 
buses have been filled, since we fton't want to leave anybody behind. More 
quickly, of course, we could conqoute 

17 

. It7/H20 C 
* ■ U7_ 

• . 350 
' 329 
21 



820 = (17 X 1^7) + 21. 
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Exercises - Chapter* 3J. 



Use the division process as described in this unit for each of the 
ordered pair of numbfers given below. Then -write the' mathematical sentence 
corresponding to a = (q x b)''+ r for each case* 



1, 
2. 
3- 



(512, 8) . 
m,^ 7) 
(526,' ^) 

(836, k2) 



6. {Ih, -23) 
7- (23, Ik) 
(72d, 19) ' 
, 9- b'O. 100) 



10- (6?.35, ^+7) 

11 • For the pair (37, 7), show the segments of 7*s on the number line 
and locate the point representing 37, Find the quotient -.a ^Tnd the 
remainder r* on the number lih'e. For exaii5)le, for (23, 5), 



23 

i ' ' * ■ > 



0>5 



1>5 . 2x5 3>5 



5>5 



q = k 
r = 3 



12* Follow* the directions in the above exercise for the 'pair C^6, 6)< 
13, Do the same for the pair (3, 8), 
Ik* Write the number sentence in the fonii a = (q X b) +-r for the pair 

— to/ 52).:, 

r 

^ 



Solutions for Problems 



1. 15,139 = 13,000.+ 1300 + 780+52 + 7 



13/15139 
13000 
a39 
1300 

780 

59 



1000 
100 
60 



116U 



125 



130 
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2. 40,728 = lfb,000 + 720 + 8 ^ 



8/50728" 
liOOOO • 
~725 

8 



5000 
90 
1 



0 ■ 5091 

3.* •6lt8*4 2lf = 27, a whole number. 
• A 

{ 

/ 



\ 
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Chapter 12 . , . 

SENThNCES, NUMBm UNE- 

■ .■ p 

In developing the properties of ^iiumbers t.iid various operations on 
numbers, we have been using a rather special language involving • 

symbols for numbers, such as: 1, 5, 2, 9, 3, ; 
symbols for operations, such as: +, x, ♦ ; 
and symbols showing relations between numbers, such - 
^ as: =, ^ <, >,<,>. 

We have seen that a'numbei: may be named by many nuaierals, for example, 
28 

i + 9 - 2, 7, VII, all name the same number, and we may write 

28 ^ 

3+I+ = 9-2, or 9-2«-^, or 3+1+ = ?, etc, . 

to show that these are numerals for the same number • In this way, we form 
mathematical sentences, where the symbol, =?, acts as the verb« J\e numeral 
to the left acts as the subject, and the numeral to the right acts as a 
predicate noun. , ^ - 

A statement as "7 - 5 = 2" is in mathematiccd' form, but it can be 
put into, words as in the sentence, "if five is subtracted from seven, tije 
result is two."\ The sentence, "Ihe result of adding the number five to the 
number nine is the nuzriber fourteen," can also easily be put in the much 
shorter form "9+5=1^." A great* deal- of mathematics is in the form of • 
sentences about numbers or number sentences as they are called. Sometimes 
the sentences make true ^atements as in both of the above examples; some- 
times the number sentences are false as* in the cases "5 + 7 » 11" or 
"17 - U = 3." Whether it is true or false no more disqualifies the statement 
as a sentence than the statement, "George Washington was vice president 
under Abraham Lincoln" is disqualified as ^a sentence. 

Open Sentences ^ 




As we have noted/ ^yMxal seii^tences may bt true: "George Washington 
was the first Presid^ of the United States," or false: "Abraham Lincoln 
was the first President of the United States." We also encounter sentences 
such as: "He was the first President of the United Staties." If read out 
of context, it may tiot b'e known to whom "he" referred and it may thus be 
impossible to determine whether the sentence is true or, false. In fact, 

t 
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**Q was the first President of^^he United States" ma^ te a test question 
requiring t^'^ najne of the man for which it would be a trae, sentence. Such 
a sentence is qalled an open sentence and is j;;r ^reat usefulness not onl> in 
history tests but in inaro other situations ac well* In fjact, open number 
sentences are the basis of, a great deal of wcrK, In arithr.etic . For example, 
our definition of subtraction reall:. used an oten number sentence* "7 - 5 
4s that i-'UJTiber vnich makes the open sentence 5 ~ ^ ^ true state«ient/* 

Problem* 

1. Tell whl>ch of the following sentences is an open sentence • • If possible^^ , 
tell whetner the sentence is true or 'false* 



b* 
c . 
d* 
e . 



5 + 2 - - 2 

5 + 3 = ? - 

5 = 

; is n fact-or o 

7 - ?■ 

V = s 

IV = 5 - I 



nil 



h* D = 1000 f 2 

'•nnj"-iiiinn ■ . 

AiVj number sentence ) as to have a verb. Ihe most common ones are: *'i6 
equal to;" "is not equal to;" "is more than;" "is less, than;" "is rnore than 
or is equal to;" "is less than or is equal :o/' Tt.e s,. mtols wi.ich we usq for 
thfese verbs are listed below* * 



'is not ea^.al to" 

t 

'is -r.ore than'' 

*:s less thji:," 

"ore ' LiiP. or ec'.?^l to" 
is less li.ar. or eq^al "o" 



; 7 " : > 1 

: 5 < 10 

; > any one-digit number 

; 0 < any whole nurrfber 



None of the examples listed above are open sentences* The^ make 
statements abo-it wpeclfic nxT.be whi:r. are described or represented by a 
single numeral sue. as 7 or t;, a mathematicel or number phrase sujh as* 
< + If we want to write sri open liymber sentence, we will use an open 
n umber phrase sich as []]] f 7 or ^7 - Q where the s>mbol'Q] is used 
to help >oa remember that the empt^. space ma\ be fillerd b;. some numeral. 
Because svmbols li/.e Q are awr'.vard to t%pe cr wTite, we frequently use a 
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letter such as n or a Tor the sair.e purposeT Tnus, a eimple open number 
phrase ma^ be written as. n +• ? instead of □ + 7 and an open number, 
sentence as n + 7 = 10. What number or numbers will now make this open 
sentence a true statement? In this case the answer is essil:. obtained hy 
trial, 3 + 7 = 10, while 0 + 7 / 10, 1 + 7 /-lO, 2 + 7 10, k -^1-^^ 
and we see that ; is Ihe onl^ natter wnich does the trick, 

What number or n'umbers will make the open sentence Q ^ 5 a true 
statement? Again, b> trial we find that 0<% 1<5, 2^5,' 3<5 
and U < 5 are true .statements while 5<.p, o<5, 7<5, etc, are 
false statements^ Tnus we see that anj member of the set (0,^1, 2, 3, k] 
makes the statement true, W:iat about the open sentence n + 6*< 11? 
We can translate the sentence 'into words b> sajint "j^he Sum of -a certain 
number and 6 is less thai; 11" and we see the numbers which make this 
a true statement are again the members of the set {0,4^1, 2, 4), 

Problem ' 

2. Tell which of the followinjr sentences is an open sentence. If possible, 
tell whether it is true or false. If it is an open sentence, tell 
what number or numbers will make it a true sentence, ' 

a., DC «^600 e, 5' + a = ^ 

*b, CD = IX: f , a = 5 

c« a =: a gr 3 is a factor of n 

d» a + b = b + a ^ n, ^ is a factor of j x n. 

Solving Open Sentences 

Qfpen nuiKber sentences are called equations if the verb in them is "=", 
Sentences with an^ of the other verbs listed above are called "ineqaalities. 
Those numbers which make the sentences true are called solutions of the 
equations' or inequedities, When^^ou have found the entire set of soluticnfc 
of an open sentence, jou can sa> that you have, solved the sentence. 

Open number sentences are frequently used to solve problems. To do 
this, you must be able to describe the numbers in the problems bj number 
phrases and to translate the, clues given in the problem into an equation 
or inequality • To work with number phrases >ou must be able to translate 
th^ phrase into words • The open phrase + 5 or the equivalent phrase 
n + 5 may be translated as "a number increased by it ma>, of course. 
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have many different translations^ such flus: 

"a number n added to 5;" 

or "the sum of a number and 5;" 

or "five more than a number n." 

However,^ all of the translations have the same mathematical meaning. 
Furthermore, all the Engfish translations mean the same as "n +5^" '" 
Vith practice, we learn to understand 'the different ways of expressing a 
number phrase. 

Consider the following sentences: ^ 
Ihe sum pf 8 andv 7 is 19; 

n + 8 = 16; s ' • ' 

If + 5 = 10 . 1; 
3 < 2 + 6; 

^>2^a ; ^ 7 

T+ n = n + 3. . y 

These are all number sentences • One of them is false, two of them are true 
* and three of them are operJ sentences. One of the open sentences is true 
for only one number, one </f them is true for three. different numbers, and 
one of them is true for aiw whole nuinber* Can you identify each statement 
with the appropriate open sentence? ^ 

Examination of the sentences in the list should verify that n + 8 = I6 
is true for only one number, 5 > 2 + []] is true for three different 
numbers, and 3 + n ^ n + 3 is true for any whole number • 

Since open sentences contain words or symbols which do not refer. to pn3y 
one thing, frequently they are neither true nor false. However^ this is 
not always the case. It is interesting to examine the foilowinifc, sentences. 
What can you say about their truth? ^ 

"13 - X = 7." 

"George was the first President- of the United States'." 

"3 + X = X + 3." 

"If Jiran^y was "at Can^) Holly all day yesterday, 
then he ,was not at home at that time." 

niese sentences are similar in that each contains a word or symbol which can 
refer to any one of mdhy objects. Do you see any difference between the 
first two sentences and the second two? Can the first two sentences be true? 
Can the first two sentences be false? Can either of the last two sentences 
ever be falsf»? We can see^ that the first two may be false, whereas the last 
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two are always true,, 

^ ^ We said above that* bj solving an open equation or inequality we mean, 
finding that member, or all those numbers* which make the sentence a true one. 
At this time, you-can do this primarily by trial and error after thinking 
carefully about what the sentence says, Fior instance, to solve the equation 
n - 4 ^=s 7 means to find the number which is the result of aading k to 7. 
The answer is, of course, 11. lb solve n + 5 = is to fi- 1 that number 
which added to 5 will give 32, or n = 32 - 5 = 27* On th. other hand, 
to solve n - A < 7 means to find all those numbers ffom which U ie 
subtracted and for which*the result will be less thap or equal to 7, Is'. 
2 such a number? ^h, because 2 - U is not a whole number. Is 3? No, 
But k, 5,-6, T, 8, 9, 10 and 11 do make the sentence true. On the' other 
hand, 12 • ^ = 8 which is more than 7« So 12 and any other larger 
^number make the sentence false. We see that the set of solutions. is 
ik, 5, 6, 7, 8, 9, 10, 11}, . ^ 

Use of Mathematical Sentences 

The use of a yiathamatical sentence to solve a proble^n ma> le illustrated 
as follows: \^ 

There ebe 22 children in a class, 10 of the children are boys. 
How many are girls? We can write several different open sentences to express 
the relationVnlp among the numbers involved. Thus, 10 + n = 22 or 22 - n = 10, 
In each case, we can think "a number added to 10 give§ the sum 22," 
The only number which makes this a true statement is 12. This is the solution 
of the number sentence, and the answer to the problem is "there are 1^ 
girls in the class, " 

Ixi using number sentences to solve problems, the key to the situation 
is in recognizing the relationship between the nu'nbers in the problem, This 
relationship is written as a number sentence, '^.e solution of the number 
sentence is found and* the result used to answer the question posed by the 
problem. One more example, 

John put 23 of his marbles in a bag an'd Jim put hQ of his marbles 
in the same bag. If Tom takes out 35 marbles, how many' are left in the 
bag? The number relationship can be thought of as "the number of marbles left 
in the bag plus the number Tom took out equals the number John and Jim put 
in," This gives the equation n + 35 = 23 + 48,* Someone else might think 
of the relationship as "the number of marbles left in the bag is the difference 
between the number John and Jim put in and the number Tom took out," . 
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This yields n = (23 + k&) - 35. Of course, bcth open sentencxes hav^ the 

same solution: 36, The answer to the problem is: "There are 36 marbles 

left in the >'bag/' Notice that n + 35 = 23 + ^^8 if and^only if 

n =i (23 + hS) - 35- 

Solution Set on the Number Line 

Frequently, a picture of a solution set usin^ trie number line can be 
drawn. Consider the following example for the open sentence 

p 

□ +3=8. 

This open sentence has the solution,' 5- "^^^^ solution set is (5]. 
the number line this solution can be represented as shown below: 



On 



^ I 1 1 1 4- 

^0 I 2 3 4 5 



J 1 

6 7 8 



Figure 12-1. □ + ,3 = 8- 

Since the only solution for the sentence is ^ ^clid "cot" or circle, 

is marked on the number line to correspond wit;, the point for S^. Mo other 
meurk is put" on the drawing. 

The solution set of the inequality n - ^ v "^-'^^^ '^"'^ previously 
can be represented thus: 

■ i, \ i I i i i ' I i i f k ^ '''' 

Figure 12-2. n - 4 7 . 

Note that on'the number line we indicate the solution set hea-r, solid 
dots. The solution set of n - h >1 cannot be coir.pletely represented 
because it consists of all numbers greater than 11. We can indicate it, 
however, as in Figure 12-3 where the heav>' dots ' continue right up to the 
arrow and the word "incomplete" indicates that all the numbers represented 
•by points still further to the right belong in the solution.' 



I 23456789 10 11 12 13 14 15 16 iT 

Figure 12-^. .n - ^ > 7. 



r 

incomplete 
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Operations on the ITamber Lines 

Number sentences can^Iso be pictured ..i tne number line as shown below. 




Figure 12-5, n + = 7. 

Recalling that n + ^ = ^ n, and that + n = 7 if and only if 
n = t - ve can observe that 

n+4 = 7, ^+n = 7, and n = 7 - 

are all statements which sa;, the saine thing. We can picture the number 

sentence n = 7 - ^ as follows and note that the arrow for n agrees with 

,the arix)w for n in tr.e picture for 4 + n = 7 in Figure 12-7 • 



< I I I I I I I I > 

.012 3 4 5 6 7 



Figure 12-6. n = 7 - 
The picture for the sentence U + n = 7 takes the following form: 



I I L 



J -L L-_L 



0 12 3 4 5 6 7 



Figure 12-7* U + n = 7* 
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Just as addition and subtraction may be shown on the number line, 
multiplication and division may euLso be illustrated. Bbr example, to show 
3 X consider an arro.w for Three such arrows laid end-to-end (tadl 

to head) indicate 3 x k (see Figure 12-8). 



J I L 



3, X U = 12 



J 1 1 1 I I I l_^J » » » 



4 6 12 

Figure 12-8# Multiplication on the number line. 



16 



Figure 12-9 ilfustrates the 'operation of division for 12 ♦ h; exactly 
three ^i-arrows fit end-to-end, showing 12 ♦ U = 3. 



f 



<SJ 1 1 1 I I I I I I I I I I I I 

0 4 8 12 

Figure 12-_p. Division on the number line. 

For the division process indicated by 17 ♦ 3; we see from Figure 12-10 
that the algorithm vill yield the quotient 5 and the remainder 2. 



-J I I I 1 I I I I I L 

0 4 8 



I I I I I I9 

12 16 17 



Figure 12-10. 17 = (5 X 3) + 2. 
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Exercises - Chapter 12 
Write a number sentence shown by each number line. 



a. 



3 

6 



J L 



b. 



-L L 



What number must £ represent so /^ch mathe&tical sentence is true? 

10 + p = 30 V^>''nP^ 9 = 20 

b, 0 = p + 0 ' e, 1+0 - p = 10 

0 - p = 0 f • 15 - p = 12 



Write a mathematical sentence using n, 12 and I5. 



\ 



Tell what operation is used to find n in each of these true mathematical 
sentences. 

d. 75 = n + 31 . 
e* 5 -f 
f. 91' 



5 + 6 = n 
n = 7 - 4 
n + 2 = 1^3 



^ 5- 



Write <, >, or 

a.. 8 6 

b. 




in each blank so each mathematical sentence is true 



3 + ^ 6 

c. (20 + 30) " (30 + 20) 

(200 + 700) 



6. 



d. (200 + 800) _ 

e. (1200 + 1000) (1000 + 1200) 

How much of a number line must be shown to picture these mathematical^^ 
sentences? 

a. 15 + 18 ;i n 

b. l4o - n " \0 

c. n = 10"+ 20 + 30 
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?• Apply the "'ondoing'* idea to these mathem'&tical sentences. Solutions 
to (a) and (b) are giVen. 

Do - Undo 



a« 


5 + 2 = 


7 


* 


7 - 2 


= 5 








6 - k = 


2 




'2 + It 


= 6 






c. 


5 + 3 = 


8 












d. 
e. 


18 - 10 

25+20 


= 8 
. I45 








4 




f. 


3 + n = 














g. 


n - 2 = 


h 










«> 


h. 


p - n = 


q 













8, Tip mathematical 'sentence j x U = n is snown on the, number line in 
Figure 12-11; vi'ite the mathematical sentence for Ficure 12-12« 



6 

n 



9 



12 



Fit^ui-e 12-,11. Tiio sentence j X n = n. 



12 



4 



^^ FJl^gur^e 12- 12. 
9, Draw on the number lin'^ the algorithm indicated by I8 * 5, 
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Solutions for Problems 



1. a. Not open; true 

b. Not open; false 

c. Open [' 
Not open; true 

e. Not open; true 

2. a. Not open; true 

b. Hot open; false 

c. Open; true for all numbi^rs 

d. Open; true for all numbers 
a and b 



> f . Not open if V stands for RonioHX 
numeral; false. If V stands \ 
^ for some unknown number, then open\ 

g. Not -open; true * ^ 

h. Not op%n; true 

i. Not open; true 

e. -^JiH; 0 

f . Open; ^ • 

g. Open; time for all multiples of 3 

« 

h. Open; true for 'all numbers n 




Chapter 13 
POINTS, LINES AND PLANES 



Intrdmiction 



\fy to this point in our work we have been studying whole numbers arid 
their properties. However, numbers are not the only things in mathematics 
that interest people. Points, lines, curves, planes and spac^also belong 
in mathematics. Ihe study of such ideas is called Geometry . For over 
4000 years men have studied geometry, trying to understand better the world 
in which they live. 

Sometimes geometry has been closely associated with the process of 
measurement. Students have coii5)uted perimeters, areas and volumes associa- 
ted with certain geometric figvires. Sometimes geometry is treated as a 
deductive science, building a whole series of theorems on the basis o2 a 
few undefined terms and unproved axioms. 

Neither of Jbhese is tl>e approach taken in the next tltee chapters. 
Rather, the object is to direct attention to some of the geometric prop- 
erties of familiar objects which do not depend on measurement and to . 
do so without setting up a formal deductive system. However, thinking 
logically about the ideas presented is in^jortant, as logical thinking is 
important in \inder standing any mathematics at any ^evel. In Chapter l6 
the ideas and processes of measurement will be introduced. 

We begin with the consideration of such mathematical ideas as point, 
lin^, pletne, space, curve and simple closed cxjrve* Then some representa- 
tions of these ideas in the physical world will be considered in order 
to use these concepts and their representations to Ixaprove oa>* understanding 
of the world in which we live. 

Points 


What is meant by words such -as point, line, plane, curve and space? 
If we look up the meaning of any word in a dictionary, we will find the 
word defined in terras of other words. If we continue looking up the words 
used in the definition, we eventually will find one of these words defined 
in terms of the original word whose meaning we were seeking or some sue- , 
ceeding word in the chain. Hence every such set of definitions is circular. 
In order for the dictionary to be helpful, we must know the meaning of some 
word in the circle prioi to using the dictionary. 

139 

UC 143 



In geometry, no fftten5)t is made to give a definition for such terms 
as "point" or "line.*^ What is done instead, is to describe many, properties V 
of points and lines. This 'will help us in thinking of physical models 
of geqpietric figures. We will draw pictures of these physical models, 
b^t it should be remembered that the pictures are only a help in thifiking 
about the geometric ideas and are not the objects being discussed. 

Thus, the idea of a point in geometry is suggested by the tip of a 
pencil or a dot on a piece of paper. A dot represents a point in that it 
indicates a location at least approximately . A point might be described 
as an exact or precise location in space. But note that even this descrip- 
tion involves the word "space" and when we try to describe what is meant 
by "spacp," we will do it in terms of "point." A point might also be 
thought of as represented by a corneri of a room where two walls and the 
ceiling meet, or as the end of a sharply pointed object. These are rep- 
resentations in the following sense. The dot made on a sheet of paper is 
merely an attempt to mark the idealized geometric entity, the "point." 
In fact, the dot covers not one point but an infinite number (in thfs 
instance more than can be counted). Viewed under some magnifying device 
such as a microscope, any dot is clearly seen to cover many locations. 
Hence no device can be used to mark a point accurately. 



. A poor representation A better representation ^ 

. / of a point. of a point. 

7 Figure I3-I. 

Also, we observe that a point m*ay be thought of as a* fixed location. 
A point does net move. If the dot made on a sheet of paper were erased, 
the location previously marked b'y this dot still would remain. Agai'h, 
if the sheet of paper were moved to some other place, the point originally 
marked by the dot would remain fixed. Perhaps a mere graphic demonstra- 
tion of the permanency of the geometric point is given by the demolition 
of a building. The points occupied by each corner of each room remain 
unchanged. The difference is that they are no llonger represented by the 
physical objects called the corners. They would now have to be described 
by some set of direct i6ns leading to the location, such as 10 feet 
north of some marked point and then 12 feet up. Finally, think of a 
pencil held in some position. Its tip represents a geomi?trical point. If 
the pencil is moved, its tip now represents a different geometrical point. 



IkO 



A point is usually represented by a dot, . It is customary to assign a 
letter to a point and thereafter to say "the point A" or "the point B/' 
We wite the letter we have assJ.gned to a particular point next to the 
dot vhich represents the points 

Problems 

1. Look up .the definition of "point" in your dictionary. Look up the 
key words in this definition and continue until you see a circular 
pattern. How many different words occur in the circle? 

2. Do the same. for "small/* 
Sets of Points 

Once the geometrical meaning of point is understood, we are then . 
prepared to envision geometrical "space or simply space . 

Space is the set of all points. 

Since points can be thought of as represented by locations, space may be 
thought of as represented by all possible locations. 

If we, take two points A and B in space and thinic of moving the 
tip of a pencil from the location of A to the location of B, the path 
traced by the pencil tip will give a pretty good idea of a curve from 
A to <B^ There are, of course, many paths which might have been taken 
besides the one we did select. Each path consists of a set of points and 
the 'set of all points pn such a path is called a curve. 




Figure' Ij-J?* Five curves from A to . B. 



Each of the five paths represented above is called a curve. Even the one 
usually called a straight line is a special case of a curve. (Note that 
this mathematical u^e of the word "curve" is not the same as the ordinary 
use.) 

A curve is a set of points: all those 
points which lie on a particular path 
from A to B» 

* Solutions for the problems in this chapter are on page 150. 
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! Now think of the particular ^urve vhich may te represented by a string 
tightly stretched between A and This special curve is called a 

line segment or a straight line segnent • 

Another representatio:. of a line se^^ment would be the pencil mark 
drawn with a ruler and pencil connecting two points. The curve includes 
the points A and 3 which ore called the endpoints of the line segment. 
The line segment can be thought of as thw line of sight between A and 
B and can be described bs the most direct path. The line segment exists, 
of coarse, independently of an> of its representations, -Por example, if 
tUe stretched string were removed, the line segment would remain since it 
is a set of locations. The symbol for the line segment determined by the 
points A and B is AB, The fact that we say " the line segiL-ent AB" 
inplies that there is only one such segment, 

; _ 

•If AB is extended in both directions 
along the line of sif;ht so that it does " ^ 

not stop at B.ny point, the result is a 
• straight line . Its symbol is JtS, 

For brevity a straight line is called simply a line. Note that a line is 
a set of points, a ^particular set of points whose propc les we describe 
but which cannot wholly be represented in a figure beca^^e of its indefinite 
length. We have to use oui' imagination to conceive of the unlimited nature 
of the line, 

Probler::s 

4 ^^"^ 
3, Mark three points A, B and C on a sheet of paper. Draw all 
possible line segments determined by theSe points. How many seg- 
ments did yoa get? Name these segm'^nts. How man^ lines are 
detennined? Did you take care of all possible situations? 

^, Mark four points A, B, C and D on a sheet of paper. Continue 
as in Problem 3« 

Pi-operties of Lines 

From the representation of a line segment it is possible to abs^^ract 
certain properties of the line, /nus; through a ppint *A many lines can 
be drawn; in fact so mai.y that we c.wnot possibly count them etll, lit 
other words, there ma> be infinitely inanj- lines passing through a single 
ooint A, 



( 

Er|c ' 



Many lines through A. One line through both A , and 

Figure I3-3. 

• - . ' . 

If a second point B is given different from A, there is always one 
line which passes through both A and B but more in?)oftantly, there is 
only one such line, which is said to be dete r mined by the two points • 
Uie intersection of two lines is, of course, the set -of all those *points 
which belong to botft lines. There is usuaJ^i^Tiust one such point. These 
two in^jortant properties of lines can be stated as follows: 

1) If two distinct lines are given which intersect, 
their intersection consists of exactly one point. 

2) ' If two distinct points are given, there is exactly 

1 one line which contains both points. > 

In the representation of pqints as dots, it may be possible to draw two or 
more distinct lines between these dots if the dots are not initially small 

enough. Thus, • r • . However, the realization that the dots are 

only an approximation of the idealized notions of point and line should 
clarify this apparent contradiction. The use of sma,ller and smaller dots 
quickly forces the correct conclusion. 

The line determined by two different points such as C and D in 
Figure is called "the line CD." The symbol for it is 65. ^ Note 

thlat CD is the symbol for the line' segment with endpoints at C and D 
while is the symbol for the line determined by C and D but which 

goes on and on beyond either C or D in both directions. 



A 




A representation of An incomplete representation of 

Figure 13-i*. 
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Besides AB and the two points A and B determine another particu- 
lar set of points called "the ray AB" and for vhicl. the symbol is AB, 

The ray AB consists of the point A and all 
those points of the line hi on the same* side 
of A as B. 




A representation 
•of AB. 



(a) 



Incogplete representations 
of a5 and' a5. 



(b) 

Figure 13-5 • 



Manj* rays a5. 
BC, Sk, EC 

determined by 
points in one line. 

(c) ' ' 



A beam of light ema.iating from a pinpoint source is another excellent 
representation of a ray. 

Since there are only two directions in a line from a fixed point on 
the line, there an be onl^ two distinct rays on the line with the fixed 
point as a common endpoint. See Figure 13-5^. However, since any point- 
of the line ma> serve as the endpoint of a ray on the line, a line contains 
more rays than can be counted. See Figure 13-5^ • 

A ray may be a less familiar concept than a point or a line, but it 
is a very userul one, particularly when we come to talk about angles. 

Problems 

5. Mark three points A, B^ and C in that order on the same line. 
Indicate aI, BC, AC, cA, c5. Which of these are names for 
the same ray? 



6. 
8. 



Whau is thg difference between 
between 5b and AB? 



AB and AB; between AB and AB; 



Make a point A on a sheet of paper. Draw four rays with endpoint 
A. How many rays are possible all with endpoint A? 

Draw a ray AB. How many rays are there with endpoint A which 
contain point _J? Is AB contained in ^? How many line segments 
are there on AB which have A as one endpoint? 
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Planes 

Perhaps a nore familiar concept is that cf the set of points we call 
a plane * Once again ve do not define a plane, but we describe its proper- 
ties and its relationship to* lines and points and thus atten5)t to get a 
good idea of what is meant by it. Any flat surface such as the wall of 
a room, the floor, the top of a desk or a door in any position suggests 
the idea of a part of a plare in mthemtics. But as with a line, a plane 
is thought of as being unlimited in extent. A ^lane is represented by 
a picture or a drawing of a flat surface, but this is only a 'representation 
of a part of a plane. An ever-growing table top provides a better and 
better representation. Also, ve must remind ourselves that we are only 
representing certain sets of points in space. If the table were removed, 
the 'set of points (locations) does net change. 

A plo^ne of which xhe table top Is a partial representation Is the set 
of all points of all the lines obtained >>y extending the line segments 
with endpoints in the table top. In this way it is 'clear that a plane 
contains siore lines tr.an can be counted, in other words, infinitely 
many lines., toreover, if two points of a line are contained in a plane, 

4 

then the entire line is contained in the plane. 

The Relationships of Points, Lines and Planes 

Consider now the relationships between points, lines and planes. 
We shall tr> to put them down in a somewhat systematic fashion^ Remember 
that space is simply the set of all points and that lines and planes are 
special sets of points some of whose properties we have tried to specify. 
We have already noted certain relationships, one of them being: 

Property 1. Through any two different 
' . points tjjiere is exactly 

one line. 

We think of a plane as being "flat." If any two points in the plane 
are selected, they determine a line. Wiere are all the other points of 
this line? The straightness of the line and the flatness of the plcLne 
suggest that they lie in the plane. Thus: 

Property 2. If two different points lie * 
^ in a plane, the line deter- 

mined by the points lies in 
the plane. 
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,^ A plane. Surface of a can is not a plane. 

Figure I3-6. 

In Figure I3-6 the surface of a tin can is nob a plane since Ai 
cuts through the space inside the can and does not lie wholly on the 
surface. 

• Can there be more than one plane containing two different points? 
Think of twc points at the hinges of a door. The door, which represents 
part of a plane, can swing freely, and therefore there must be many planes 
through the two given points. 




Figure Ij-T, 



pLcmes containing 



and B. 



Another way to think of it would be to think of a 3-^5 card held at ' . 
opposite corners between the thumb and third finger. The card can spin 
freely and in each position represents a portion of a plane. 

Property 3« Through 2 points in space, . 
^ ~* and hence through a line in 

space, there are many possible 
planes. 

. 

It seems that two different points determine a line. How many are 
needed to determirie a plane? By "determine" we mean that there is at least 
one pl^ne containing the given points and no more than o'n^.. . /.^ 
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Ine card mentioned above held between thumb and third finger can 
HQ longer spin if a third finger is extended. The tips of the three < 
fingers determine a plane • A three-legged stool always sets firmly on the 
floor while a badly made fa»ar^legged table may wooble. These illustrate 
the id'ea that three points can fix a plane. Of course, they must not lie 
on the same line since, for instance, if there vere another point C 
on AB in Figure 13-7, all three planes would contain it as well as A 
and B. So: 

Property k. Any three points not in the 
same line determine one and 
only one plane. 





Figure I3-8. A plane is determined bj 3 points not in a lir.t. 

Two intersecting lines also determine a plane since we can p^cK tvc 
points in one line and the third one in the other line arid use Propert;. 
In the same way a line and a point which is not in it determine one and 
only one plane* ^ 

Problems 

9. Do three points always determine a plane? If not, wh;y not? 

10* May four different points no three of vhicr. lie in the same 
straight line lie in one plane? I4ist they lie in one plane? 
Draw pictures to support your answer. 

Intersections of Lines ^ and Planes 

If the intersections of lines and planes are considered, three more 
interesting properties can be noted. 

Two different lines may not intersect at all, but if they do, what 
could their intersection be? A single point. Just think of two pencils 
and how they may be held. 

If a line and a plane intersect, their intersection must be only a 
single point unless the whole line lies in the plane. In this case the 
line is a subset of the plane. 
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Figure 13-9 . AB and^ AC intersect at A. 

Line Ab lies in plane MN, 
AC intersects plane 14K at 

These ideas are suinmarized in the following properties: 



A, 



Property If two different lines in 
space intersect, their 
intersection is one point, 

Property 6, If a line and a plane inter- 
sect, tneir intersection is 
either one point or the entire 
* line, 

A rrore difficult thing to see, perhaps, is how two planes intersect. 
Of CQur;.e, the *;iv.or ana ceilir^ of an ordinary room represent portions 
of two planes which vouie not intersect at all. The fl^cr and a flat 
wall seem to intersect in a straight line. In fact, consideration of 
an> two planes wiiich t.ave some points in conmion will probably indicate that 
th§i r::ust rr.eet in a straight line. Tliis is indeed true. It is stated 
in Property ?• 

Property 7* If two different planes 
intersect, their inter- 
section is a' straight line. 




Figure ij-iO, Planes I and II intersect in AB, 

The ideas of point, line se^v.enty line, ray, plaiie and space which 
have been considered here are basic to geometr>, bat, obviously, there 
are many otr.er interesting point sets to loor; at, Tnis we wil' begin 
to do in tne next ghapter. 
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Exercises - Chapter I3 

!• How maiiy different lines may contain: 
a, one certain point? 
b« a certain pair of 3 : its? 

2* How many different planes, may certain: 

a. one certain point? 

b. a certain pair of points? v 

c. a^^^^certain set of three points not all in the same line? 

a« If two different lines intersect, how many points are there in 

the intersection? 
i). If two different planes intersect, how mny lines are there in 

the intersection? How many points? " 

Given two points A and B as shown below: 

A , . 

B 

a«. How many line segments can you draw wi^h endpoints A and B 7 
b« How many lines are there that contain both A and B ? 

5^ Draw points A euid B, ^ 
a* Draw a ray with endpoint A, 
b« Draw a ray with endpoint B, 
c* Draw AB« 
Draw a5. 

Which of the following is correct? 

6. A line has 

a. one endpoint. 

b. two endpoints. 

c. no endpoints. 

?. A ray has 

a. one endpoint. 

b. two endpoints. 

c. no endpoints. 
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8, A line segment has , ' ♦ . 

a. ^ one endpoint* 

b. .two endpoints* 

,c. no endpoints* ^ 

9* Two* points in space are contained in 
a* only one plane. 

b, manjf, many planes, but we could count them, 
C. more pleines than can be counted, 

10, Complete this sentence: Two intersecting planes in space intersect 



in a 



11, 



r/ -A A B CD 
Consider < • • ^ 

a. What is the union of SS and b5 ? "^^> 

b. What is the union of SB and c5 ? 

c. What is the union of ivf and CD ? 

d. What is the union of BC and BA ? 

12. How many lines can be drawn through four points, a pair of them at 
a time, if the points lie: 

a. in the same plane? 

b, not in the same plane? 



Solutions for Problems 



1. The answer will depend on your dictionary. In one dictionary the 
definition of* "point'* involves "line" and the definition of "line" 
invoKres "point." 

2, "Small" in one dictionary is defined in terms of "little" and "little" 
in terms of "small," 

In this case there are determined three 
segments KE, If and AC, and also 
three lines aI, BC and Xc. 




But in the other case ' 



, while there are still 



the same three segments, there is now only one line AC, 
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k. There are three possible cases, 
B ' 

c In this case there eure six segments 

AB, AC, AD, BC,'^ and CD and also six , 



In this case there are still the same 
six segments, but only k lines: AS, 1i5, 
CD and AC. 

Again 6 segments, but now only 
P one line Al). 




AB 

M 

BC 
AC 



CA 
CB 



AB and AC are nair.es for the same ray, 
Ck and. c5 are names for the same ray. 

A B 



6» AB is the segment 



AB is the line ^ 



AB is the ray 





There are infinitely many rays possible with endpoint A, 
A B 



One ray from A contains B, 

Yes. AB is contained in aS 

A B • 

Infinitely many . ^ — ^ > such, as AC, Tb, etc. 
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9. No, as they may all lie in one line, . 

10. They may but they do not have to. In a picture of a cubical block 

of wood, points A, P, H and Z lie in one plane, but points 

3 

A, F, S and Z do not. 



I 

J 
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Chapter Ik 
CLOSiD CURVES, POLYGONS AND ANGLES 



Intersecting Planes and , Lines 

^ the last chapter ve considered lines and planes and some of their 
properties arid relationships. In particul.ar, we looked at the various 
ways in which these sets of points could intersect each other, saying 
that \ 

!• If two different planes intersect, the inter- ^ 
section is a single line* 



•4- _ 



2. If a line and a plane intersect, the inter- > 

section is either a single point or the 

entii*e line* 

I- 

3* If two different lines interseo*, the ' 
intersection is a single point. 

It is possible, of coxirse, for two planes not to intersect ^t all, 
in which case we say that they are parallel. Hie saiae is true for a 



line and a plane or for two lines. See Figure 14-1. 



7 



A 






0 




H 






E 







Figure 14-1. 

In this figure, planes I and II .are parallel ^ereas planes I 
and ni intersect in EH. AB intersects plane I in point A but 
AB is parallel to plane III. Two planes always either intersect or are 
parallel. It is possible, however, for two lines not to intersect and 
yet not to be parallel to each other either. This is the case with X? 
and EF. Such lines are said to be sjcew and they never lie in the same 
plane. We speak of two lines as being parallel only if they lie in the 
same plane and do not jjitersect . X3 and EH are pai'allel. 



ERIC 



153 



157 



Problem * 

1. Consider this sketch of the outline of a house. 

• E 




three points. Name: 



a. a pair of parallel plsaies • * 

b. a pair of plRiies whose intersection is a line 

c. three pleuie© that .intersect in a point 

d. three planes that intersect in a line 

e. a line ar.d a plane which -do not intersect 

f. a pair of parallel lines 

g. a pair of ckew lines 

h. three lines that intersect in a point 

The Separation Properties of Points , Lines and Planes 

There is another very in^ortant idea closely connected with the ^ 
relationship between points, lines and plaiies, and that is the idea of - 
separation . What is involved may be made clear by some examples and 
illustrations. Think of a plane represented by the wall of a room. 
This plane separates space into two sets of points, those in front of the 
wall and those behind it. In this sense we think of any plane as having 
two sides and we say that a plane; sep^tr^tes space, that is, it divides 
the .point^-'bf space into three subsets, fcne of which is the plane itself 
while the other twp 4re the points on each side of the plane. By conven- 
tion .w^ refer ,1^o these latter two sets of points as half - spaces . Note 
that the separating plane does not lie in either half-space. Later on 
we shall use "half -plane" and "half-line" in a similar sense. Points are 
in the same /half- space if they are on the §ame side of the plane. If 
points such as A and B ' in Figure lU-2 are on the same side of the plane 
then there always exist curves', connecting A and B which do not inter- 
sect the plane.. In particular AB does not- intersect the plane. On 
the other hand, if points such as A and C are on opposite sides of 
the plane, then any curve connecting A and 'C even AC must inter>- 
sect the plane. Note that while the segment AB does not intersect 
the separating plane in Figure li+-2, the line AB ^ may very well dq so. 



* Solutions for problems in this chapter are on page 16?. 
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Figure Plane I separates space. 

In tte same way, if we consider a certain plajie and a line in that plane, 
the line separates the points of the plane into two half - planes ♦ Ihus, 
in Figxare 1^-3, MN separates plane I into two half -planes such that 
A and B lie ^n the same half -plane but A and C lie in different 




7 . 



Figure lU-3» A line sepeirates a plane, 

half -planes. The line MN does not lie in either half -plane 'Ihere exisl 
curves in plane I connecting A and B which do not intersect MN. 
AB is such a curve. On the other hand, every curve in plane I connect- 
ing A and C must intersect M. , We see that AC does. 

In the same manner, a point in a line separates a line. In 

A B P C 

' — • — ■ 'I 

Figure lU-U. A point separates a line. 

Figure lU-U, P separates line £ into two half - lines such that A and 

B lie in the same half -line , but A and ,C lie in different half-lines. 

The point P does not lie in either half -line. Again AB does not 

intersect the sepeuratirig point P while AC does.. 
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f !Ihe three case, are much the same idea applied in different situa- 

tions^ !nius: 



Anj plane separates space int 



o tj^'^half -£ 



2. An>' line of a plane separates the plane into 
two half - planes * 

• 3« Any point of a line separates the line into 

two half -lines. 

IRie separation properties ot^ i 

points with respect to lines, • 

lines with 2^espect tcrplBmes, and 

planes with respect to space 
have not usually had nruch attention drawn to them m elementary geometry, 
but they really are quite interesting and important although a little 
tricky to comprehend at first acquaintance. It might be of interest *to 
'consider whether there eure any curves which are not separated by points 
or any surfaces which are not separated by cirves. Does a single point 
separate a circle? Does a cirfle separate a plane? Does a circle sep- 
arate the surface of a sphere? Does a circle always separate the surface 
of an inner tube? See Figure 1^1-5. Hov about cjdfele' ABC ? How about 
circle PQR ? How about circle PST ? 





*A circle on a sphere . 



Circles on an inner tube. 
Figure 1^-5. 



A further discussion of some of these questions will be found later on 
in this chapter. Some experimentation will probably convince you that a 
circle always does separate the surface of a sphere but does not always 
separate the surface of an inner tube. Neither circle PQR nor circle 
PST separates that surface. * 
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Problems 



2. 



Consider a piece of paper as a representation of a plaiie. ' 
a. Does a segment Separate the plane? A^ray? A line? 



a, 
b. 



Into how inan>* parts do two intersectii^ lines separate a plane? 
Two parallel lines? » , 

Does a half-plane separate space? Does a line? • ^' 
Into how maii^' parts do two intersecting planes separate, space? 



Plane Curves 

Let us go back to the idea of a curve and see what more we can learn 
from it. A curve from A to B is any set of points which can be rep- 
resented by a pencil point which started at A and moved around to end 
up at B.' Such /a curve might wander around in space and cross and recross 
itself many times. want to confine our attention to fairly sin5>le 
curves and so we impose some restrictions. The first is that our pencil 
point stay in the same plane. Such curves are called plane curveg . VTe 
can represent them by figures ve draw on a sheet of paper. 

^ P^QJ^^ curve is a set of points which can be 
represented by a pencil drawing made without 
• lifting the pencil off the paper. 

Line segments eure exan^jles of such curves. Curves may or may not 
contain portions that are straight. In everyday language we use the 
term "curve*' in this sa-me sense. ' When a baseball pitcher throws a 
curve > the ball seems to go straight for a while and then **breaks" or 
"curves." 




(a) 



(b) (c) (d) (e) 

Figure lU-6* Curves* 



(f) 



(g) 



\ 
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Figure lJ*-6c is an iznportant type of curve^ called a broken * line 
curve. A, B, C, D, E are points of the curve. We 8B;y the curve contains 
or passes through its points • Of course, each cu^e contains many other 
points besides those specifically named. 

We need a way to distinguish curves such c£ those shown in Figures ' 
lU-6f and ll*-6g from other curves. These ore called closed curves. 

A closed curve is a plane curve whose representation • 
can be drawn without r^racing and with the pencil 
point stopping at the sve point from which it started. 

If a closed curve does not intersect it.self at any 
point, we call it a simple closed curve . 

Figure lU-6f is a simple closed curve. We could speak of going around 
the curve and, \^en we dp, we pass through each point just once (except, 
of course, the starting-' point ) . 




(a) (b) (c) (d) (e) 

Figure lU-?* Curves. 




Figure lU-8. Sin5)le closed curves. 



Curvps a, d and e in Figure lU-7 are closed curves • Each curve 
in Figure lU^B is a simple closed curve, but not one of those in Figure 
l'*-7 is, • * 

From lookin^: at representations ol" sirnple closed curves we might guess 
that An> such curve iieparates the p3,ane into two parts, one of which might 
be called the interior of the curve and the other the exterior* As a 
matter of fact tr*ic is true and is a very important property of a simple 
plane closed curve, but one which may not hold if the curve is drawn on 
another surface. See, for instance. Figure 1^-5, where the circle PQP^ 
does not separate the surface of the inner tu^e, 

Ever^j' simple plane closed curve separates the 
plane in which it lies into two parts, the 
interior of the cUrve and the exterior of 
trie curve. The coi-ve itself does not belong 
to eit'r.er Lart, 

When a line separateU a plane into two half -planes we could Join 
aiiy two points in the :-a:ne half-plane b:. a segment vhicL did not intersect 
the lir.e. In li/.e rrAimer, an> two points in the interior of the simple 
closed carve can te Joiried l> a curve which does not intersect it. Tiie 
same i;: true for two points in the exterior as illustrated in Figure lh'<)a. 

Again, if point h is ir. the interior and\^int S in the ex-terior 
of the cu2-ve, can never Join R and S by a plane curve which does 
not intersect th*- "ven sirr.de closed curve. See Figure l'«--'b. 



/ 





rUnire h*-/. Ir.t^erior anci exterior of a simple closed cui-ve. 

Sometimes one sim:'. e closet: j.u^/e r*ay be entire!:, in the interior of a 
second such coi'Ve as In rit^re i'*-10. 
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Figure Ik-lO. lies in the interior of C^* 



The interior of any single closed curve, together 
vlth the curve, is called a region . The curve is 
the boundary of the region. 

Note that the boundary- of the region is part- of the region. There are 
other sets of points which are also caJLled regions. For exan^Dle, in 
Figure lU-lC the set of points which are between the two curves, together 
with the curves, ma;, al&o be called a region. Its boundar;; is both curves. 

Problems 



Which of the following are closed curves? 
simple? 



Which are both closed and 





(d) 



(e) 



6. 



Consider the capital letters as ordinarily printed. Which of them 
are sin5)le closed carves? Wiich of them separate the plane? 

I>raw a picture of a siinple closed curve nade up of four segments. 
Is this a broken-line curve? Do you know a name for such a figure? 



Polygons 

If a simple closed cur\'e is the union of three or 
more line segments, it is called a polygon . 

Ikxte that a curve can be the union of three or more segments without 
being a polygon. See Problem ^ c, e and f. Polygons haye special names 
according to how man> line segments are involved. Those with thre'^ segments 
are called triangles, with four, quadrilaterals . After that, the names ^ 
are made up of the "reek word for the appropriate number followed by the 
syllable *'gon." Thus, pentag on, hexag on, octag on, and decag on are the 
nares for the polygons* with 5, 6, 8 or 10 sides respectively. 
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a. triangle 



b. quadrilateral c. pentagon d. octagorr e. decagon 
Figure lii-ll. Polygons. 



The simplest of the polygons is the triangle. A triaiigle is the 
union of three line segments. Let A, B smd C be three points, not 
all on the same line. The triangle ABC, witten as A ABC, is the union 
of AB, AC and BC. Recall that the anion of tvo sets consists of all 
the elements of the one set together with all the elements of the other. 
Each of the points A, B and C is called a vertex of the triuiigle. 
(The plural of vertex is vertices.) The segments AB, BC and OA are 
called the sides of the triangle. It should be noted that the triangle is 
the union of three line segruents and specifically does not include the 
interior. We shall study triangles ajid other polygons again in a later 
chapter. * 



Problem' 



Which of the following are polygons? 





(a) (b) (c) (d) 

Definition and Properties of Angles 



(e) 



f 

(f) (g) 



r 



(h) 



There is another geometric figure or set of points to be considered 
now and that is an "angle." An angle is the union of two rays which have 
the ssime endpoint but which are not parts of the same line. 





(a) (b) (c) 

Figure lU-12. Various- angles. 

In Figure li^-12a the angle is AC U i^. Itote that in Figure llt-12b 
the point S is a point of the angle since S is in P^ but point W 
is not a point of the angle since it is not in either or P?. 
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Ihe consnon endpoint of the two ra^s is called tr.L vertex of the arigle. 
Tee symbol for an angle is ^ and the angle is usually najr.ea naming 
three points of the angle; the first being a point (not the vertex) on 
one ray; the second being the vertex; and the third beint; a point (not 
the vertex) on the ether ray. Thus the angle represented in Figure l-»-12a 
is BAC or ^ CA5, In Figure 1^-121 the angle may have various names: 
Z QPR or Z SPT or j R?£, etc. Note that it is correct to sa;. 
Z QPR = j1 TPS sine 6 br.ey are simrlj dif'/erent names for the same anc'le. 

Just as a simrle closed curve diviaei: ti.e rlane into two parts, the 
interior and tne exterior of the curve, so does an angle divide the plane 
into tVG parts, vr.ich ve shall call the interior and exterior of tie an./le. 
But vhich part shall we call the interior? An eas\ va;. to (iec; :c' ac 
follovs: Consider Z HAC. CA, AB and BC determine a jlnr.c oio^ea 
curve, in fact, they determine a triangle vhicr. r.ar an inter Icr. rAC 
divides the plane into two parts. Ir.e interior ii3 i:.a- zi.i. . f t-:.-.- t«c 
parts vhlcr. Iro lades tne interior of tr.e triangle, ri/iu'^ i--L 
help to make this clear. 





An Interior of ^. Interior tt' *. 

Figure i--l^. Interior of ur. nn/Lc. 

Anctr.er method of determininj the interior of ar. *ini;]e ic to use tr*,- 
jeparation property of a line in a plane. In Fi>''-ire ^'.-1'., / ABC is 
determined by tne rays BA and BC. Tnece ra:.s In I xrn determine tie 
lines 5i anc BC. separates the r^-^^-' i-to two r.alf-tlanes anu 

lies in one of the^.. We mark this half -plane wit:, noriiontai char; in*;. 
::imJLiariy BC cerarates the plane into two half-r lanes anc A lies ir. 
one of them. We mark tris haif-tlane wltr. vortlcii jhaainr. Trat : rtior. 
of i^.e rlane whicn is shafted tvice is the interior -;f ^AitC. 
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Figure lU-lU. Interior cf Z ABC. 

If we consider the segments AB and BC we see that they determine 
rays B^ and b5 and thus determine an angle. It must be remembered 
that the angle consists of all the points in both rays and not just those 
points in AB and BC. This is why we should be careful to observe that 
while ^a triangle or a polygon determines its angles, the angles are not 
part of the triangle. As a point set, the Z ABC consists of the rays 
bX and B^, but the A ABC contains only the points of the segments 
BA and EC (as well as those of AC). 



B 




Problems 



Figure IU-I5. Z ABC is not a subset of A ABC. 

A P 



9. 



10. 




*In the adjacent figure P lies 
in the interior of a certain angle. 
NBime the angle and shade its interior. 

The first definition of the "interior of an angle" was in terms of 
the "interior of a certain triangle." The second definition did not 
use the "interior of a trlang? We could therefore define the 
interior of a triangle" in terms of the "interiors of its angles." 
Write such a definition. 



It is incorrect to say z 
Why? ' * 

. A 



ABC = Z XYZ* 
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We have been concerned in the last two chapters with various geometric 
figures or sets of points and some of their properties. These cure point, 
space, curve, line, plane, surface, polygon, angl^, etc. We liave discus * 
sVdvilieir relationships, their intersections and separation propex-ties, 
but we have not mentioned anything about their measures or their sizes. 
These are, of course, topics of interest and importance and will be taken 
up in the next chapter. 



Exercises - Chapter ih 
1. Which of the curves below are sin^jle closed curves? 




(a) (b) (c) (d) . (e) (f) 

2. The curve below does not intersect itself. Wh^ is it not a simple 
closed curve? 




3. Which of the curves below are not sin^jle closed curves? 




Draw three exaii5)les of each of the following: 

a. curves that are neither closed nor simple. 

b. curves that are closed but not single, 
'c. curves that are both closed and simple. 
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5. Which of these simple closed curves are pictures of polygons? 



(<2) 



(g) 



/ 




6. Which figures above are pictures of quadrilaterals? 
?• Name^ the vertex and the sides of each angle helow. 

' ■ (a) ■ ^ M y 



(c) 



(d) 



8. Is point C in the interior or exterior of ^ BAD? 
D 




B 

9. Is AC (except for point A) in the interior or in the exterior of 
^ BAD ? 

10. Answer the questions of Exercises 8 and 9 in the following ceise. 
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Consider the figure below made up of segments '5b and ST and 

rays BD and CE. Does such e figure separate the pleine? Does 

have an interior? If so, explain how you might decide what the interior 



In each figure below P is in the interior of both Z BAD and Z, BCD. 
Is P in the interior of each polygon? 



Con^'ider a long narrow strip of paper. Draw any closed curve on this 
paper. Does it sepeirate the strip? Cut eilong the curve and see if 
the paper falls apart. 



Take a similar strip of paper and paste its ends together so that 

BC is matched with AD forming a band. Draw a closed curve and cut 

along it. Will the band always be separated? Try the curve FGE. 



Take a cimileLr strip of paper. Paste the ends together aTter turning 
BC over so that now C falls on A and B on D. Draw a closed 
curve from E around to E again as indicated by the dotted line 
in the figure and cut along this curve. Is the band of paper separated? 
Such a band as this is called a Moebius band. Its curious properties 
are explored in many semi-popular books on mathematics. 



is. 



A 
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Solutions for Problenis 

!• ^^^^ planes and lines satisfying the various 

requirement s. We name one set in each case. 



2. 



5- 
6. 

7- 



e, M .and ABC 

f • i!^ and BC * 

e,. 5l? and b5 
h, and 



a, ABH and ICD* 
ABH and BHD 

c, ABH, BCD and ABC 

d, FHD, GHD and BHD 

a. A segment does not separate a plane, nor does a ray, 

A line does. There is a 

path from C to D vhich 

does not intersect AB or AB. 
b* Two intersecting lines separate a pleme into four parts. * Two 

parallel lines separate a plane into three peirts. 




^ IV 




a« 
b. 



A half -plane does not separate* space nor does a line. 
Four 



Mf (b) and (d) are closed, (a) and (d) are both closed and 
simple, (c) and (f) are not closec' because of the endpoints. 
(e) cannot be traced by a pencil without retracing some segments 
or lifting the pencil. Therefore it does not satisfy the definition. 

D and 0 a!^ the only simple closed curves. A, B, P, Q and R 
as well as D and 0 separate the plane. 

It is a broken-line curve. It is usually 
called a polygon or a quadrilateral. This 
figure is considered a^adn .in Chapter 1^. 

(b) and (c) are the only polygons. V^.r^"-* '\ 




P is in the interior of Z ABD. 



E 



The interior of a triangle is the portion of the interior of eaih of 
its angles which is corarnon to all .ti^ree of -them. 



10. These are not the same angle and 
for the same object or idea. 



always means two different names 
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Chapter I5 
METRIC PROPERTIES OF FIGURES 



Introductio n 

In the last two chapters we studied several geometric concepts^ 
We could not define precisely what we meant by point, line , plane and 
spac^ because we found that if we tried it, we eventually ended up in a 
circle defining space in terms of point and point in terms of space , 
Ticie best we could do was to give descriptions of what we meant, draw pic- 
tures to represent the ideas, and discuss properties of and relationships 
between the various sets of points which were called lines, planes, 
curves, segments, etc. 

We studied how many different points were necessary to determine 
a line or a. plane; 'how lines and planes might or might not intersect 
and what their intersections would have to be; how a point, a line and 
a plane could sepeura^tr^ respectively, a line, a pleme and space. We 
looked at curves, particularly at sin^Jle closed plane curves which we 
found had the interesting property of separating tl;i$ plane into an interior 
emd exterior region. A simple closed curve which is the union of line 
segments we called d polygon. . We found that we car^ determine a line by 
specifying two points of the line, eind we cein determine a plsme by 
specifying three points which were not all in one line. For other figures 
we may have to specify at least some particular points. For instance: 
to determine a segment we cannot take any two points in the segment, we 
must specify the two endpoints; for a ray, we must specify the endpoint 
ahd any other point; for an angle, the vertex and then any two other points, 
one in each ray; and for a triangle we miust specify each of the three 
vertices. 

1 Nowhere in these two chapters have we looked at any properties of ^ 
geometric figures which needed the idea of size or measure. But now, 
in order to consider some ^f the familiar figures such as rectangles and 
circles, we need to be able to coi;^are two segments so as to say whether 
the first is longer than the second or the secon(J is longer than the first 
or whether neither statement is. correct. This concept of "longer tnan" 
is much the sane as the concept "more than" used in comparing two numbers 
in Chapter 2. At that time, we used the word "equals" and the symbol 
"=" to mean that we had two nfiries for the same number. Thus, 
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o - 5 a 12 i 4 because both 8.5 and 12 * ^ are names for the 
nuniber 3. 

In all our work we are going to reserve the word "equals" and the 
symbol for this idea, that is to say/ if A, B, C, etc., are names 

for points, A = B means that A and B are both names for precisely 
the same point. AB = CD means that either"-^ = C and B = D or that 
A = D and B = so that we are talking about the same segment. 

A B c : 



Figure 15-1. 



In Figure I5-I it is not true that AB = CD since A is not^he 
same point as either C or D. ' 

It .is, however, true that AB = CD because the two different segments 
do determine the same line. In the same figure, AB = AD, since in each 
case the ray consists of the half-line to the right of A together with 
the point A. 



Congruence of Segments 

We come now to the problem: how do we con5)are two segments AB 
and CD ? Since A and B are fixed locations in space, we cannot 
move them around. It is possible, however, to have a representation 
of the line segment on a piece of paper or as a stretched, taut piece of 
string or as the segments between the tips of a con5)ass. If there Is 
a similar representation for CD we can physically conqpare the two rep- 
resentations. Although we cannot move the segments, we can move their 
representations. Suppose the tips of a conqpass are used to represent 
AB. Tlace one tip of the conqpass on C and see where the other tip falls 
on the ray CD. If it falls between C and D, ve say that CD is longer 
than AB. If the tip of the conqoass falls on D, AB is congruent to 
CDr If 'it falls beyond D, AB is longer than CD. 

It is perhaps a bit difficult to see why we want to say that segments 
a,re "congruent" instead of using the more familiar word "equal." But 
strictly speaking the familiar usage "two lines are equal" is inaccurate 
on two counts. First of all, it is clearly "line segments" rather than 
"-lines" that are being referred to. Secondly, and more to the point here, 
what is really being said is that the two segments have the same "length" 
or "measurement." The "length of a line segment" is a number which measures 
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the segment in a sense which will be discussed in Chapter l6, and to say 
that two lengths are equal is to say that the same number is the measure 
of each. But, without this idea at all, it makes perfectly good sense 
to say that AB is congruent to • CD, with the meaning attached to this 
statement in the previous paragraph, and this is all we need at the moment. 

Notice that this method of comparing two segments is not the same as, 
but bears a resemblance to the method of comparing two sets in Chapter 2. 
If we tried to match the elements of set P with those of set Q and 
ran out of elements of P before we did those of Q so that we matched 
the elements of P with those of a proper -subset of Q, we said Q 
was *'more than" P. It was also possible for P to be more than Q 
or for P to- "match" Q. These relationships between two sets roughly 
correspond to the relationships between two segments when they are com- 
pared as we did a moment ago. 

For brevity in writing, symbols are needed to represent these rela- 
tionships between segments. Since the symbol "=" has been reserved 
to indicate two different namps for the same thing, whether it be a 
number, a set, a segment, a Concrete object or an idea, we need a new 
symbol for congruence. To indicate that AB and CD are congruent 
we vrite ^ = CD. If CD is longer than AB, we see that AB is 



A B 



Figure I5-2. CD > AB . 

congment to a subset of CD, CE in Figure 15^2. We. write this 

CD > AB (or AB < CD). Note that this use of the cymbols ">" and 

"<" indicates a comparison relationship betveen line segments. In Chapter 

2 we used the same symbols to indicate a con5)arison relationship between 

two numbers. We should keep carefully in mind the difference between 

the two usages. Usually it will be easy to see when we are talking about 

segments and when we are talking about numbers. 

When we compare two segments AB and CE oy the method outlined 
above, only three things can happen: the tip of the compass, representing 
B, can fall betyeen C and D, or on D or beyond D. Accordingly 
we find that one and only one of the three statements AB < CD, AB = CD 
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and AB > CD will be true. 

If we campexe AB with two other segments CD and W, as shbwn 

in Figure I5-3, we may find that > AB and AB > If. If ve now 

con5)are CD and we will always find that CD > T"r.us: 

If CD > AB, and AB > then C5 >W. 

'D 



Figure I5-3. Con?)aring three segments. 

S\xppose we have a segment CD and a point A fixed on a line AP, as 
in Figure I5-U. Using the tips of a compass to represent CD, we can place 
one tip on A and with the other tip determine two points of XPr say R and 
S, one on each side of A so that AR = CD and AS = CD. Thus we can de- 
termine two segments with endpoint A on line AP congruent to CD. 



P 



Figure I5-I+. AS = CD; AR = CD. 

If, as in the above figure, SA ^ AR and A is between S and R, we 
gay that point A bisects SR* 

Problems * 

1. If AB = CD and CD = S^, is it true that AB = ^ ? Wliy or why not? 
I6 = SS ? 

2. If AB > CD and AB > W is it true that CD > ? 
Why or why not ? Is CC > 355 ? 



* Solutions for problems in this chapter are on page 183, 
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Congruence of Angles 

We can compare two angles in much the same way as we concared two 
segments. Thus if two angles Z ABC and Z PQB are given, we can take 
as a represfentaticn of ^ ABC a tracing, say /, A«B»C«, and make the 
ray B*C* fall on QR with B«A^ falling in the same half. plane as 
OP and with B« falling on See Figure 15-5, Ifow if B»A« falls 

on OP we say that ^ ABC = / PQR. 





. Figure I5-5. / ABC = Z 

But B^' may fall in the interior of Z PQR in which case ^ ABC 
is less than / PQR or / ABC < Z. PQR. See Figure I5-6, 






c » 

Figure l;v-6. Z ABC < Z PQR • 

Finally A^' may fall in the exterior of /, PQR and in this case 
Z ABC is greater than Z FOR or Z ABC > Z PQR* See Figure^ 15-7. 




R 



Figure I5-7. Z -'VBC > Z PQR* 



B' 



P 
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Again as in con^iaring segments we find that these three are the onlj 
possibilities. That is: >either Z ABC <Z FQR or Z ABC = PQR 
or Z ABC >Z PQR. . 

Ttiere is a special angle of great i^ortance called a right angle 
which we raa^- illustrate as follows. Take an>' point F on AB such that 
A and B are on opposite sides of P and take any point Q not on 
AB. Draw PQ. This is illustrated in Figure 15-8, We get two angles 
Z APQ and Z BPQ, If we compare these ^angles ve may occasionally find 
that they are congruent. In this case we S'ly that / APQ and / BPQ 
are both right angles. 



Z APQ > z BPQ 



Figure I5-8. 



A p B 
/ APQ = BPQ 

Z*s APQ and BPQ 
are right angles. 



Models of right angles occur in niany places in the world as, for 
instance^ at the corner of an ordinary sheet of paper. A model 
can be made even from an irregular sheet of paper by folding it twice, 



as shown in Figiure l5-9» 




Figure 15-9« Folding an irregular shape to 
get a nsodel of a right a-^gle. 
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If /. APB = / 3PC, are these angles right 
angles? Why or vh^- not? 



If / /kBC >,r PQ? . ar.d ^ PQR > j' XYZ, vhat can be said about 
/ XYZ and /, ABC \ 

Vnat is wrong v:iti; each of the fol loving: ^ 
AB = CT; .53 = AB; J AEC > BC ? 



Convex Polygons 



\ 



How that ve can corapare tvo oegiTier.ts and decide vhether they are 
congruent or not and also corxare two angles, we are able to learn a 
little .TJDre about polygons. 

If we consider qaadri laterals and other polygons with rnore than 
triree sides, we soon see tiiat two quite different situations are possible. 
Thei:e are illustrated in Figure ly-lO wh.ere the polygons represented in 
a, b, d sor-ely have a different character from those in c and e. 



(a) 





Figure l;)-LO. Various polygons 

How :jhall we distir^aish these? Perhaps the easiest way is to obse.^e 
that in a, b anu* d the interior of each. pol;ygon belongs to the interior 
of each angle deterniined b> a vertex of the polygon and the two segments 
of which that vertex is an endpoint. Tins is not the case in c and e. 






Figure I'' -11. The interior of a polygon. 
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Tf the interior of a polygon is part of the 
interior of each angle determined by a ver- 
. tex and the two segments of which that vertex 
is an endpoint, then that polygon is called 
convex * 

Another way to define a convex polygon is as follows. See Figure I5-I2. 

A polygon is convex if for an^ two points 
A ^d B on the polygon, contains 
besides A and B only points in the 
interior of the polygon. 

Usually, it is convex polygons that we are interested in. 






Simple convex 
polygon. 



Simple non-rconvex 
polygon. 

Figure 15^12. 



Neither simple nor 
convex'. Not a polygon. 



Problem 



6. Is it true that all triangles are convex? 
Classification of ITrisingles 

!rriangles can be classified by comparing their sides or their angles. 
(We really should not speak of an angle of a triangle, since we sa.w above 
that the set of points which is the angle is iot a subset of the sex of 
point^^wilich is a triangle. But since the segA^nts of the triangjej do 
determine three angles, we use the words "angle jof a triangle" for the 
more correc^ but much longer "angle whose rays are determined by the sides 
of a triafigle.") * ' 

First: I 
Considering the sides of a triangle. 

a. If all three sides are congruent, the triangle is equilateral . 
I b. If two sides are congruent, the triangle is isoscfeles* 
I c. If no two sides are congruent, the triangle is sqal'ene. 
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Equilateral 
A£ = BC = AC 



Isosceles 



Scalene 
XY < YZ < XZ 



Figire 15-1 J. Triangles classified according to sidej. 

§econd: 

Considering the angles of a triangle, 

a. One angle may be a right angle. Such a triangle is called 
a right triangle , 

b. All angles inay be less than a right angle. In this case 
the triangle is said to be acute , 

c. One angle may be greater than a right angle. Such a 
triangle is called an obtuse triangle . 

In cases (a) and (c) comparison of angles will show that the other 
two angles are always less than a right fitngle. 





Right Acute Obtuse 

/ ACB is right Each angle < right angle Z. XYZ > right angle 

Figure 15-iU, Triangles classified by angles. 

It is interesting tojnote that if you con^are the an^es of an 
equilateral triangle you ^|ill find that they are all congruent and if you 
do so for the angles of an isosceles triangle you will find that two of 
tliem are congruent. Can you determine which two? Is it also true that 
if two or three angles of a triangle are congruent then two or three sides 
will be? If you try this with some models, you will find that it seems 
to be true. As a matter of fact it really is true. 

Problems 

?• Sketch: a, an obtuse triangle; b, a ■* mangle which is both obtuse 
and isosceles; c, an acute, scalene triangle, 

8, An equilateral triangle has been defined /above. Now define an 
equiangular triangle. 
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Classification of Quadrilaterals 

Triangles ai*e always convex, but other polygons may nci||pbe. However, 
usually it is convex pol^^gons that we are interested In, There are manj' 
interesting types of convex polygons. Those with four sides, the quad- 
rilaterals, may be classified as were trianglf^s by listing special 
properties of their sides or angles • Such a classification is ^iven below 
for a few of the best known cases • 

(a) The scalene quadrilateral. None of its sides are corigraent, 

(b) The parallelogreiin. Its opposite (non-intersecting) sides are 
segr.ents of paredlel lines. They are also always .congruent • 

(c) The rectangle. It is a parallelograia whose angles are all 
congi-uent. They are also all right angles. 

(d) The square. It is a rectangle whose sides arc all congruent ♦ 




(a) scalene (b) parallelogram (c) rectangle (d) square 
Figure 15-15. Special quadrilaterals. 



Circles 



rne properties and relationships of triangles, quadrilaterals and 
polygons with a greater number of sides are studied at length Ui plane 
ge'ometry. But now let us shift our attention to another simple closed 
carve with which you are probably quite fandliar. Tr;is is the circle. 
What is a circle? You know that to draw a repreoentation of a circL( 
put the metal tip of a compass at the point vou want for the center and 
rceeping it fixed and the spread of the conpass anchsmged. draw xhe ^curve* 
ine segments froni the center "co all the points of tne curve are cqn^ruent- 
Thus points PM and B belong to the saine circle \;ith center 0 if 
and only if 0^ = OB. I'fore formally: 

A circle is a simple closed cor/e having a point 
0 in its interior and such that if A^^and B 
are any two points in the curve OA = OB. 
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Tne center is not a point of che circle • In Figure I5.I6 point 0 
is the center of the circle. 




Figure 15-l6« Circle. 

A line segr.ent vith one endpoint at the center 
of the circle and the other endpoint on the 
circle is called a radius. 

OP, OA and OB are all radii. Clearly all radii (radii is the 
. lural of radius) of a given circle are cor^ruent, OP = OA = OB, 

Sometiries we nar.e a sir^ple closed curve by a letter, as "the circle 
C." When ve say "the circle C,*' C is not necessarily a poi.it of the 
circle. In fact frequently the circle is named by its center point, 

A circle is a sir.ple closed cur/e. Consequently, it has an 
interior and an exterior. Suppose ve have a circle vith the center at 
the point P and vith radius PR, A point, such as A, is inside 
the circle, if PA < Fr, vhile a r:3int, such as B, is outside the 
circle if ?B > fR. Tnus it is easy, in the case of the circle, to describe 
precisely vhat its interior and its 
exterior are. The interior is the 
set of £l11 points A such that 
Pff < PR, The exterior is the set of 
all points B such that PB > PR, ^ 

Ifcw, shade lightly the inter- | 
ior of the circle as shovn, V/hat I 
iG the union of the circle and its 
interior? The union of a simple 
closed curve and its interior is 
called a "region," The union of 
the jcircle and its interior is a 




'Figure I5-I7, 




Figui-e 15-18, 
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Figure 15-19. 



circular region . Note that the circle is the curve only, vhile the cir- 
cular region includes the curve and its interior. 

The word diameter is closely associated with the word redius. 

A diamet' : of a circle is a line segment which 
contains the center of the circle and whose 
endpoints lie on the circle. 

ror the circle represented by the 
figure at the right, three diameters 
are shown: AB, W and VW. (A 
diameter of a circle is the longest 
line segment that can be drawn in 
the interior of a circle such that 
its endpoints are on the circle.) How 
raanj' radii are shown in the figure? 

In Chapter Ik we saw that a point in a line separated the line 
into two half-lines. Consider a similar question with respect to a 
circle. Does point Q separate the circle in Figure 15-20 into two 
parts? If we start at Q and move in a clockwise direction we will, 
in due time, return to Q. The same 
is true if we move in a counter- 
clockwise direction. A single point 
does not separate a circle into two 
parts. 

In Figure 15-21, the two points, 
X and Y, do separate the circle 
into two parts called ar^s . One 
of the arcs contains the point A. 
The other part contains B. Ifo path 
from X to Y along the circle can 
avoid at least one of the points A 
and B. Thus, we see it takes two 
different points to separate a circle 
into two distinct parts. The arcs ere 
written XAY and XB? or sometimes 
Jdst XY if it is clear from the 
context as to which arc is meant. 




Figure 15-21. 
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We have considered in xhis chapter methods of con5)aring segments and 
armies. Th^r lioa enabled us to identify and classify some feuniliar 
geometric figures such as triangles, quadrilaterals and circles. Remem- 
ber that there is, as yet, no way to measure segments or angles, that is 
to say how "long" a segment is or how "big" an angle is. lb ^Vneasure" 
a segment or an angle is to assign a number to it in some way. The im- 
portant problem of how this may be done is the subject of the next chapter. 



Exercises - Chapter I5 



1» VTnich of the followi:ig segments are congruent? f 

H 

A E 
C , D 



2. In each of the following pairs of segments determine if AB < CD, 
AB > C5 or AB = 

D 




3» Wnich angles are right angles? Do not guess but mate a model of a 
right angle for comparison purposes. 
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In the figures for Exercise 3> (a) con5)are Z DEF vith each of 
the others, (b) compare / GHI vith each of the others. 

(a) Classify the following triangles by considering their sides. 

(b) Classify them by consi^dering tFieir angles. 




Given the circle below: 




a. Name two radii- of the circle. 

b. Name the diameter of the circle. 

c. Is point Z in the interior or exterior region? 

d. Is point L in the circular region? 

e. Name four points in the circular region. 

^ i 

-ti -Are OA and 00— congruent t--- X 

g. Name three different arcs with endpoint A. 

a. Does a straight line separate a jtane? 

b. Does a circle separate a plane? \ 

c. Does a point separate a straight line? 

d. Does a point separate a circle? 

a. What is a simple closed polygon? 

b. What is a convex polygon? 

c. Wliat is an equilateral triangle? 

d. What is a circle? r 



V 




9. 0 is the center of a circle and OA is a radius. If Off >0B 
does B lie in the circle or in the interior of the circle? 

ji 

10. Two circles are givea both with center 0. OA is a radius of one 
and Oi a radius of the other. If OA < OB what is true about 
the circles? 

11. Fold a piece of paper twice to get a model of a right ang^e. How 
many right angles can you -fit together side by side around a poiat 
in the plane? 

12. If two circlete with cent ?rs A and B are given, two rather different 
methods could be thought of to describe congruence of circles: 

(a) in terms of matching representations of the circles, (b) in 
terms of comparing the radius of one with that of the other. Dis- 
cuss the two methods. 

B 

. 13*. Consider polygon ABCD. Take a point A« on line PQ. 

P A« B' , Q 
^ ' * 

Make A«B» ^*AB and B«C» = 3C, = CD and D^ = DA, ^ 

being sure that the segments intersect only at their endpoints. 
What is the union of these segments?,- 

1^*. For any one circle, what is the intersection of all its diameters? 




Solutions for Problems 



1. If AB = CD, then a representation of AB can be made to coincide 
with CD. The representation o/ AB will then also serve as a 
representation of CD brA oince CD = it can be made to coincide 

with S^. This shows that AB = S'. tec, CD = AB. 
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2* No, because CD is congruent to a part of AB and EF is also* 
congruent to a part of AB, but we do not know whether then two 
parts are congruent or not. It may be that CD < EF or = W or >W. 

A • ^ ^ — . B A B A« B 

C D C ' — 'D C? -D 

E • F E • ' F E" ' F 

No, only one of AB >CD, AB = CD, ^ < CD can be true and we 
already know that AB > CD. 

3. The angles are not right angles. For rigbx angles it is necessary 
' that A, P and C lie on one straight line. See the definition. 

h. Z ABC> Z XYZ. 

5. AB = cJ. A segment cannot be congruent to a ray though AB 

might hh = CD. 

AB = AB. means different name for the same object and 

the line 7s is not the same object as the ray aS. 

^ ABC > BC. Con^jarisons are made between objects of the same 

kind. Two angles may be con^jared or two segments 
but not an f-ngle and a segment. 

6. Yes, all triangles are convex. This is hard to prove but easy to 
see by drawing a few figures. 



7. 




obtuse obtuse, isosceles acute, scalene 

8. An equiangulej: triangle is a triangle .whose threp angles are 
congruent to each other. | 
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Chapter l6 
LINiAR AND ANGULAR MEASURE 

Introduction 

" / 

In the first twelve chapters of this book we were concerned with 
the idea of number • We talked about whole numbers, how to use thera in 
counting the members of a set) how to add, subtract, multiply and di- 
vide them. In the last three chapters we studied geometric figures but 
without measuring them. We come now to the problem of measurement! 
What do we mean by measurement? 

To measure a line segment is to assign a numb ei* to it. This cannot 
be done by counting the points of the segment since there are infinitely 
many points in any. segment. We hav ^ to develop some new concept to take 
the place. of counting. We want to compare the "sizes" of two segments 
and this is done by con^aring each segment with a certain arbitrary unit 
in a manner which is the subject of this chapter. When this concept of 
"measurement" has been developed we will find that it is applicable 
not only to line segments but in a closely related fashion to angles, 
Bxeas of regions, volume of solids, time, work, energy and many other 
concepts or physical objects. 

^Kjasurement is really one of the connecting links between the phy- 
sical world around us and mathematics. So is counting, but in a different 
way. We count the'^'^number of ^ooks on the desk, but measure the length 
of the desk. We count the number of hot dogs we need for a picnic, but 
measure thejl amount of mlLk *e neeq. ' ^ 

The Measure of a Segment 



asure a segment. In jChapter I5 
AB and CD in order jto say 



Let UB start by considering how to 
we saw how to coii5)are two I'inii segments 
whether AB>CD or AB = CD or AB< iCD. 

When AB and CD can be conveniently represented by a drawing 

li 

on a piece of paper, this coii5)ari8on can be carried out, at le^st approx- 
imately, by tracing a copy of AB and placing it on top of the drawing 
of CD. But, even if AB and CD were much too long or much too mi- 
croscopically short to be drawn satisfactorily on a sheet of paper at all, 
it would still be possible to conceive of AB and CD as being such 

i 
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that exactly one of the following three statements is true: • 

1, AB < CD 
2* AB ^ CD 
3, AE > CD 

In mathematics, we think of the endpoints A and B of £iny given 
line segment as being exact locations in space , al though these endpoints 
can be represented only approximately by penciled dots. Similar ;.y, 
A>B is considered as having a certain exact length, although this length 
can be determined only approximately, by "measuring" a drawing represent- 
ing AB, 

Let us describe the process of measurement • The first step is to 
choose a line segment, say RS, tc ser-ve as uiiit ^ Willis means to select 
RS and agree to consider its measure to be exactly the number 1* 

We should recognize that this selection of a unit is an arbitrary 
choice we make. Different people might well choose different units ^d 
historically they have, giving rise to much confusion. Fur exanqple, 
at one time the English "foot" was actually the length of the foot of 
the reigning king jand the "yard" the distance from his nose to the end 
of his outstretched arm. Imagine the confusion when the king died if 
the next one was of much different stature. Various standard units will 
be discussed a little later but meanwhile we return to the choice of RS 
as our unit, recognizing the arbitrariness of this choice. 



Figure 16-1. The unit RS 

New it l8 possiljle to conceive of a line segment, CD, such ohat the 

jiiiit HB can be laid off exactly twice along CD, as suggf.sted in 
Figurci .6-2. 
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UNIT 



UNIT UJdT * 
A A 



Figure l6-2. 

Then by agreement the measure of. CD is the number 2 and the length 
of CD is exactlv 2 units although CD can be represented only 'ap- 
proximately by a drawing. In the same way, line segments of length exactly 
3 units, or exactly k units, or exactly any larger number of units 
are conceptually possible, altnough such line segments can be drawn only 
approximately. In fact, if a line segment is very long--say a million 
inches long--no one would want to try to draw it even approximately; but 
such a segment can still be thought of. 

We can also conceive of a line segment, AB^ such that the vuiit RS 
will not "fit into" AB a whole number of times at all. In Figure l6-3 
AB is a line segment such that starting at A the unit RS can be laid 



UNIT 



UNIT UNIT UNIT UNIT 



-A A A A. 



Figure l6«3. 



B 



pff 3 times along AB reaching Q which is between A and B, 
Ithough if it were laid off k times we would arrive at a point P 
i/hich is well beyond B. 'What can be said about the length of AB ? 
Well, surely AB has length greater than 3 units and less than h 
units. In this particular case, we can also estimate visually that the 
length cf AB is nearer to 3 units than to h units, so that to the 
nearest unit the length of AB is 3 units. This is the best we can 
do without considering fractional peorts of units, or else shifting to 
a smaller unit. 
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Problems 



Using the imit • find tfie measure of each of the following 

segnients to the nearest unit* 



(c) 



(b) 




find the measure of each of the segments 



(a) 

2* Using the unit 

in Problem 1 to the neeirest unit. 

lb help us in estimating whether the measure of a segment is say, 

3 or k, we need to bisect our unit* In Figure 16-1+ RS is again shown 

as unit with T bisecting RS so that RT = ^ and RS is used to 

— t 
measure MN. 



M 



Figure 16-1+ . 

In laying off the unit along MN, label P the endpoint of the 
first unit that falls on x>r beyond N and Q the end of tne preceding 
unit just as you did for AB in Figure I6-3. Using RT (which has Just 
been determined) in Figure I6-3, we can check that BP > RT and then 
the measure of A£ is 3. <'In Figure I6-I+, NP < RT and the measure of 
Mil is , Tl:ere is nearly always a decision to be made about whether 
or not to count the last unit which extends beyond the endpoint of the 
segment being measured. The reason for this is that it is rare indeed 
for the unit to fit an exact number of times from endpoint to endpoint. 
It is well to realize now that meas^orement is approximate and subject 
to error. Tne "error" is the segment from the end of AB to the end 
of tne last unit being co^onted. In Figure I6-3 the error is BQ, in 



Solutions for problems in the chapter are on page 200. 
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Fit^re It: ^t, it ij: I.T. »%€ p.ote tna. the error in am measurement 
alwa. s at '^ost r.alV the unit lein^^ ased. |- 

Let as enipl.asize one trint about i ermi^.olo^!.. . In a phrase similar 
to "a. Line serrnen* of ler., t*. uni's" ve mean "t:.ft .-Reamre of the 
line sefir.ent in •ernis of a particular unit is the numher 'r:.e 
p'Jint nere is siinrl^ to nave a va> of referring to tne ^nu^iiters iri'/civc-o; 
so tfmt the>, can le added. r.ultitlied, etc. Remember that wc have 'tjarnec 
hov to apt2^ arifrjr.et ic operat||tis only to numbers > You conH add >di-ds' 
an:» nore than >ou add apples. If you nave j apples and 2 apple.= , 
you have ') apples j^togetner, because 

., '• ^3-2=5. 
You add numbers, not >ardc or apples. 

As we shall see shortly, the use of different units givec rise 
to different neacurec for the sair.e segment. Tiiuij, if we consider in 
Figiire l6-^ a ccrn^.ent congruent to !^ in Fig^oi-e lo-k but use KL as 
our unit, l^l ha> a length of 6 unite. 



N P 



M / N P 
• 1 1 1 ^ 



Figure l6-5 



Standard Units 



nav^ dif f icult> 



Ifur.bers of peoile each using their om units would 
compai-ii'.^- their results or communicatint: vith eacn othei.- For these 
reasons ce^^in u:*it£ r^ave been agreed upcn large nointers of people 
and G'. /ilts are called standard \ mits . / 

;^cail> tho2'c have been many standa^*d ui^ltc, cuch a:> a >'ard, 
an inc or a rriile"u^^ to measiu^e line segments. Cuch a variety is a 
great convenience,' ArAinch i*^ a suitable stanrnra anit i*or irieasuring 
the edge *cf a cr.ee t of/paper, but hardly ratisfactory for finding the 
•length of tr.e jc:/5rrr corridor. Wi.ile a >ard is a satisfactory standard 
for measuring th^ school corridor, it woujg not be a sensible unit for 



finding* the distance "bet ween Chicago and Pniladelphia. 
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* Such units of lineai- measure as inch, foot, yard and mile are Ltandard 
units in the British- American system of measures. In the eighteenth 
c^ntur;. ir/r. .t, a group of ^fecieatists developed the system of measures 
vhich is >ncvf\ as' the metric system using a new^standard unit. 

In the metric- system, the basic standard unit of length is the meter, 
which is approximately 39:^1 inches or a little more t(ian 1 yard'. 
Thus, irlj the Olya^ic Games, whei-e the metric systfrm is *used, we have 
- ^ * the 100 meter dash, which is just a little longer than , the 100 yard - 
. dash. The metric system is in commDn use in all countries except those 
• in which Ihgli^h, is the main language spoken aniJ^is used by all scientists 
^ ' in the world including those in English speaking countries. \ 
The principal advantage of the n^^tric system over the British- 
. American system lies .in the fact that the metric system has been designed 
• ^ for ease of conversion between the various metric units by exploiting the 
decimal system of numeration. Instead of ha^n.ng_ 12 inches to the foot, 
3 feet to the yard and I76O yards to" the mile, the metric system has 
10 centimeters to a decimeter, 10 decimeters to a meter and 1,000 
meters to a kilometer. This makes conversions^ b^we^n units very easy. 

We have stlready noted that in the metric system, the meter Is the 
unit which corresponds approximately to the yard in the British-American 
system. , Ihe metric unit ;rtiich corresponds to the-Jnch is the centimeter 
which is one-hundredth of a meter. A meter is almost UO inches so it 
takes about 2^ centimeters to make an inch or to put it^ another way 
a centicfetef :is about |- or .h of an\nch. Figure I6-6 illustrates 
a scal^ of inches and a scale of centimeters so you- can cocspare th^ 

Centimeters 

\ 

0 1 23 ^ . ^ '5 7' 8, 9 10 '11 12 13 

i ' ^ X ' ^ ^ 1 ^ ^ — ^ 

0* -^1 2 3'*if.'5 

T 

Inches - * . ' - 

^ • . Figure I6-6. 

So far we have said nothing about metricNinits larger than the 
, ^ . meter. The most useful, of these is the kilometek^ which is defined to 
^ be^ 1,000 meters. The 'kilometer is the metric unit which closely 

corresponds to the British-American mile. It turns out that one kilometer 
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16 a little more than six-tenths of a mile, llie Olynroic race of 15P0\ 
kilometers i3 over a course which is just a little^less than a mile. 

Ve have treated the inch, foot, yard and mile as "standard" units 
for linear measure, in contrast to units of arbitrary size, which xqblJ 
be used when communication is not important. Actually, the one standard 
unit for linear measure even in the United Stated is the meter, and the 
correct sizes of other units such as the centimeter, inch, foot and yard 
' are specified by law :;ith reference to the meter. Various methods for 
inaintaining a lUDdel of the standard meter have been used by the Bureau 
of Standards. . For many years the model was a platinum bar, kept under 
carefully controlled atmospheric conditions. The meter is now defined 
fits having length which -is 1,650,763.73 tiiaes the wave length of orange 
light from krypton 86. This standard for the meter is preferred because 
it can be reproduced in any good scientific laboratory and should provide 
a more precise model than the platinum bar. - 

Scales and Rulers ^ 

Once a standard unit such as "a yard, meter or mile is agreed upon, 
the creation of a scale greatly simplifies measurement. 

A scale is a number line with the segment from ■ 
0" to 1 congruent to the unit being used. • 

A scale can be made with a non-standard unit or with a standard unit. 

A roler is a straight edge on which a scale using 
a standard unit has been marked. 

If we use the incji ^as the unit in raaKing a ruler, we have a losasuring 
device/^ designed to give us readings to the ^nearest inch, tost ordinary 
rulers are marked with unit Dne7^Ixbe^tl/of an inch or with unit one 
millimeter. 




The Approximate . Nature of Measure^ 

Any measurement of the length of a segment made with a ruler is, *at 
best, approximate. Wh6n a segmerit is to. be measured, a scale based on 
a unit appropriate to the purpose of the measurement i"- selected. Ihe 
unit, is the segment with endpoints at two consecutive scale divisions \ 
of the ruler.. The scale is placed on the segment with the zero-point of 
the scale on one endpoint of the segment.* The number which corresponds 
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tONthe division ^point of the scale nearest the other endpoint of the 
segment is the measure of the segment. Thus, ev^y measVrement is nade ^ 
to the Clearest unit. If ^ the inch is the unit of measure for our ruler, 
-.then we have a situation in which two line feegmsnts, apparently not the 
same length,. may have the sam^yneasure, to the nearest inch. 



A I 1 , — I c ^ 



INCH 



' Figure l6-7. * In inches, m(CT) = m(AB). , 



JThe measures?f AB to the nearest inch is 2. We write this, 

j la(AB) = 2. The measure of CD * to the nearest inch is also 2; 

m(OT) f 2- ' ' 

For the same two segments we may get a different measure If we use 

' . . 

a differenli unit segment. It* should be clear that if the unit is changed, 

the scale changes. Thus, if we decide to use the centimeter as our unit, 
the scale appears as in Figure l6-6 and Figure l6-8 shows that in cen- 
timeters m(AB) = k and m(CD) = 6. Now the measures do indicate that 
^ / ^ ^ \ ' ^ 



there is a difference in the lengths of the two segments. Notice that by' - 
^using,a smaller unit (the centimeter) we are able* to'distinguish between 
the lengths of two non-congruent segments which, in terms of a larger unit 
(the "inch) have' the same measure. If measurements of the same segment 
are made in terms of d^fer^nt units, the lerror in* the measurements .may 
be diffe^nt since it is at most half the unit being used. Thus, if a 
segment is measured in inches the error cannot be more than half an inch, 
while if it i6 measured \n tfenths of an inch the error cannot be more than 
half of a tenth of an inch. As a result, if greater accuracy is desired 
in any measuremilgt, a smaller unit should be used. 

4 < ' : 
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Sometimes it ^is more' convenient to r^cox^ ^ length of 31 inch'es 
as »2 feet 7 inches. Whjenever a length is, recorded using more than 
one unit, it is understood that the accuracy of. the measure is indicated 
\>Sf the smallest unit named. A length of k yd. 2 ft. * 3- in. is, * 
measured to the nearest inch.* Tnat is, it ds closer to 'if^yd. 2 ft** 
3 in. than it is \o eithen h yd. 2 ft. 2 in.' fcr^ yd-; 2V 'ft, 
h in. A length of M yd. 2"^ ft. is interprete'd "to mean a 'length 
closer to k yd. 2 ft. than to k yd.^ l''ft.^ or h yd. 3 ft/*'/'* 
However, if this segment \fere measured *t£ the nearest inch we would hefve 
to indicate this by k' yd. "2 ft., 0 in. or % yd. 2 ft. >(to the 
nearest inch)* There is a very real "difference in ,the accuracy of -these 
ifieasurements . When the measurement is made to the nearest foot, th6 
intervEj. within which the length may vary is one foot , when t"rie measure- 
ment is made to the nearest inch, the interval within which the length 
may vary is one inch . Thi9> is because Ihp end of the last unit counted 
may lie up to a half a unit on either" side of the end of th3 segment. 

A very in5)crt£Lnt property of line segments is that anv line segment 

.may be measured in terms of any given unit. Ihis means that no matter 
how small xhi unit may be, there is a whole number n, such that if we 
lay off the unit n times along ^ AB starting at A we will cover AB 
coi^letely; that is, a point will be reacHed that is at 'the point B^^ 
or beyond the point B on AB. * ' ' 

Ihe length of a line segment is a proj^rty of the line segment which 
we may measure in terms of different units. Theoretically, two' segments 
have the same length if, axid only if, they are congruent. We run into 
trouble thinking and talking about length because, in practice, measure- 
ment of length is made in terms of units and, as we saw above, tjyo lin^s 
which are re'ally different ^in length may both be said quite truly to have 
length 2 inches to the' nearest inch. See Figure l6-7» * 
•A vivid illustration of this trouble will emerge if we think about* 

fan application of linear measurement xo the calculation of the perimeter 
of a polygon. By definition: ^ *> 

The p erimeter of a polygon is the length of the ' 
line segment which is the union of a set of non- 
overlapping line segments congruent to the sides * 
of the polygon. 
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Figure I6-9. 

s 

TtiUB the peyimeter of polygon ABCD is the 

2TF is the uniQn of A»B», B»^, 

i-p-ely <2bngnient to AB-, BC, CD and 

B, C and D and 3tVetch a .taut thr< 

to A, when we straighten out our/thread we will have a m^del of a segment 

congruent to A'E*. • ^ . . • ' 

The length of A»E*, ve knoij intuitiveljr, i^ the ©um of the lengths 

of the four segments whence consider length as an intrinsic property 

/ *■ 
of segmerits. But, vheari we talk about lengths/as measured ia terras of 



which are xespect- 
If we pat 'pins at points A, 
i, around the polygon from A *back 



certain units we 
. ' C 





run into the following situation: 



Centimeter scale, 
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Figure 16-10. . . 

To the neeirest centimeter m(S) = m(BC) = m(cK)' =3. AB = A'B', 
BC = B»C% 'CA = C»D« but m(A^) = 10. This is because to the nearest 
millimeter m(5S) = m(BC) = m(CA) - 33, ^nd to the nearest millimeter 
m{A*D* ) i 99, and to. the nearest centimeter this means m(A»D' ) = 10. 
Even ±t we .measure our segments to the nearest inch we find m(AB) = m(BC) = 
m(CA) = 1 find we would expect the measure of the perimefer to be 3« ' '4 
But we find m(A'D*) = U# This* reminds us again that the measure of a 
length 'Xs SLlways, at best, an approximation and approximation errors may • ^ 
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' accumulateriJO cajose real trouble. ' Ttie best we caix say is to'be aware of 
this possibility whenever in your problems you ai:e dealing with nuxibers 
which tton.up from measurement processes. '* * . ^ 

Pro)>leaa t " ' ' . *- . 

3* Two chiltiren are askeJ^o deteilaine the length and width of a crate; 
one is given a ruler with units marked in feet, the other a ruler with 
units marked in inches. The first says the crate is 3 -.feet long 
azid 2 feet wide; the' second says it is kO inches by 28 inches. 
Explain why they could both be right. *<• 

Both children axe asked to find the perimeter of the cratQ. The . ^ * 
/ fiirst.dne says * 10 feet, the second says I36 inches. A string is 
. then passed aroimd the crate, stretched out and the children apre ^ked 
to measure the string to fih^l the perimeter. This time the first '.one 
says 11 feet, the second one 137 inches. Which results are ^ 
correct? Explain the discrepancy between the results. 
. . ■ - * * 

The Measure of an Angle ' ^ , > - 

Just as we think of every line segment as having a certain exact 

length, so too we think of every angle as having a certain exact size, 
> * ' • 

even though this size can be determined only approximately by measuring 

a chalk or pencil drawing of it. 

Let us examine a process for measuring angles. As with linear meas- 
ure ve rieed to .devise a way to assign a number as the measure to each- ' 
angle* The first step is to selecj an arbitrary angle to ''serve as a unit 
and agree that its measure is the number 1. In Figure 16-11 we take 




Figure I6-II. A unit Z and an anple of. measure* 2. 



Now we can conceive of forming an angle A3C by laying off the 
unit t'/ice about a common vertex B as suggested in the same figure. 
Wte say that in ■t>erms of the unit Z XYZ the* measure of» Z ABC is 2. 
We write: 

In terms of unit Z XYZ, m(z ABO) = '2. 

195 1.98 ' 



Tn similar fashion we can Conceive, of forming angles whose Yneasures 
are, 3 U and soifort^ until we come, an 'angle whose interior is 

nearly^a h€df -plane as shown iir Figure l6-l'2# 





.Figdre 16-12. *ih terms of unit Z 

ift(^ DEF = k), mU GKE) = J. 



- . Vfe, can also conceive of an angle such that our.unix ^ XYZ will not 

fit into, it a whole number of timesj In Figure I6-I3 we have an ^ -ABC 

in which we >start. at BC, the unit Z XYZ can "be lai'd off 2 . times 

about B without quite reaching 5a, that is ;#ith in the interior 

•k ' . ' ' ' ' 

of the angle, though if we were to J.ay it off* - 3 "times. w6 would arrive" 

' » 'j 

at a ray, c&ll ±\ Bg, which is well beyond ?A. . 





/ , H^e 16-13. In terms of unit Z XYZ, 

y i " / /mC/.ABO) =*'2.^ 

' Wii^t can bd* said 'about the size of ABC ? Surely, it is greater,*' 
than. 2 * units and 'less than 3 i^ts.^ In Figure I6-I3, we can also 
'^^timate by eye that the size of ^ ABC^ is nearer to 2 unit^ than to 
3 units, so: / ^ * ' , 

To the nearest unit in terms of unil* Z ^Z > ^ 
."TH;/ ABC) = 2. 

This is the best .that can be Sone without 'considering fractional paints * 
of units, or eJse shifting to a^smaller, unit. .We always assign the me'asure 
so that the 'error is less thain half .the unit angle. But. just as in measur- 
ing segments the measure of ^ a specific ^iyen angle is 'almost> always an 

* • * ' 
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• approieimafiion, " A smaller error may be obtained by using a smaller unit 
but we can never be absolutely accurate. This sort of trouble can never 
be avoid^d4^ It is ^nherent in the apprbximations necessary for any 
measurement proce^, »We just have to learn to live with it both now and 
later on when we study area and volume. ' • 

Problems * x 



5. Make a careful tracing of the unit Q 

a mesisure 'to each of the following angl'es. 




^ and use it to assign 



. . (a) S 

' Use the unit 
angles, 

^ A 

* 7. Use the unit |- 
' and WZ, 
X • 

'M 




(b) (c) ^ ' (d) 

to assign a measure to the same set of 

B _ 

1 to assign a measure to XY 



*8. Use the unit ^ STU^ of Problem'. 6 to assign a measure to PQR 
: and Z MNO. 



N 



. 0 



. Just as when we cons±dered the measure; of segments- we found that a 
'standard unit,^ scale and a ruler were useful, we find the corresponding 
V elements valuable, in angle measure. The most common standard unit o^ angl( 
'measure is called a "degree." *We write.it in symbols as 1*^. When we 
spefiik of the si^e of an angle, we mky say its size is ^15°, but if we 
wish to indicate its measure, we must keep in mind that a measure is a 
number and say that its measure, in degrees, is U5. If we la^^ off 
360. of these unit angles using a single point as a common vertex, then 
these .^angl^s, together with their interiors, cover the entire plane. 
' Note that if Z ABC js*a right angle, m(Z ABC) := 90. A scale of degree 
'units marked on a *semi-circle is calJeS a protractor. 
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\ . ' ^ Fi^io'e 16-llA. ' A protractoi:, ^ 

Even in ancient Mesapotamia the degree ,was us"i5d' as the unit of angle . 
measure. • The selection of a uiiit angle, which could.ke fitted into the 
p-lane (as* above) just 36O times was -probably influenced by their c&l*. 
culation of the nunib,er of . days inva ye'ar as j'SO. ' , 

^Problems \ ^ ^ * ' ' 

I ' '** * 

9#v*Use protractor to asg^ign a measure in degrees to each of^the angles 
in Problems and 8. 

10# Use a centimeter sc&le to assign a measure to each of the segments 
in Problem 7* * • * . * ^ 

Measurement of time is another exaigple (5f the use of a standard unit 
such as an hour and of smaller units such as a minute or a second when . 
greater accfuracy.is wanted. Nowadays scientific -and engioieering problems ^ 
demapd suoh accuracy that a common unit of length is an angstrom which is 
one hundred millionth of a centimeter and 9. micro-second which ^is* a' mil- 
iionth of a second. Ihese units are very small. Astronomers on the other 
hand for their purposes^ use very large ur^ts such as the "astronomical ^ - 
xxdit" whic^ is th^ average distance of the sun from the^ earth; and the 
"light yeetr" which is -the distance travelled by light in one year travel- 
ling at an average rate of about l86,OOD miles -per second. But whatever 
units are used, it should be remembered that -meaisuremeBj is always approx- 
imate and answers are expressed to the nearitst iviit> whatever unit is being 
used. The decisior> a^ito^bich is the npst appropriate^ unit always has 
to Ije made whether ve consider the distaifee to the^neare^t^ ga].axy. of ' 
stars to the' nearesiT^^t year, the distance from Washington \o Hew York 
to the nearest mile, ,the diamej^er of an automobile engine piston to the 
* nearest thousandth of an inch or the length 'of a wave of ligJfft to' the 
neaSrest angstrom. . ' ^ 
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Meastirement is the foundation stone of science and a connecting 
liijk between 'the physical' world around us and mathematidiB.' 
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Exercises - Chapter '16 



1. Which ofv the following* statements is true about segments AB, CD 



EF- and GH ? 

A rr 

C ^ 




2. 



a. AB^= CD 

b. AB < CD 

c. -AB > W 



d. AB = EF 

e. GH<CD 

f . GH = CD> 



A dog yeighs l8 pounds • 

a. ' Bie unit of measure i^ 

b. to^ measure is ^ 



c. Hie weight is 



A ^$sk is ' 9 chalk pieces long. 

0^ Its length is • 

b. Its measure is 



c. ©le ui^it of measure is 



^h*' ^ \)hich of tl:^e following sentences ^are stetndard units used? 



a* He jls strong as an ox. 

b. Put in a pinch of salt. 

c. Wg^ drink, ft gaJ.lon of ndlk per day. 

< » 

d. Ttie 'Com is knee high. 

e. I •am five feet tall. 



jf. ' Convert 1^e following measurements to 'the unit indicated. 



d. ^17 cm. to mm. 
b. 3.4 m. to cm, 
.c*. ^8 mm. to cm. 



d. 35*^ ^* ^* 

e. 93 cm. to m. 

f . 9.1 m. to mm. 
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6. The measures of the sides of a triingle in inch units are 17, 15 
and 13* , , ' 

a* What fiore the measures of the sides if* the unit is a foot.? . 
b# What is the measure pf the peilmeter in inches? In feet? 

^ ' c« Is there anything curious about your answer? • • 

d. How do you explain it? , ^ ' f • , 

?• A man mailed 5 identical letters , and found that he had to pay 8 
cents postage apiece for a. total of kO cents • If *he put thep all 
in the same envelope his postage would, only be 28 cents, ibcplain. 
Xasume the ppstdge rate' to be per ounce. * 

8. What is the measure of a right ari^e in degrees? 

9« It is a fact' tfiat the sum of the measures tf the angles of a triangle' 

^ ft ' * ' ' ' 

is loO. If the three' angles of a triangle ^e congru nt, what is * 

- the meausure of each? 

.10.* If two angles of a triangle are cortgruent and their measure is 30 

what is the measure of "the third angle? ' * » 

11. Use ^ — : ^ as^a unit to measure the following segments. 



, — . „j£^_ .yQ^ answers, contreidict each others Explain. 

* 12. In Probleijis 7 and 8 of this chapter your answer should have 

m(WZ) = 0 . and m(^ MNO) - 0, How is it possible to have this 

^ happen? ^ 



Solutions for Problems 

1. a, 1; b, 2; c. 1; d. 2. - 

2. a. 2; b. 3; c. 1; d. 3. It should be noted how the measures differ. 

3. kO inches to the nearest foot is 3 feet since th^ error is 

less than i foot. 28 inches to the nearest foot is 2 feet. 

^ 1 . 

Again the error is less than ^ foot. 
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Ihin problem involves the definition of periiaeter of a polygon. Note ' 
that the perimeter is by definition the length of tl^e segment which 
* is congruent to the xinioh of non-overlappiag segments congruent to 
the sides*. HiuB the second^ncthod is the correct one for both child- 
ren and the emewers to the nearest KDit are 11 * feet and 137 inches. 
Ttie first result/comes from adding 3+2 + 3+2 but each measxore 
had an error of about k inches or j of a foot and the accumulation 
of these leads to the result 10 . feet which is, in fact, incorrect. 

« 

inie result 137 inches comes likewise because each side measured in 
inches had an error less than ^ an inch but which^ accumulated to 
somejbhing near an inch. Hie ''difference between 11 feet and 1^7 
■ inct\es is dtie to the fact that each child gives his answer correct 
to the nearest unit he is using. 

5. a.. 7; b. 2; c. 2; d. 5. 

6. a. '5'j b. 2; c. 1; d. k. 

* 7. ni(xy) = 1, m(WZ) =0 * ' • 

% mU STU) =5, mU MNO) = 0. 

9. a. 133; b. U6; ' c. 36; d. IO3 
mC/ STO) = 152; m(Z MNO) =10 

10. m(xy) = 6, ' m(WZ) = 2 
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Chapter 1? 
FACTORS AND PRIMES - 



Intro duction 

We spok^ before of the several aspects of mathematics ^hich an 
eltementary school mathematics program should contain. We noted that the 
conceptual a^ect provides ideas' by which a youngster can understand 
mathematics wH^le the computational aspect gives him efficient ways of 6per- 
ating with the things of mathematics. In this chapter we propose to 
introduce ^ome concepts^ involving only whole numbers, which, however, will 
prove^to be very useful in developing computational procedures for 
dealing efficiently with fractiprr^C Throughout this chapter ' "number"' will ^ 
mean the "whole numbers" 0, 1, 2, 3, ^, ... . ^ 

Products and Factors 

We have identified the word "product" with the "answer" to^a multi- 
plication problem. Thus 3x1+ gives the product 12; 7x3 the 
product 2L; 6x1 the product 6; and so on. Let us tupn the problem 
af ound b^^^considering what multiplications a given product* could have come 
from. For example, what multiplications would give 10 as a product? 
Jlearly they would be"^ 1 x lO or 2x5. (Of course 10 x 1 and 
5x2 would also give the product 10 but because cf the commutative 
property of multiplication these are not essentially different from those 
listed.)* Similarly, 12 could be obtained as a-product from 1 X 12, 
2x6, or 3 X The number 5 could come- only from 1 X 5 and the 
number I3 could come only from 1 X I3. ' * 

Given any whole number b, we could list multiplic^ations that give 
b as a product by listing ^he obvious product b X 1 = b and then 
asking, as a start, "Does some number times 2 give b as a product?" 
if^^e answer is "yes," i.e.,. if there is Ian ,n such^that n X 2 = b, 
we put this in our list of multiplications that give b as product and call 
both 2 and. the number n factors of b. We continue then with the question, 
"Is there a number m such that m X 3 = b?" If so, both 3 and' ra 
are factors' of* b.* And so on. For example, 1, 31 5 and I5 are €lL1 
factqrs of I5 because each of these, with some other number, can be used 
in a mult iplic*at ion j)roblem which gives I5 • as a* product. Said more 
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precisely, this all amounts to th^ following statement: 

a is a factor of b provided there is a number n 
such that n X a = ¥. In this case n will^also be 
. a factor of b, (i«nember that we are talking only 
about whole nuiribers;) * 



Problems^ 



r 



1, Express each of the following niunbers as products of two factors 
in several ways, or indicate, that it is iii?)ossible to do so. 

a. 18 c. '30 * . " Jd * ^ 

■ b. 6 ^ , . d. U. 

2. ..List all the numbers that could be called "factors" 

a. of the nuinber 30, ^ ' ' 

b. of the nuniber 19, ■ ^ V • ; 

c. ^ o? the auinber 2k. 

Priny* gumbers 

We know .that for every number b, b x 1 *= b ; so that 1 and b 
are always factors of b. Also^_Ji«/dispose of another special number, the 
fact that n X 0 = 0 for every number n, means that every number is a 
factor of 0 and also that 0 is not a factor of any number except itself • 
TciBX is, if 2,ero is a factor in a multiplication, then zero is the only 
possible product no matter what Qther "factors there are. Having sa\d these 
things, we have said about aU t^re is to sq^, in the present context, about 
1 and 0 so that for the most part we will eliminate them from further - 
consideration. 

Now, for many numtbers n it is not only true that 1 and n are factors 
but it is also the case that these are the only factors. For example, 
1 and 5 are the only factors of ■ 5; 1 and 3 the only factors of 
3; -'1 and I3 the only factors of , Ij^ ' and so on. Such numbers have only 
themselves and 1 as factors. Numbers of this sort are of some interest 
to us so ve will put them in a special classification as foUowb: 

Any whole number that has exactly two different 
factors (namely itself and ^ l) is a prime nunber. 
i 

Note that th^.s definition excludes 1 from the set coprimes, because 1 

does not have two different "factors, and that it exc],udes 0 from the 

set of priiaes because zero has more than two factors, as w$ discusse«k above. 



* Solutions for problems in thi|p chapter are on page' 2l6. 
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Zero and one are speciaj/numbers with special properties and we have 
^e-now defined /^prime^i^-rtti^ers • All other numbers are put in a s^t as follows: 

^ All whple "nuiubers other/than 0, X and the 
prime numb^r|r,are called' compQsite numbers. 
' • ^ 7~ 

The prime numbers have been a subject for matheinatical speculation 
for centuries. Over 2,000 years ago ^the ma^ematician Eratosthenes 
invented an eas> and straightforward waj^ of aorting out the primes from 
the -list of whole numbers. This mfethod is known as "Eratosthenes Sieve" 
which describes the* fact that it "lets through" only prifoe numbers, Ife> 
get the prin:es less -than ^9 for example, we would list the numbers from 
0 to ii9 as shown in Figure 17-la. Then cross out 0 and .1, since 



^, -3, J<, 5, ^, :7, ^, 9 
J^, 11, jt^; 13, 15, J^, 17, :l8', 19 
2er, 21, 23, ^, 25, TUS, 27, ^^Sr, 29 
3€f, 31, ^, 33, JJ*^, 35, 37, J^-, 39 

111, U3, i^, 1*5, ^7, >8',-'*9 



© 


0. 


:? 


7 


-9- 




© 0 © 


■Q ^ 


ll 


13 


^9- 


17 


19 




11 13 


17 19 


2r 


23 


25 










29 


31 


J? 


35 


37 






31 ^ 


37 


ui 


'♦3 




!^7 






hlsT 1*3,, 














■ (c) 





, (a) 

^Figure 17-1. Use of Eratosthenes Sieve to get tiie primes between 0 and 

t-hey are not primes; leave Z'l since it is a^rime, then cross out all 
other numbers with 2 as a factor since cannot be primes. ^This is 

shown ih Figure 17-la by circling the 2 and crossing out multiples of 
2 (ir, 6, 8, 10, .•.). Leave 3, since it is prime, but xcrQss out" all 
multiples of 3 that remain as shown in Figure 17-lb; that is, cross out 
6, 9, 12, ... if they haven't already been crossed out. Of the, numbers 
that remain, leave 5 and cross out its multiples; then leave 7 and cross 
out its multiples as shown in Figure 17-lc. All th3 numbers that now remain 
are prime numbers, as can be verified by attempting to factor them. Hence, 

(2,-3, 5r 7, 11, 13, 17, 19, 23, 29, 31, 37, U, I13, Ii7} . ^ 
is the set of prime numbers between 0 and ii9. 

We might ask how cairrying out this process only to 7 suffices to 
"sieve out" all the prji^fes up to 1*9. We can see why this is so by 
observing that if we have a composite number less than 1*9 , it can be 
expressed as a product m X n. If one of these two factors is 7 ^^gj^some 
larger number, the other factor must be a number less than 7 because 7 
times any number greater than 7 will give a product greater than 1*9. For 
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example, 7x8= 56, 7 x 9 = 63, etc. Since in' such a product as^ m x n < 
one of the two numbers is 7 or less, crossing out multiples of 2, 3, h, 5, 6 
and 7 will ta' care of all such products less than ^9, and hence all 



con5)osite numbers less than ^9^ 
ProTDlem 



3. a. List the prime numbers between 0 and 100* 

^* We know thkt 10 x 10 = 100 • Pick^several cdn^osite numbers less 
than 100, express* each of them as a product of two factors in as 
mar^ ways as you can, and verify that for any such congDosice number, 
one of these two factors will be less than 10, 

Factoring and Prime Factorization 

What we have said so far indicates that euiy composite number can be 

c 

written as a product of two factors different from itself. This process 
is called factoring , and the result a factorization . Each of these factors 
'may themselves be either prime or composfte numbers; if either factor is 
congDosite it can be written as a product of two other numbers • If axiy 
of these are composite they can be' factored • Such a process would end when * 
each factor is a prime number. For example, 

i 

^ 90 = 3 ^ 30 = 3 X (3 X 10) = 3 X 3 X (2 X 5) = 3 X 3 X 2 X 5. 

Of course, it is also true that 90 = 9 >^ 10^ which is a different 
factorization. But if the process is continued we get: 

90 = 9 X 10 = (3 X 3) X (2 X 5) = 3 X 3'x 2 X 5. 
Likewise: \ ^ 

90 = 6x15 = 6^x3) X (3 x5) = 2x3x3x5. 
And again: j 

90 = 2xU5v=2x (5x9) = 2X5X (3x3) = 2x5x3x3. ^ 

Note, that in each case the end result, containing cnly prime numbers, is 
the same except possibly for the order in which the factors are written. 
You can veri^ for yourself that this will be the case for any number you 
try. 

^is property, which can be proved although we will not do so. here, 
is commonly stated as "The r ndamental Theorem of, Arittmietic: " 

Every composite numib'^r can be factored '^.z the product 
of primes in exactly one way except f6r the order in 
which the prime factors appear in the product. 
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. Now, hoV do we get such a prime factorization? The most straight-^ 

forward way would be simply to take^^oi^ list of prime numbers emd try each 

one in turn^to see if it is a factor of the number in question. And since, 

for example, the question '"Is 2 a factor of 28?" can be emswered by 

seeing whether . 2 divides 28 (without a remainder), we see that our^est, 

can be carried out by dividing as many times as possible by each prime' number 

in turn. Hence to factor 28,' 28 ♦ 2 = lU so 2 is a'fa^tor; li^'* 2 = 7^ 

so* '2 appears as a factor a second time; and 7 is itself a prime factor. 

In another form: 2j 28 . Hence 't\ie prime fa^ctorization of 28 is 

2]lf ' • — ' 

. . J r ^ 

28 = 2 X 2^ 7« Now look at tHe example in Figiore 17-2 and make sure you 
see why the prime factorization of 1092 is 1092 = 2 x.2x 3'x7x I3, 

Step 

1 2 | lOS^ / ' , . 

2 • 2L^ 

3 1 273 

if 7|91 
5 - ' 13 ' 

Steps 1 and 2: Since 1092 and 5I+6 are ''"even" 
. ' we know that . 2 will divide them, ' 

•Step 3: Clearly 2 doesn't divide 273 
. so we try 3> ' which v/drks, 

i 

Step Three doesn't divide 9I; nor 

does 5 (you woiild know this'^ 
, without trying since 91 doesn't 
end in 5 or O); so try 7, ' 
which works, 

?tep 5: Thirteen is a prime number 
so He dare finished. 

Figure 17-2, Prime factorization process showing 1092 =2X2x3x7x13, 

It might seem that this process of prime factorization by trying each 
prime in turn would be lengthy for large numbers. But it turns out tbat 
'trj^ing the primes through 7, for example, takes care of the factorization 
of any number up to U9 (7x7), as we have seen; the primes through I3 
dispose of numbers through 169 (13 X 13); and the primes through 5.0 
'(which have already been listed) will dispose of all lAmbers through ^00 
{50 X 50), Where prime factors are repeated, even larger numbers are 
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disposed of* In^neral, trying ihe primes through £ in the manner . 
ijiSstrated in Figure 17-2 will take care of the prime factorization of 
numbers less ,than or equal to th^ ^number p X p« . * 



Pypblems 

f \ * ^ 

hm Using the pr<5cess illulptrated above, find the prime factorization of 
^ach of the following: *^ , 

k. 105 • ♦ ^ . . ' • 

b. 75 . * • " • 

c. 320 

5. How 'far, at most, in the list of primes would one need to go in orcjer 
to find the prime factorization of 
' a. 121- . / . - 
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The Greatest Common Factor of firo Numbers 

We now know how to express 6iny composite number as 'pi product, of prime 
factors. We can then use these prime factors to find the composite factors 
of a nuipber. For example, 60 = 2X2. X3X5 shows the prime factors 
of 60. Tt\e con^josite factors of 6*0 would be 2 X 2 = 2x3=6, 
2 X 5 = 16, 3 X 5 = 15, 2 X 2 X 3 = 12, 2 X 3 X 5 = 30 and, o^ cqurse, 
2x2x3x5 = 60. In other words, composite factors of a numb^ can be 
found by forming the vaxious products possible' usihg.tHe prime factors of 
the number. : c ^ ^ ' , 

\ study of prime numberfe^'and factorization of numbers has a number 

of facets and is of great interest ILti ^at branch of mathematics labelled 
the Theory bf Numbers. Our concern at the nx)ment, however, is to use the 
results we have obtained so far tb develop just two ideas from this, part of 
mathematics that prove to be useful in workiii^ with fractions. The first 
of these is* the greatest common factor of two numbers , which we abbreviate 
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g.c.-f. For exaB?)le, given the two numbers 12 and l8 the greatest 
conmon factor is simply the largest number which is a factor of 12 and 
at the- same time a factor of 18. Ob see what it will be observe that: 



the set of factors of- 12 =' {1,2,3,^,6,12} ' and 

the set of factors of l8'= {1, 2,3^6, 9,>4^8} • . ^ 

• . The common factors are the'faeftors that appear in both sets, namely 
2> 3, 6; and of these the greatest common factor is, of course, 6, 
•"Two more exaii5)le8 are shown- in Figure 17-3/ t 

■ ' \ *■ ■ • ' ' • 

Set of factors of *20= {l,2,lt,5, 10,20} 

Set of factors of JO = {1,2^3,5,^,10,15,30} ' " ' 

Set of c^ommon factors of 20 and 30 =' (1,2,5, XO} , *^ 
Greatest connnon factor of 20 and 30 = 10 

> ■\ Set of factors of 18 = (1,2,3,6,9,18} 

S^t of faciJbrs of 2? = (1;,3,9,2?} 
Set of common factors of I8 and 2? = {1,3,9}* 
'g.c.f . of 18' and 27 = 9 ■ 



Figure 17.3. G.c.f. bl" 20 and 30 and "g.c.f. of I8 and 27. 

■ Let us now take a harder example and see how we can find the g.'c^f.. 
Suppose we want the greatest common ^factor of I80" and 1*20. You might 
want this, for exaii5>le, to know what number to divide numerator and f 
denominator by in "reducingV the fraction ^ . First note that: 
180 = (2 X 3 X 5) X 6 and 1*20 = (2 x 3 x 5) x 2 x 7. We can pick-out 
the "common block". of prime factors from each, namely 2 X 3 x 5^ Clearly, 
2x3x5 =30 will be a common factor of both numbers. FurtKenaore, 
it will be the largest such common factor, since amy larger coiBDon factor would 
Wave to .be 30 times some number which is a common factor pf both 18O * 
axi\ 1*20, and we have already used up all the common factors. To take 
another example, let us find the g^c.f, of 72 and 51*. Examine the 
solution given in Figure 17-1* and see that.you understand it: 
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(2 X 3 X 3) X 3 
(2 X '3 X 3) X 2 X 2 



5I1 2 X^ 3 X *3' X 3 and 72 = 2 X 2 X 2 X 3 x J, . ^^ 

If we group the factors as follows: 

' we see that 2x3x3 is the "common block" 
4^ of prime factors from each. Hence, 2 X 3 X 3 = lo 

must be a common factor and since we h^ve xised'up 
all the common j)rime factors,, l8 must be the 
greatest such commDn factor • ''Hence, the g.c.f. of . 
5I1 iGid 72 is 18, 

Figure 17-^. Finding the^g.c.f* of and 72, 

It should be noted that for two prime n\inbe:c§^ say I3 and 29, the 
g.c.f • of th^ two^ numbers would be 1, for 1 is the, only common factor 
of two prime numbers and so is certainly tjie^gr.eatest common factor. 

Finding the greatest common factor of • two, numbers could be regarded 
as a binary operation, for, 'jufit as with other binary operations, we start 
vlth jL- p^r ^f nunibers and. produce a third number. The table in Figure 17-5 
jthat displays the results of such an operation up to the pair * (10, 12) 
may look a bit strange to you, but if you examine it you will see that if 
you read it just as you do a jmiltiplicatign table, it does give the correct 
results. For example, looking at the cizcled results, k is the g.c.f. 
of and 8; 3 is the g.c.f. of 3 and 6; .and 3 is the g.c.f. of 
•9 and 12. * * ' ' 

g.c.fAl ' 2 3 V 5 '6 7 8 9 10 .11 12 



1 
2 

' '3 

k 

5 
6 

7 

-^i ** 8 

9 
10 




Figure 17-5 . ^ "Table" for the g.c^f. "Operation." 
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Problems 



6. Find from the ^aDle. the 'g.c^. of 8 and *'12. , Ot 10 and 
. ?• Using the process 'illustrated in Figure 17-lf find the g.c.f;- t \ 
, a. of 2ii* an& 36, , " 

of ;60 and 7^ * * \ * ♦ ^ * 

, c. 'of IfO, 48 ^ 72. ^ \ *. , 

^e Least Common ^ Multiple of ^wro Numbers * * • 

!nie second 'idea .to be considered' here is that .of *the least comnon 
P^tiple of two numbers. Now the statement "If ts fit factor of i2" also 
means that '"12 i1 a multiple of if." That 'i^, the imiltiples o^ if are ^ 
all the numbers withy if as a faptor, thus {0/ if, 8, 12, 16, 20, 2if, 28,... 
i^ the' set o*f multiples of if. ^Likewise iO, 3, 6, 9, 12^ I5, 21, 2if, 2 
i^ the set gf multiple of 3 1 The common multiples of ^ if and v3 are ^ 
sin5)ly those numbers that appear in both' sets, that is, in the intersection 
,of the two sets. Hence {0, 12, 2if, 36, .'..], is the set of common nwltipl 
of k and '3'. , Zero ^ of no intercst since 'it is a coratnon multiple of 
anjr two numbers ♦ The smallest common multiple,^ other than ze^^ ^e call 
the least commQn multiple ; in the case of if and 3 /it is * 12. • We abbre- 
viate the least coDinon multiple as I.e. m. * .v . 

To find the^l.c.m. of two numbers, say 60 and 'I08, we again begin 
by dis'playing their prime factorizations: * ' . ' " , 

,108 2x2x3x3x3' 
' 60 = 2 X 2 X 3 X 5 , 

Since any multiple 9f 60 mi^t, of course, contairj all the factors of 60, 
and any miU.tiple of IO8 must contain all the factors of -I08, any ' comiaon 
multiple of the numbers must contain all thfe factors •tontained in either 
60 'or 108. We coul^.get a common mxatiple by i imply taking So' x I08 
or, usin§ their factors, ^J2 x2x3X5Xfix2x3x3X 3,/bu;t this would 
not be the least common multiple because *we have more '2's and more •3's 
than we really need as factors for .either 60 or I08. 'Let us us e*^ only » 
the factors w^ need, namely, two 2's, three 3«s *and one 5. Hence 
2 X 2 X 3 X 3 X 3 X 5 or 5if0 will be the l.c.m. of 60 and 108. Ob- 
; examine this result in ftiore Retail observe that I08 and ,60 have a common 
;^ block of factors 2x2^3 so these must be in any common multiple. Jn 
* additio,n to these we^.need the factors 3x3 to make up. the " 108.- The ' 
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number 5 "is not in 108 and the l^c^m* must provide for *it in order to 
be multiple of 60. Henc^*, we take the coniaon factors 2 X 2 x 5^- throw 
in 



'*3 X 3 get 108, then 5 so as -to have all the factors of 60. 



^1 



The result is: ' 

. 108 

r> ^ 1 ^ J ^\ 

l.c.u. of 60 and i08 = 2 -x ? X' 3 x 3 x ^ X 5 • 

t t ^ ^ t 

60 . . • " 

Tliis construction guarantees a number that contains - IO8 as a factor, hence 
the number is a multiple cf IO8 and contains 60 as a factor, hence 
the, number is a multiple of 60, Furthermore, since orHy essential factors 
have been used, this construction gives the smallest such common multiple .of 
108 and 60 • ^ ^ 

io go through another example, let us.^ind the l.c.jn* of 18 and 30. Since 

i ' >/** 

18 = 2>r*^ 3 and 3O = 2 x 3 X 5 c»;r least common multiple must have as^Jac- 
tors one 2/ two 3's, and one,. 5 in order to contain t^p factors of both 
18 and 30. Hence the l.c.m, of I8 ^ and 30 will be 2 X 3 x 3 x 5 = 90* 
Again, yon can easily verifj^ that 90 "^s a multiple of I8 (namely 5 x 18) . 
and\a multiple of 30 (namely 3 X 30) and no smaller number is feuch a^ commoni; 
multiple^^ In working the problem ^'^for exan^^lc, 90 could be 

used as a least common de^iominator . 

As with the g.c.f . we can observe that in working with the l*c*m* we 
.start witji a pair of numbers and produce a third number, called the l«c«m« 
Hence v;e could thinlT^f this as a binary ojieration, make a table of results,- 
and investigate some of the properties of the operation. Completion of such 
1 a table is given as a problem below. 

Problems ' / ^ 

8. Find the l.c.m. of 
^ a, 12 and 18 
'b, 2k and 36 

c. 9 9 • 

d, 13 and 11 
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Con?)lete the 9 by 
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l.c, 


>m» table begun below. 




1 23- 


't 


5 


6' 7 


> 

\j y 


1 


123. 


A 


5 


6' T 


8 9 


2 


2 2 "6 




.;.o 


6 11*. 


8 18 • \ 


* 3 


3 




■15 






k 


k 




20 






5 


5 




5 




• 


6 


6 . 




30 






7 


r . 




35 






8 


8 " 








1 


,9 , 


.9 






- r 

r 





^ Some Other Properties Involving Primes , . ;^ * / 

^ ^ r . > , . * ^ 

Therefore many properties of whole nunibers, factors, primes, etc., 
beyond those discugsed here, ihere are questions about numbers, w)ilch can be 
stated, simply but fpr which the answers are not known to anyone! Just for 
fun let»s look, at one statement we knoK Is true, and one which may be .true 
or ma^ be false. We just' don't know. ' • 

1. If ^ and n are any two numbers, the product 

of tiielt g.c.f. and their l.c.m. = m X n. 1 ' 

• . ' r 

2. Any even number (i.e., any number which Is r- ' 
divisible *by 2) greater than . i^, can be^ 

expressed as the sum of two primes. 

We know for sure that statement 1* is true. ^.Ib' demonstrate this let 
us suppose that* m . is some number such that it can be factored as 
2 X 2 X (some other primes) and that n can be factored as 
2 X 2 X 2 X (some other primes). Then the g.c.f. of m and n has exactly 
two 2's in it, since they are in the'^ "common block" of factors; while the 
l.c.m. has exactly' three 2's ' in it since it must contain'ali the factors 
of n. Hence the product .of the g.c.f.. and the l.c.m. wi2l Have five 2»s 
in it ^ factors. / So will the product m X n. This same argument applied 
to each prime in 4^um gives the general statement 1. 

No one knows i/hether the second .statement is true or false.' We know - 
that 6 = 3+3, 12 =5+7, 20 = 13 + 7, 2k = 11"+ 13, etc. Kb one 
has yet found an even nuiriber which is not the\sum of two primes, but, on the 
other hand, rio one as of this writing (1563) has found' a general proof 
>pf *the statement.- • * 
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uS^ Sunrory • ^ - ^ 

, We have considered lectors, prime numbers, conq?oslte numbers, factoring, 
and^ prime factorizations. We have .ueed these to study two ideas useful 

in coiqputing vtLth fractions, nainfely the greatest common factor and the 

, I ' ' » * ■ ' ■ 

^ ^least common multiple. ' " . * 

■ , L^t ,us coasider one final exaii5>le of the ideas studied in this unit by 
looking kt 2W and 90: ■ ' ' 



2^ i 2//x 2 X 2 -X 3 

T ^• 

90 p 2-x 3 X 3 X 5 j> . 
^ J- ^ 

/ j^.c.f.rof 2k and 9P = 2 x 3 = 6 

iffc.m. .of 2k and 90 2X 2 x 2 x 3 X 3 X 5 » 36o 

ig.c.f.) X (l.c.m.) = 6 x^360 = 2l6o 
/ . m >: n = ''2k X 90 = a6o 

• - ^\ 2if = 11 > 13; 2if = 17 + 7; ^ 2^.« 19+5 

- 90 = 83 + 7 ; 90 = 79 +n; 90 = ;r3 + 17; etc. 



Exercises - Chapter 17 



1. LjjSt the primes between 100 and I5O. 



2. Express each of the /ollQwing nianiber^ as a product of two smaller 

m. 82 



numbers, or indicate that it is inqoossible to do "th^: 

a. '12 c. 31 e. 8 g. 35 39 k. 6 

b. 36 d. 7 ' f. 11..- h. 5 * J. k2 1. kl 95 



Write a prime factorization of: 
a. 15 ^b. 30 c. k^ 



.Find a ^rimfe factori^ion of: 

a. 105 c: e. ^1000 

b. '300 d. 311 ^- 301 



13 



g. 323 
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Find the greatest conaaon factor in each pf "t^e following cases • (Ufle 
the results from Problems 3 and 1+ wherever you can* ) 

a- 15, f. '30, 6h * * 

^- 13, 30 g, 12, 48 ' 

24, 36 , * h, '^♦0, 1+8, 72 ' . . 

d- 105, 300 ' -i, 15, 30, .V5 

e» 32, 48 j, 'ViO, 50, 100 ' 

a* What is the greatest common factor of 0 and 6? . \ 

,b. What is the smallest common factor of 0 emd 6? 
c. What is the smallest common factor for any two* whole numbers? 

You have learned about operations with whole numbers; addition, sub- 
traction, multiplication and division. In this chapter,^' we studied 
the operation of finding the greatest common factor. For this problem 
orOj^, let us use the symbol " A " for the operation g^cf^ Thus ^for 
^iny^yhole numbers, a and 6 and c, " ^ ' • 

a Ab = g»c,f, for a and b|| 
or a Ac = g,c,f» for a and c, ^ ' 
Example ; 12 A I8 = 6 

.^^15 = 3 > ' . 
a; Is the set of whole riumbers closed under the operati-^n ^A? 

b. Is the operation commutative; that is, does a A b = . A a? 

c* I? the operation associative; that is, does a A (b A c) = (a A b) A c? 

Find the least common multiple of the elements of the following sets. 

(Use the results of Problems 3 and k when appropriate, ) 

a- (2,3) g- {2,13) 

{3^,5) . (7,11) 

(3,7). i. (105,300) 

(5.7) , J, (11,13) 

{15,30) ' k- (2,3,5) 

{30,ilf5) 1- (61*, 300} 

a; What is the least common mxatiple of '6 and 6? 
b; What is the g.c.f, of 6 and 6? 

c. What is the least common multiple of 29 and 29? 

d. what is the g,c,f, of 29 arid 29? 
What is the least common multiple of a and a, . where a is 
any counting number? 

What is the g,c,f« of a and a, where a is* anj' counting number? 
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lO, a. • Can the greatest coianou factor of a pair of whole nunberc ever be 

the same number as the least comnon raxxltiple of those whole numbers? 
If .so, give an example. 

b. Can the greatest connon factor of a pair of whole nianbers ever be 
less than the least conaaon multiple of those nianbers? If- so, give 
an exdii5)le. 

c. Can the least coranon multiple for a pair of whole niinibers ever be 

^ less than the greatest conmon factor pf those whole numbers? If so, 

1,..-^ - ^ive an exaa5>le. 



Solutions for Problems 

1. a. 3 X 6, 2 X 9, 1 X 18 (or 6 X 3, 9 x 2, etc.) 

b, 2 X 3, 1 X 6 

c, 2 X 15, 5^6, 3 X 3.0, 1 X 30 

d, l^x li and 11 x 1 are the oni> such factorizations and the^ 
are not essentially different. 

2. a, ly2, 3, 5, 6, 10, 15 and 3O 

In more formal terms, the set of- factors of 30 = (1,2,3,5,6,10,15,30) 

b, 1 and 19 • 

c. The set of factors of 2k = (1,2,3,^,6,8,12,2^) . 

^. In addition to the primes shown in Figure 17-1, we have 53, 59i 
• 71, 73, 79, 83, 89, 97. 

h. a. 3IIQ& 

5 LH 105 = 3 X 5 x7 

b. 75 = 3 X 5 X 5 

c. 320 = 2x2x2x2x2x2x5 

5* a. 11 

b. 19 (20 X 20 = hOO so the .primes less than 20 will* suffice) 

c. 59 (60 X 60 = joOO) V 
6, g.c.f. of ^ anrl 12 k; of 10 and 5 = 5 
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a. since 2^+ = (2 »X 2 X 3) X 2; 36 = (2 X 2 X 3) X 3 

b, 12 

cl 8 • . 



A 








72 




c. 


9' 




d. 


11 X 13 = liti 
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6 


21 
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k 
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12 
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20 


12 


28 


8 
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15 


20 
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30 
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18 
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7 
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28 
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56 
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8 


8 


18 


2li 


8 
j6 


ItO 
^^5 


2lt 

lb 


56 
63 


8 
72 

* 


72' 

9 : ^ 
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^ Chapter l8 

INTRODUCING RATIONAL NLR^EERS 



Introduction 

All our wprR with numbers up to this point has been with the set of 
whole numbers; we have pretended that they are irhe only numbers that exist 
and we have seen how they, and their operatloruB behave. Our nuxnber lines have 
been marked only at the points which correspond to whole numbers, leaving 
gai^s containing many points that are not named • Linear measurement has been 
done to the nearest whole unit, which in some cases jnlght give a quite inac-"*^ 
- curate notion of "how Vig" something is, espe ially if an inappropriate 
unit is used, or it might assign the same number to twi^ things that are clearly 
of different size. A]jso, using only whole " numbers it is clear that many 
• "division" problems cannot be worked (for e;cample 3 ^ that is, the who3?e 
numbers eure not "closed" under the operation of division since division of 
whol^ numbers might not give a ^hole number answer . 

Now the problem of naming points between those named by whole nximbers' 
on the number line; the problem of (almost) getting "closure" under division 
of ^ole numbers (we cannot divide by zero); and the peed for getting greater 
accuracy in measurement are all problems that persuade us of the need to 
extend our number system to include more than the whole numbers. In the 
historical development of numbers the measurement problem was probably a 
significant motivation in forcing the extension of number systems to more 
sophistication than merely counting and numbering. 

In our extension of the number system to include what we will call 
rat ional numbers (but which are frequently called "fractions") we will pr<.ceed 
much as»we did with the whole numbers. Ihat^is, we will start right froL* • 
scratch in this chapter developing physical todels for such numbers and from 
these develop some concepts t»bout them. The next few chapters will use this 
basis to develop procedures for conqparing rational numbers, .con5>uting with 
them, and the like. To begin with we will assume only the work done so far 
with whole numbers and some intuitive notion of what is meant by the "area" 
of a region. 

In setting up physical models for rational numbers we usually begin by 
fixirg soD^ "basic unit," for example, a segment, a rectangular region, a 
circular region, or a collection of identical things. This unit is then 
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divided up into a certain nuniber of "congruent Mparts. Tt^ele parts, con„ared 

to the unit, give Ss the basis for a moael for rational numbers. 
For example, let us identify as 

our base unit a square region and 

suppose this is divided into two con- 
^ graent parts as shown in Figure l8-ia. 

We want to associate a "number" with 

the area of the shaded part of the 

square. Not only", do we want a number, 

we want a name for this number, a 

numeral which will remind us of the 

two equaa. parts we^ have, of which one 
. is shaded. JThe numeral is the obvious 
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(a) 



(b) 



Figure 18-1. Models for - • and ^ 

using a square region 
as unit. 



one, ^ , read "one-half." if our unit is divided into three congruent parts 
and If two Of them are shaded, as in Figure l8-lt, the numeral i reminds 
us that we are associating a number -^th two of three* congruent parts a. 
unit. Obser.-e that our numeral still uses notions expressible by whole ' 
n'ombers.: that is, a basic unit is di^-.ded into three congruent parte with 
two of these considered. 

In Figure l8-2, *a rectangular region serves as the unit. 



(a) 

















1 
1 





(b) 



Figure 18-2. Models for | and for 



The numeral jj- expresses the situation pictured in Figure l8-2a, namely 
the unit region divided into four congruent regions," of which three are 
-Shaded. And, of course, the numeral | expresses the situation represented 
by Figure l8-2b; the base unit divided into si^ congruent regions, of which 
five regions are shaded. 

-More con?)licated situations are represented in Figure 18-3. in each 
case the base unit is ,the rectangular region heavily outlined by solid 
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lines. In some of these, the shaded region designates a region the same 

or more than the base region, hence numbers equal to or greater than one. 

'Thus Figure 18.3a shows the base unit divided into five parts, all of which 

axe shaded* The numeral describes this model. 
• 5 
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Figure I8-3. bbdels for various rational 

numbers using rectangular regions. 

In Figure l8-3b, the unit region is divided into four congruent regions/ 
and five such regions are shaded; the numeral ^ describes this model. 
Examine the other situations illustrated in Figure I8-3 and verify that in 
each case the region shaded is indeed a nK)del for the rational number written 
under it. 
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Figure 18-^4-. Models using regions of various shapes* 



Regions of other^shapes can also used to represent rational numbers • 
Some such regions, with associated numerals, are pictured in Figure iQ-k* 
In each case, you can verifj^ that the niodel involves identification of a 
unit .region, division of this region into congruent regions, and consideratiou 
of a certain number of these congruent regions. * 

Problems * 



1. Draw TOdels for: 
2 

a. J 



12 

7 ' 

7 



f . 



0 



2* Why are the following pictures not good models for rational numbers? 
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(b) 

3. What numbers do the following models illustrate? 
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* Solutions, for the problems in this chapter are found on page228# 
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Number Lifte Models for 'Rajbional Numbers , , ^ 

Another standard physical model for the idea of a rational number uses , 
the number line. If ,^ as j,n Chapter l6, we have a ruler marked only in xinits, 
f we cannot make certain types ^of useful measurement. We would like to ^ 
able to divide the xinit intervals into equal parts. This would give us points 
between^ the unit intervals and we would like to have numbers associated 
' 'Vith these- parts. • >. 

The, way we loca'te new points on the ruler parallels the procedure we 
followed with regions. We mark off a xinit segment, then divide it into 
congruent segments. We then coxint off these parts. Thus, in order to 
locate the point corresponding -to — , we mark off the }xnV^ segment into 
2 congrueht parts and coxmt off 1 of them. (See Figure I8-5.) l^iis 
point corresponds to ^ • * - . 

1 part 



I 

T 



V 

\mit ' Figure I8-5 . 

In li^e manner, to locate ^ we divide a xmit interval into ^ k con- 
gruent parts and coxint off 5 of these parts. We have now located the point 
which we associate with ^ (Figure I8-6). 





0 



5 parts 



xinit 



Figure 18-6 , 



Onc^ we have this method in mind, we see that ve can associate a 

3 5" 9 ~ 

point on the number line with all such symbols as 5 > ^ > 5 > etc., as 
•illustrated in Figure I8-7. 
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Figure 18.7 • 



Problem 



k» Locate the poiut associated with each of the following on a separate 
n^junber line. *. 



'0 



1 



1- • 5 
h 3 ' „ 7 

• 5 , . ^-8 

I Some VocaUUlary 'and Other Considerations ^ 

The nyuribers for which our regions and segments are models are called 
rational numbers . The particular "Nj^ral form in which they' are often 
expressed is called a fraction . We have here again the distinction between 

a nuigber and numerals for this number. In general the "fractional form" 

a • ' 

— represents a "rational number" provided a is a whole number and b is 

some whole number other than zero, that is, a counting number. 

Referring to our models, we see that b, the denominator, always designates 

how many c6ngruent parts our unit has been divided into; while a, the 

numerator , indicates how many of these congruent parts are being used. One 

of several reasons why the denominator is never zero is that it *vSuld be 

nonsense to speak of a unit as being divided into zero parts ;^it surely 

cannot be di^rlded into fewer than one part. 
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Figure 18-8 shows a nuniber line on which we have located points ' 
0 ' 1 2 3 ' 

corresponding to i f i f i f i%f etc,; one on which we have located poijits^ 
0 12 3 

corresponding to 2 ^ 2 ^ 2 ^ 2 ' ^^•f which we have located^ points 

0 1 2 3 U 5 
corresponding to f f f ^ f f ^ ,^etc,; and one on which we have 

• 0 1 2 3 U 

located points colresponding ^^^^ ^B^B^B'B^ 

W- : \ 1 i^(a) 

V 0 JL 1 1 

I . I ■ I I - 



^ • ^ « • ^(b) 

2 2 2 2 2 1 2. 
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Figure I8-8; Points named on the number line. 

As we look at the number lines in Figure I8-8, we see that it seems 
very natural to think of ^ , for example, as being associated Kith the 
zero point. For we are really, so to speak, counting off 0 segments. 
Similarly, it seems natural to locate ^ ' ^ B indicated. 

Now let us put the four number lines in Figure I8-8 together, as . 
shown in Figure I8-9. 
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FigHi;e'l8-9 . 
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* In Other wprds, let us^oaiT^ out on a single 4.ine»the steps for locating 
i*. turn points corre^onding to the rational numbers with denominator 1, 

with denominator 2, " with denominator k and with denominator 8, When 

• ' ' * 1 2' k 

we do this we see, anpng other things, that , and ^ all correspond 

to the same point on the nuir^er line, or, in other words, are all names 

(numerals) for the same rational number. We see also chat , ^ , ^ , and . 

C 1 i i 

so on, name the points we have formerly nained Vith whole numbers. Furthermore 

2 1+ if 8 * 

we ^ee that fractions such as , ^ , ^ , , and the like also Harae points - 
that have 'fo2^erly been named by whole numbers. We will consider such ^ * 
matters in more detfiil dn the next chapter. 



♦ 'Exercises -'Chapter l8 

1. Using rectangular regions as your unit regions, represent each of ^the 

following by dividing up the units and shading in parts. 

3 * 7' - 

^' i 5 . . 

1+ 9' 

2. Using unit segments on numbeij lines, represent each of the fractions 
a - h of Exercise ,1. 
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3« Itost of the following figures are models for rational Aumbers. Some* 

of them are not models because the \init has not been divided into congruent 
parts ♦ For each one that is a proper ncdel, give the rational number 
wfiich is pictured. Which ones are not appropriate models? 




(a) 





1- 







(J) 



Consider the points labeled A, B, C, D and E on the numbe*'' 



B 
— 



A 



C 



"0 D" £ 

a^ Give .a fraction name to each of the points. 

b. Is the rational n»amber located at poinx B less than or greater 
than the one^ocated at D? Explain your answer. 

c. In terms of marks on this number line, what two fraction v 
names could be stesigned to the point A? 



'^228 



5^* Interpret on the number line th^ following: 



b. ' 5 ^ 



*6. Show on 'the number line the equality. 

2 3 
B = 12 



^ ' ' Soltctions'for Problems 

1. Many models will work here, these are illustrative only. 



a. 



b. 
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Ihe figures are not good models because they are not divided into congru- 

V 



ent parts* 

o 

a. 



a, < • 

0 
T 



b. < 1 • • 



c. 
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Chapter 19 
EQUIVALENT FRACIHONS 



\r 



Introduction 



We ha^e developed models for rational numbers from tvo different points 
of view; namel^ unit r^rgions and the number line. We have noted that 
fractions of the form ^ name such numbers, with the counting 'number b 
designating how many congruent parts ^the unit region or segment is divided 
into puid the whole number ^a designating how many of these congruent parts 

are ^jbeing considered. It was noted briefly that each' rational number- has 

*1 1 2 h ^ 

a varifety of fractions that name it; for ^xan5)le, g ' ¥ ' 6 B 

name the same number. It is the ramifications of this notion that we will 

explore in this chapter. 

Bectognizing* the same rational number under a variety of disguises 

(names) and being able to change the names of numbers without changing the 

numbers are great conveniences in operating efficiently with rational numbers. 

1 2 

Such a^ "addition" problem as 



by considering the equivalent problem 



r- + - is certainly worked, out most efficiently 

^ ^ 8 1 

►roblem t*W + tt: equivalent because ^ 



12 12 



0 2 o ' 

naines the same number as ^ and — names the same number as ^ « 



Equivalent Fractions in Higher Terms 

Figure 19-1 illustrates a way of using our unit region model to sh6w 

2 ' 8 ' 28 
that J and -j^ are equivalent ■ fractions , that is, that ^ and -j^ name 

the same number. First w^ select a unit region and divide it into three 

congruent regions by vertical lines 

as shown in Figure 19-la# Figure 19-10 

shows the shading of two of these re- 



gions to represent — 



If we return 
now to our unit ^region and divide each 
of the former three congruent parts 
by horizontal lines into four con- 
gruent parts, we have the unit divided 
into U X 3 = 12 congruent parts, 
as shown in Figure 19-lc. If the 





h--f-<-—\ 8 

(d) 



15 



twelfths 
Figure 19-1 



Model showing | = ^ 



8 

l2* 



unit divided in this way is now superin?>osed on the model for - , we get 

the model shown in Figure 19-ld, vhich shows that each of the two shaded 

2 

regions in the model for j is divided into four regions, .giving 
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* o 

-2 X k =8 smaller congruent regions shaded • Hence the model chowing o 
of 12 congruent parts represents the same, number as the model shovdng 
of 3 congruent parts. 

Figure 19-2 demonstrates this ,\ ^ 



same equivalence* / In Figure 19-2a, 
2 

- is shown b^' dividing the unit 0 • 2 

segment into 3 congruent parts and (b) ^ 3 

using two of these to mark a point. 



H • • h-^ 



12 



3|^each of the 3 congruent paarts *^"o' ^* * * ^ 

of the unit is now divided into k • . >w 

more congruent parts, the unit segment ^^^^ 19-2, Number I'ine model show- 

^ ing that ; 

then contains 3 x U = 12 parts while • ^ . o ' 

2 2 X k ^ 

the 2 ^original, parts used to mark 3 3x4 ' 12 * 

o " 

- now contain 2 x 1+ = 8 congruent ^^-^ 

3 ^ . 8 ^ 

paiiis, as shown in Figure 19-2b, Hence, the same point is named by -To 

2 * 

as was formerly named by - • In both* models, furtiier subdivision of a 

3 r 

unit results, in the same sort of further subdivision of those parts of the 
unit used in representing the rational number, 

.To put this in more general terms, consider the fraction ~ where 
b represents the number of parts a uftit has been divided into and a 
the number of these parts marked in the model. If each of the b parts 
is fiuiiher subdivided into k congruent parts, the unit then contemns b x k 
congruent parts, -At the same, time, each of the a parts is further sub- 
divided into k parts so that the: ^ will be a x k smaller congruent 
parts marked in the model. Hence, ^ ^ ^ represents the same number as | 
formerly did. Symbolically: . 

a _ a X k 
b " b X k 

Hence r = ^ ^ ^- - ^ > I = ^ ^ = > and so on% Such 'a process 
netn,e ^ k X ^ ?0 ' J 3 X 20 60 ' 

enables us to express any fraction as an equivalent fraction "in higher 
*" * 

terms," to use the usual terminology. 



Problems 

1, Draw both a unit region model and a nunlber line model to illustrate 
2 k 

that 3 = ^" • * ' 



♦ Solutions for the problems in this chapter .are on page 2^0, 
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2. 'Supply the missing niinibers in each of the following. 

Specify the \" used in each case to change the first fraction to 
the second. 

• 7 7 X k 28 . . 

1^ "IJH ' ^ = . ' 



3 < 6i. 
7 157 ' 



k 



Equivalent Fraction s in "Lower Terms " 

■ Expressing*a fraction in lower terms (often called "reducing" 

fractions) is simply reversing, or undoing^. theHp^cess used to express 

'fractions in higher terms. For example.^' - = ^ ^ ^ = ^ and, undoing 

20 20 ♦ 10 2 4 1 1 10/ 10 ♦ 2 5 

this process, ^ = ^^^j-^ = - . Similarly, ^ = ^jj-j-^ = | , . 

'12 12 ♦ 3 5 -1^7 1^7 ♦ 3 ^9 ^ y r -i 
3^ = ^jj^ " 5 ^ ~ = ^ ♦ 3 = T ^""^ general: 

^ If both a and b are divisible by counting 

number k, then § =• f * ^ . 

b b ♦ k 

In this case we say that the fraction r has been reduced to "lower terms.' 
It should be noted that while it is always possible to. change a fraction 
to an equivalent one in higher terms with denominator any desired multiple 
of the original denominator, it is not always possible to "reduce" .a 
fraction using a specified divisor, since one cannot always divide a 
counting number by a counting number. For exaii^le, ^ can be reduced 

•3 

using 2 as a divisor, but not by using 3, while ^ cix*mot be reduced 

5 

at all. We sometimes say that a fraction which cannot be reduced, such as 
i , ^ ; etc*, is in simplest form or lowest terms (not to be confused with 
"lower" terms). 

Putting fractions, in "lowest terms" or "sin5>le8t form" is a convenient 
skill; but its Inqportance has been over?*ated. The superstition that 
fractions must always, ultimately, be writt^ in this form has no mathe- 
matical basis, for only different names for the same number are at issue. 
» 

It is often convenient for purposes of further con5)utation or to make' 
explicit a particular interpretation to leave results in other than 
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"siiaplest" form. However, where simplest form is desired we can proceed 
repeated division in both numerator and denominator, or we can 'use the 
greatest common factor of both numerator and denominator as the k by 
which both should be divided • For, as yoxx will recall from Chapter 17, 
the g,c,f* of two numbers is the largest number which is a factor of both 
nambers (or in ether words, which divides both without remainders) and 
this is precisely what is required, Tiie examples displayed in Figure 19-j 
should be sufficient to illustrate both procedures for writing a fraction 
in an equivalent "simplest form," 



a« 



9 

12 ^ 12 i 2 ^ 6__ ^ 6 i 2 3 
20 20 * 2 10 10 « 2 5 

12 = (2 X 2) X 3 So the g.c.f. of 12 and 20 is the 

20 = (2 X 2) X 5 . "common block" of factors 2 'x .2 = 

12 ^ 12 f k ^ 3 
20 20 f k ~ 5 

lOh ^ lOh i 2 ^ ^ ^ ^2.i 2 ^ 26 26 » 13 _ 2 
2^ 260 i 2 130 130 * 2 " ^ 65+13 " 5 

2 J 10^ 2 |_260 - L the g,c,f, is the 

"common block" 
2 X 2 X 13 = 52 and 

lOk ^ lOh * 52 _ 2, 
13 250 260 + 52 " 3 



2 1^ 2 I13O 

2 |26 , 5 1^ 



Fi'gur^ 19-3 • "Simplest form" via repeated division and via 
use. of the g.c^f. of numerator and denominator. 



Pro ol ems 



For each of ^he following, give one equivalent fraction in "higher 
terms" and give three equivalent fractions in "lower terms," including 
one in "lowest terms." 

5. Why would it fet make sense to speak of a fraction raised to "nighest 
terms"? 

6. For each of the following, specify the g.c.f^ of the numerator and 
denominator and use this g.c.f. to write the fraction in simplest form. 

30 ' • . ^ 

a. T— = ^.c.f. = 



b- ^ = , g.c.f. = 

c- ~| = g^c.f. = 
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Order and Equivalence for Ration al Numbers 

Up to now we have focuseci pretty much on rational numbers with their 
various fractions one at a time. Let us look al: the possible relations 
between two fractions, each of course representing a rational number. 
Recalling our work with whole numbers, we see that there are essentiall;y 
. three relations between anCr two numerals n and m; either they are 
equivalent, that ic, tney name the same nraber; or the number n is 
"greater than" the number m (written as n > m); or the number n 
is "less tharr*' the number m (written n < m), "Less than" and "greater 
than" tell the "order" such numbers come in when counting and hence are 
called "order relations. " 

A similar statement can be made about fractions: ^ 

Given two fractions § and § one of these 
D d 

three thin^.*s muse be true: 

a c 

a- b ~ d ' ^ equivalent fractions; or 

b. the ^rational n'omber represented by ^ is greater 

than that represented by § > in which case we write 
a c 
)b > d ' 

c. (the rational n-amber named by ^ is less than that 

named by § , in which case we write r < 4 . 

d b d 

Ifow we alread^ know that two fractions are equivalent if one can be 
obtained from the oth'^r by multiplying both numerator and denominator by 
the same counting nur.oer. Hence g = ^ since ^ - ^ ^ ^ , Given two 
fractions at random, however, this test may fail. For .example, we know 
that ^ and ^ are equivalent (since both name the number one-half) yet 
there^s no way of ret-ting one from the other via multiplication of num- 
erator and denominator. Nor would thij test tell^ anything about the 
^ 68 

pair of fractions ^ and • co'^d always put both on the same 

number line aiTti see if the same point were named, or represent both in 
terms of the same unit region, but this *would surely be a tedious business • • 
V/hat is needed, both here and in what follows, are efficjLent devices that 
depend primarily on previously learned notions involving whole numbers. 

• One way to handle the problem of telling when two or more fractions 
are equivalent is simi^ly to reduce all of them to "lowest terms." For 
example, ^ = 6 I i ~ 2 ' 5 " HTT ~ 2 '* ^"^^ since the g.c.f. of 68 
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and 136 is 



68 ♦ 68 

136 t 6b 



I ; hence, | , J 



and 



68 
135 



are 



equivulent. Reducing to lowest terms, of course, does involve only oper- 
ations with whole numbers. Two other ways of testing equivalence will 
be given later on in this chapter. • 

Problems 



7. Tell which of the following pairs of fractions are equivalent. 

8 20 3^ 2 l£ 72 J. 3 

5 ' 15 51 ' 3 20 ' 95 ^' 12 ' 5^ 



7 28 



b. 



8. In which of the following pairs could equivalence not be established 
a k X a 

by using r- = \, ^ to change one of them to have the same numerator 



b k X b 
and denominator as the other. 



1 

a. 2 



13 
25 



b. 



3 



2 ^• 



3 



13 

25 



33 



3!i 

51 



Let us now consider the problem of designating the relations, less 
than or greater than, between two fractions that are not equivalent. 
(Of course, we really mean the relation between the numbers which these 
fractions represent , but it is awkward to keep saying this, so less 
precise terminology will be used on the assumption that by now^ the reader 
will know what is really meant.) Again, drawings and physical 'models 
cam be used as in Figure 19-^ to il- 
lustrate the order by representing 
both fractions in terms of the same 
unit region or on the same number 
line, then noting which region is 
largest, or which point comes first 
on the number line. But thj^ gets 
tedious and difficult for even mild- -* 



i 



3 9 



7 

9 



1+ 11 

3>y 



11 k 

9 3 



Figure 19-U. "Greater than" aid 
"less than" models. 



ly complicated cases, say the pair 

Q 

^ and g , so a standard computa- 
tional procedure using only operations 
with whole numbers is indicated^ 

Now it is surely true that if two fractions have the same denominator, 
one can tell about order (or, for that matter, equivalence) merely by 
comparing numerators. " So our problem is to find fractional equivalent to 
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the ones in queetidn, but with a *'conaaon denominator." To return to our. 
exajiiple, ^ and ^ / this means finding a common denominator that is a 
multiple of Ih and "a multiple of 8, then changing jthe fractions to 
"higher terms" with this denominator" in the usual way. Now there are 
many numbers which are multiples of both 8 and^ Ik (the product 8 il+ ' 
is certainly one such number) and any of these nua^ere vpul^d >serve 'oiu-^purpose, 
but it is usually most efficient to use the smallest 3ach coiianon miil.tiple. 
This brings us to the "least common multiple" (l^cra.) discussed in Chapter 1?, 
Or, in other' words, the problem of finding a "least comiaon denominator ""for 
two fractions is e:<act3y equivalent to finding the "least common multiple" 
, of their denominators. You will recall that this is done by factoring each 
number into primes^ then constructing a number so that the factors ,of each 
will be included in the new number. In the present ceze, lU = 2 X 7 and 
8=2x2x2 so the l,c,m. must have as factors three 2»s aiid one 7; 
hence, the l,c,m. of 8 and 11+ is 2 X 2 X 2. X 7 = ^6, The complete 
problem in convenient computational form is displayed in. Figure 19-5 • 

9 ^ 9 ^ ^ X 2 X 9 ^ 
l^" 2X7" 2X2X2X7 "^fS • 

5 , !) ^ 7x3 _ 
o 2X2X2 7X2X2X2~5 

9 =s 
Hence: jij" > ^ 

(Note that the l.c.m, of 8 and Ik is 

2x2x2x7, so the factor 2X2 

must be supplied in the first fraction, 
.and the factor 7 in the second fraction,) 

Figure^ 19-5. Finding the correct order relation for, ^ and | . 

Observe that for purposes of computation it ^is convenient to factor 
the denominators, -:hen construct fractions with ^he lowest common denominator 
by supplying the "inissing" factors i:xom the l.c^ra, of the denominators • 

Note that thii. same procedure would also take care of equivalence of 
two fractions, for if the two fractic^ns'.had the same nu'Lerator when both 
were written with a common, denominator, they would surely be equivalent. 
This is the second method of testing equivalence which was promised earlier 
in this chapter. 
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A third method for testing vhether or not twc fractions, are equivalent 
suggestea by such exanples as those in figiire 19-o. 



•and 1 X 4 = 2 X a ¥^ 1X100 = ^X25 



^ ana i A ^ = ^ A lJ.*^ioo 

^Xj^ and 7xi6,= 8xili and U x 39 = 26 x 6 

(i.e. 112 = 112) ' (i.e. I56 = 15,6) 

Figure 19-6. i3xan?)le6 showing that equivalent 

fractions have equal "cross products." . 

4 

It is true, as the execn^les suggest, that if we have two equivalent fractions, 
the so-called cross products obtained by multiplying the first numerator 
times the second denominator and the first denominator times the second . 
numerator give the same number. Purthermore, if we haVe twoy^iactions for 
which it is not known whether or not they are equivalent, we can find out 
by conqputing and conqparing these cross products. In other words: 

Given two fractions ^ and f > f = f ^ / 

if and only ifaXd=bXc. 

A demonstration of why .this should be so is given by considering how. 

you might express any two fractions , ~ and ^ as fractions with a common 

denominator. Now a common denominator, though possibly not the lowest common 

denominator, is surely the product, b X d, of the two denominators. For 

example, a common denominator for ^ euid ^ is 3 X ^ =-12, a common 
1 1 

denominator for ^ and g * is U X 8 = 32, and so on. If we express 

r • and ^ with the common denopiinator b X d, as shown'below, the two 
D a 

numerators turn out to be a X d and b X c; which are t'he cross products. 

a * a x^d c b X c 

Since the denominators are the same, the fracti6ns will be equivalent Just 
in case these numerators are the same. A procedure similar to this ife useful 
in working with ratios and proportions, as vil}. be discussed in Chapter 2k. 



Problems 



9. Use the procedure illustrated by Figure 19-5 to tell whether the first 
fraction of each pair^given below is less than, equivalent to, or greater 
than the second fraction of the pcdr. 

' °' 63/28 



I? ' l5 B ' 12 

10. By con?)ar^.ng the "cross products" tell which of the following pairs 
of fractions are equivalent. 
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A Nev Property of Numbers 

Rational numbers are different in mariy ways from whole numbers. .One 
such difference is apparent if we recall that fo:r any whole number one can 
always say what the "next" whole number is and then ask, in a similar vein, 
what the "next" rational number is after any given ratfpnal number. For 
exan?)le, k is the next whole number after 3, 'IO69 is the next whole 
number after IO68, ' and so on, but what is the next rational number after 
^ ? If is suggested as the next one, we can observe that i = A 

2 8 2 12 

3 12 ' T2 surely, between | and |.. Hen'S^, ^ has a 

better claim to being next to | than does | • .*If it is then suggested 

that Y2 ^® regarded as the next number after ^ , we can obseirve that- 

1 12 . *7 Ik 13 ' 1 7 

2 gr ^ ]5 = ^^o^^^-^^is-tJloser to ^ than is . Oto carry this 

one step .further, we can squelch anyone who suggests as being the 

next number, after | by pointing out that | = ^ and so thkt 

^ is more nearly "next to" | thwx is |^ . It is clear, that this process 

could be carried on indefinitely and, furthendore, would apply no matter * 

what rational number was involved. O^iafc is, we can never identify a 

"n.ext" rational number after any given rational number. A similar argument , 

TOuld show that we cannot identify a number "just before" a given rational 

number. 

A number line with a very large unit is showa in Figure 19-7 to illustrate 
the* process we went through in searching for tlte^umber "next to" | . 

4f 15 t 
M i4 3 

' i'r^ ' 

0 J-t ^ I 

^ u 

Figure 19-7* There is always a number between 3 
^ and any proposed "next" number. 

.ftnother way of expressing what we have been talking about is to say that 

between axiysjbiwo rational numbers , no matter how close together thej^ axe, 

there is always a third rational number; in fact, there are more.rational 

numibers than we could count. MalthematicicCns sometimes describe this by 

saying that* the set of rational nunibers is "dense." The word is not 

iji?)ortant to us, but is descriptive of the packing of points representing 

rational numbers closer and closer together on the ntmiber line. 
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Problems • * , 

!!• Name the rational numbers associated with the points A, B, C, D and E 
below, where A 'is halfway between 1 and 2, B halfway between 
1 and A, etc. 

e( C A 

^ " — ^ ^ ^ 

0 1 D B • 2 

12* How many numbers are xhere between 1 and the number associated with 
point E? 

Summary • 

Any rational number can be represented by a number of different 
fractions, all of which are said to be eqiUvalent. Any fraction ,can be 
changed to an equivalent fraction "in higher terms" by multiplying both 
numerator and denominator by the same counting number factor. Some f ractio^ 
can be changed to equivalent fractions "in lower terms" by the inverse 
.process, namely dividing both numerator and denominator by the same counting 
number. If a fraction has no common factors in it^ numerator and denominator 
it is saili to be in "lowest terms" or "sin^jlest form" and any fraction can 
be changed to this form by dl/iding numerator and denominator by their greatest 
common factor (g.c.f.)* Given two fractions, "equivalence," "greater than" 
or "less than" can be specified by changing both fractions to fractipns hav- 
ing a common denominator* For this purpose it is convenient to use the nqtion 
of le^^^t common multiple to find a least coramon denominator, especially since 
the construction ofAhe l.c.m. ^via prime factorization of the denominators 
clearly indicates the multipliers that should be used in getting the equivalent 
fractions with the required denominator. As another way of testing equivalence 
of two fractiofis, we showed that | and ^ are equivalent if and only if theii* 
"cross products" are equed, that is, provided a X d = b X c. 

Finally we have shown ^hat between any two rational numbers, no matter 
Viow close, there are other rational numbers. Among other things this means* 
tkat, unlike^ the whole numbers, one cannot identify the number that^omes 
"jW' before" or "just after" a given rational number. 

wen with this fairly detailed account we have not toM the whole story 

with respect to numerals for rational numbers, as you know. For example, 

1 h 

there are so called *"mlxed number" names such as ^2 ^ ^ etc., which do 
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not have the fraction form. We will deal with these in the next chapter. 

'Riere are also decimal' names, such as .7 for ~ , .07 for — and 

10 ^ loo ' 

,80 on, that we will take up in Chapter 23. 



a , Exercises - Chapter 19 

r « 

^. Tell which of the following fractions are in "sini)lest form." 

^ 11 J_ 12 510 7 V12 10 13 2 
12 ' T ' 12 ' 13" 513 ' 512 ' "T ' 12 ' 26 ' 3 

2. It is true that in eaclr^action where a prime number appears in either 
.the numerator or the de*)nlinator, the fraction is in lowest t^rms un- 
less the <;ther,part of the fraction is a multiple of that prime/ 

a. Which of the fractions in Exercise 1 demonstrates the truth of^ 
this statement? 

b. Explain why the statement must be true. 4 

3« It is often possible to tell which of two fractions is largest Just by 
haviTig a clear conception of what is meant by the fractions, thinking 
about them as they would appear on the number line is often a help in 
this. For each of the following, first make an educated guess about 
the order, then use some other means to check your guess, y 

^* ^ ' 23+ ^,1^ ®' M ' ^ ' ' 

V ' 11' 12 ^ 17 1 

. 25 32 * 2 



V 
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In each of the following, the order shown is the correct one. 

A. Under edch pair write the two cross products a X d and x c and 
insert the correct symbol* between these cross prod- 
ucts, (The fi^^st one is done foi^you#) 

B. Exaniine your results and see if you can state a "cross products test" 
for the correct relation < or > between two fractions that are 
not equivalent. 

i<f 12>T2 
3 X 5 < 6 X 3 



^ f 337 ^ 1&7 



Soluti9ns for Problems 



1, For example: ft 




or 



k» Higher terms; many answers, e.g.: Lower tenns; any of these: 

Ii8 -72 2to ^ ' 12 8 6 4 2 

^- 72 ^ 105 ^ 3^ ' * IB ' 12 ' 9 ' ^ ' 3 



^ 60 180 2k0 
^- 120 ' 2lJ0 ' TO ' 



21 12 i- ^ 
30 ' 20 ' 12 ' 10 ' 



1 

' 2 



Lowest terms: 

2 V 

3 

1 

2 ■ 



Since in- - = f ^ ^ k can be any counting number, there is no "limit 
b b X k 

to how large the numerator and denominator can becpme. 
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, 2k ♦'12 2 ^ no 

^- 3m2 = .3 ^ ^-"^^^ 

7. a, b, d 

®* ^* i ^ M i i cannot be changed directly to || . 

9 33 3 

^* 12 W ^ 1+ but no whole number multiplier k of 9 and 

' . will give 33 and lf4. 



9. a. 



b. 



6 6 6 x 8 kQ 

if " 2 X 7 " 2x7x5 ^ T12 



and U8 ^ 1+9 /|o ^ < ^ 



X - ^ - 7x7 h9 
16 ^ .2x6 " 2 X b X 7 ^112 

^ - ^ - 6x3 18 
8"2X2X2'' 2x2x2x3 = 2? 69 

so TT = r4 

9 X 2 _ 18 

12 



2X2X3-"2x2X3x2''2ir^ I 

c ^ - 30 , 30 X (2 X 2) 120 
• ^'3x3x7" 3 X 3 X 7 X (2 X 2) ' s 3^ i5 

}li 13 X (3 X3) 135 

28 2sX 2 X 7 " 2 X 2 X 7 X (3 X 3)' = ^ 

10. a. No, since 3 x 52 U x 36 

b. Yes, since 9 x 100 = 20 x I+5 = 900 

c. No, since 11+3 x 103 = 1U,729 while I3 x 10^3 = 13,550 

11. A B C D E 

^ I ( or li) ^ (or ij) Ijor ij) g (or l-^g) ' || (or 1^) 

12. More than can be counted (actually "infinitely many"). 



Chapter 20 . ^ 

^ADDmON AND SUBTRACIKEON OF R/VIEEOML . NUMBERS 

* i 

Introduction • • " 

We noVr have ht hand. the rational numbers and/some physical models 
of them. know something about ordering them with respect to "greater ' 
than" and "iea^than;" we can tell whether two fractions are equivalent; 
and we can change fractions to . equivalent fractions in "lower term^» or 
"higher terns." Tlie next natural step is to consider- the ordinary binary* 
operations with respect t6 ratibnal numbers. -That is, can we add, subtract, 
multiply, and divide using rational numbers? If so, how, and do the same 
properties appl3( as for addition, subtraction, multiplication and division 
of whole numbers? In considering these questions we must keep the following 
things in mind:' 

1* We have already observed, using the number line model, that. 

, ^ - such fractions as ^ , ^ , ^ and' the like, name points that . 

are n^d by whole numbers; that such fractions as i . ^ 

. k 1 2 * 13 ' 

and, in general, ^ all name the point named by 1; and that 

0 0 0 * 0 

1 ' 2 ' 15 ' general, - -all name the point named by 
0. Since all whole numbers are also rational numbers- -though 

^ , of course not all rational numbers are whole numbers--we will 
want to make sure that the ordinary properties still apply. 
For exaii5)le, "addition" should still be commutative and as- 
sociative and the special properties' of 0 and 1 should 
I still be present.' ^ 

2. A rational number has many names, hence we want to be sure that 
the results of a binary operation do not depend on the par- 
ticular names we choose to use for the two numbers involved. 
In other words, we want ^ + | to be the same number as ^ + A , 

Incidentally, since we will be talking irpth^ chapters that follow 
about rational numbers, the word "number" is to be^ taken until further 
notice to mean "rational number" unless specifically designated otherwise. 
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Addition of Rational Numbers 

For two fractions with tno same denominator, tie matter ->r addition 
is easily cisposed of and, for small denominators,- ph>rical models of the 
process are easy to draw. As one :>uch model, ve might i h.l:i.k of « -i^ase^ 
a scnool, and a store alon^j a straight road as shown in i-igore 20-1. 





\ — r 



Figure 20-1. 

2 



2 

If it iii i of a mile from the house to tbe school and - of a mile from 
th» school to the store, it is easy to see tl.at it is ^ o^ a mile 
from the house to tne store. Otaer addi-.i.n rroble.ns, . itn models that 
represent Lhei.i,'are shewn ii ti.e ii^'^rc 20-2. In each case, both a number 
xin? r.odel and a model usin^j onit re/lciib ai-e fe,iven. 
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10 



J. .5 11 

10 .10 15 

Figure 20-2. MDdels for afldltlon of rational numbers. 



ERIC 



2115 



243 



From these exazi5>les we see that the way to add fractidns having the 
same denominator is simply to add the numerators. Let us, then, make 
the following definition: 

Given two "fractions ^ and ^ with the same 



denominator b 



Problems* 

1. Fill in the blank spaces to make each example fit the pattern given 
by the definition above: 



3 + .8 

-ir- = ]r 



1^6 7 
^- -15 * T5 = "TF" = i5 

k 5 k 9 
c. -^^-^Tj-rf 

2. We know that | = 3I and | = • Show, using the definition 

1326 
and "reducing" your answers that ^ g = i5 i5 • 

The way to deal with fractions that do not have the same denominator 

is, of Hiourse, siii5>ly to use equivalent fractions that do have the same 

denominator. In any such problem a'number of choices 'are available. 

1 i 2 3 k 0 12 , 18 . 

For exainple | + 5 "^^ht become ^+^5 or 12 + 12'°^ 3^ 3^' 

or what have 'you. It is usual, as you know, "to find the least coninon 
denominator, that is, the l.c.m. of the denominators^ of the fractions, and 
use the fractions changed to that denominator in doing the addition. Since 
least coranon denominator was discussed at some length in connection with 
equivalence and ordering of fractions in Chapter 19, we will not doal 
with it further here. 

The definition f + f = also gives us a way of dealing 

with so called '^mixed ^ujnerals," such as ^ . Such a numeral is read 

1 ^ 

•»two ^ one-half " and really designates the sum 2 + ^ . -Since ^ is 

1+ 1 

• equivalent to the whole number 2, this becomes ^ + ^ or, by our 
definition, ^ = | . Every such mixed numeral can be written as 
a fraction of the form ^ , and so we could also deal with the equivalence 



♦ Solutions to problems in this chapter are on page 255- 
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of mixed numeral and fraction names for rational numbers greater than 1. 
Observe that this also vorks in the other direction by considering our 
definition in reverse as = ^ . = . example: 

1 = Ilia - ii + 1 _ o ^ 1 ^ 

2 2 -2*2-2 + 2 = ^2 
^ k + 1 k 1 1 1 

7 = ? * IT = 1 * IT = 1? 

11* _ 12+2 12 2 , 2,2 

In computing with mixed numerals one can either regroup using the 
corrmitative and associative properties (which ve prove in the- next section) 
in order to work with the whole number and fractional parts separately, 
or one can change the mixed numerals to ordinary fractions and compute' 
using these fractions. 

Examples of several addition computati6ns, some in vertical form and 
seme in horizontal form, are given in Figure 20-3- Of course, we do not 
ordinarily show all these details. 

- 21 + 16 _ 37 _ 24 + 13 2k 13 1? 1:, 





7 

E 


.2 = 

3 


21 ^ 16 
2K * 2? 


b« 




+ li 








*4 





35 _ 30 + 5 30 5 5 



e. 



■ 2 ,h 
h— = h-^ 

i b 

il - ,1 - 

X = 7 _ 3x7 21 

1« 2x3x3 3 X ,(2 X 3 X 3) =^ 

JL _ ^ _ 2 X i» 8 
2"^ " 3 X 3 X 3 2 X (3 X 3 X 3) = 57 

29 

Figure 20-3 . Some sample additions. 
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Problems 

5, Change each of the following pairs of fractions to equivalent 
pairs hav^iiig the lowest common denominator. 

23 1^ 5 Jl. JL 

^- 3 > ? 15 ' 18 13 ' 11 

Add:. 7^+9^ using the vertical fqrm model of Figure 20-3d. 
5. Add: ^ + ^ using the horizontal form model of Figure 20-3a* 

. The Properties of Addition of Rational Numbers 

The definition ^ ^ = ^ h ^ gives us the means to show that 
addition of rational numbers commutative and associative. Once this 
is done we can apply these properties repeatedl;. in any computation* Tne 
effect 'Of this is again a sort or "do it whichever va^' >ou please" prin- 
ciple which indicates that so lonr as onl:^ addition is involved it makes 
no difference in what order >ou choose to add pairs' of numbers or how you 
choose to group the numbers for purposes of addition* Hence, the two. 
addixions indicated in Figurt 20-1+" should give the same result, since 
exactly the same numbers are involved, and the second ic clearly easier 
to handle than the first. 

5 3 5 ^- 1 1 20 27 ^ jO 8 9 6 _ 100 _ ^ _ 2? 

Figure 20 . Application of a "do it whic:iever vav you please" 
principle to an addition problem. 

We can convince oujGselves of the vali-dity of the commutative and 

associative properties of addition of rational numbers either via the 

number line, as illustrated in Fifures 2O-5 and 20-6, or by working a 

2 H 2 + if 6 , 
number of specific examples; e.g.. ^ + T ^ — j — " j wniit 

h 2 h 4 2 6 2 U _ U } 2 



9 43 
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(a) (b) 

H*^ H-H : H— |-^|h 



< I t 



12 0 1 

10 



•"8^ H ^ 



(a) 



Figure 20-5. An exanqjie of the commutative property of addition. 

I — 1—^ 



(b) 



i-^ S 



0 \ 1 ^ 



'8 - 8 ' 8 



^8 8^ 8 8 ^8 3^ 

Figure 20-6 • An exaniple cf the associative property- of addition. 

To get a general "proof" that ? + ^ = r + § , that is, that 
addition of rational numbers is commutative, we proceed as fpllows: 

the definition ^ + § = ^ ^ ^ . Since a and c ire whole f 

numbers .and ^ince addition of whole numbers is commutative, a + c / 

+ a 

can be replaced hy c + a so our last 2xprePsion becomes — . 

Using our definition in reverse this becomes r + r . Written 

b b 

on one line this chain of events is: 

a c a+c c-^a ca „ a c c a 

— - — = — _^ — = — + ^ Hence, r + r = r + r • 
bb b b bb 'bbbb 

Observe that our demonstration uses only facts already' known about 
whole nujnbers alon^ with the definition of addition of rational numbers. 
Proofs of other properties are left to the reader in the problems that follow. 



2'*^ 9,1 q 
^ 
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Problems 

6* A proof that addition of rational numbers is associative is given 
below with some blanks in, it. Fill in the blanks. 

' + -W ^ = ^ ^ ^ + ( ) + d _ a -f (c -f d) 

^b b^ b b b " , b " b 

?• At what point in the proof^bove is the fact that addition of whole 
numbers is associative used? 

8. In. what way does the definition of addition, r + r = ^ ^ ^ > and 
\ ' b b b ' 

the fact that the set of whole numbers is "closed" under addition 

assure us that ^addition of rational numbers is "closed"? (All we need 

to be cure of is that addition of two numbers of the form r i 

D 

a a whole number and b a counting number, gives a fraction 
which is also a whole numiber over a counting number.) 

9* Zero has the property that for whole numbers a + 0 = a. An analogous 

a a 

property for rational numbers would appear as + 0 = - , Renumbering 

0 D D 

^that 0 can be represented as ^ , and using the definitions of , 

addition of rational 'numbers, show that this addition property of 0 
holds for addition of rational numbers. ' . 

Subtraction of Rational Numbers 

Turning to subtraction of rational numbers see that if the de- 
nominators axe the same, e. definition similar to that for addition suffices. 

Given two fractions ^ and ^ , whore r •> r > 
b b ' b b 

a c a - c 



b b b • 

You will recall from our discussion of ^*order" that the specification 
r > r assures us that for whole numbers a and c a > c, so that the 
subtraction a - c can be done. 

An alternative way of defining subtraction would be to follow the 
model given by the definition of subtraction of whole numbers in Chapter 6, 
namely, "a b is the vhole number n for which , n + b = a." ^prans- 
lating this using rational numbers, a definition of subtraction would 
"appear as follows: 

r - r is that rational number ^ for which r + r = r • 
b b r b b b b 
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In Chapte.^ 5 this was described as the "process of finuing an unknown addend. 
We also recognize this as the specification of how we "theck" the supposed 
answer to any subtraction problem,, 

The definition " S « £ - ^ ^ ^ " gives us an inmiediate way to 
find an answer while the second defir>ition, " ^ - ^ is that rational 
number B for which B + c ^ a ^t. ^^^g^^ ^^^^ ^^^^ 

subtraction of whole numbers. We can show that we can use either defini- 
tion according to our convenience by shoving that the result given by the 
first definition meets the specification set down by the* second definition. 
This is done below: 

Using the first definiti^on we get r - ^ = ^ ~. ^ - £ . 

b b b b 



Putting this in the second definition, 



B + ^ - a • c . c _ (a - c) + c \ 
b b b b b • ^- 

But (a - c) + c = a by the inverse property of addition 

and subtraction. Hence, " ^b ^ " ~ h '^^ required by 

the second definition. 

As to models for subtraction, we can refer back to Figure 20-2 and 
think in each case of "taking apart" or "undoing" each of the addition 
problems illustrated there. Such a process would result in a subtraction 
problem associated with each such addition problem as ^hown in the listing 
below: ^ . 

Addition problem from Figure 20-2, Associated Subtractiorf^oblem, 



10 10 10 lo ■ 10 = To 

As with addition, the subtraction of rational numbers that are named 
by fractions with different denominators can be handled by changing .them 
to fractions with the same denominator. Again one finds a common denom- 
inator, and preferably a least common denominator, then uses the principle 
a k X a ^ ^ ^ ' 

b " k X b ^ required fractions with this common denominator, 

Tb carry through the program of verifying properties begun with 
respect to addition earlier in this chapter", let us verify that properties 
analagous to those we listed for the subtraction of whole numbers in 
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Chapters 6 and 7 hold for subtraction of rational numbers • These properties 
are listed in Figure 20-7, along with their analagous statements for 
rational numbers and some examples using rational nuznbers. We assume , 
in this listing that the usual cautions about zero denominators and making 
sure that* subtraction is possible have been made and observed • 



Name of Property stated 
subtraction for whole numbers 
property 

(a - b.) + b = a ^ 



Inverse 
Properties 



(a + b) - b = a 



Property stated for rational numbers 



/a C\ . c a /3 . 2\ 2 

- = e.g., Vfi - 5; + 5 



^b b^ b 



a / ' 

^ , e • 3 • , \^ 



4. 2\ 2. 



Properties 
of Zero 



a - a 



f - ^ = 0, e.g., g 



'888 



a a ^ 

b -^'^b'^-^- 8 



0 5-0 

8 " ,8 



1 
8 



Regrouping (a + b) - (c + d) 
Property « (a . c) + (b - d) 



e.g., 3f-l|=(3^^)-(l^|) 



(3 - 1) M§ - I) 



2.i 



•Figure 20-7« Properties of subtraction. 

You will recall from our discussion in connection with the subtraction 
of whole numbers that the inverse properties state that subtracting a 
nuxnber and adding the same number are inverse operations^ We sometimes 
describe this in terms of "doing and undoing." It is easy to verify, 
say on the number line, that the corresponding notions for rational 
numbers are valid as well. 

Ttie i)roperties of zero .axe easily verified, 

Tke regrouping property was used in Chapter 7 both to show the 
relation of our place value system of numeration to the ordinary compu- 
tational processes we use for subtraction of whole numbers arid to justify 
"borrowing" or "regrouping" in such con?iutations. Similarly, this property 
gives us the means to justify computational procedures in working with 
rational nunibers. This is best explained by examples, one of which .appears 
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in, the listing of the property in Figure 20-7. Two more such examples are 
worked out in some detail in Figure 20-8. 

a. 105^ - 2I5I = (105 + ^) - (21 + ^) 

= (105 - 21) . - ^) 

= 8J^ or .81*1 (since ^ = 1) 

b. 27^ = 26. 1^ = 26. ij.3. = 26.g 



12 + ^1^ or 



Figure 20-8* 



Piroblera 



10. Following one of the exainples civen, show in some detail how one would 
, use the regrouping pi'operty in doing the subtraction lUi - 7^ . 

Summary 

In Chapters l8 and 19 rational numbers, Various physical models, 

equivalence of fractions, ordering of raMonal numbers, and such notions 

as raising. to higher terras, reducing to lower terms, and lowest common 

d^nomixiator were discussed. The focus there was on individueJ. numbers or 

relation^ between such numbers. The present^ chapter beg^ to focus on , ^ 

binary opearatiojis using rational numbers, and inpS^icular, the operations 

of ''•^iditdlpn subtraction. We Supplied definitions of the^e operations 

for the case of* fractions with the same denominator and obsery^d that any 

two fractions could be made to ,f it ^hj^se .definitions via e^ivBlent ' , 

fractiorJfe and c.rrjnon denominators. Since such a definition as r + ^ =» -^^-r- 

/ f b b . b 

gets us back immediately to ordinary addition of whole numbers, it is 

easily/ verified that oiir "new" operations using our "new" numbers have 

essentially t\ie same properties as the addition and subtraction that we 

have become accustomed to. ^ 

"Mixed numerals" and varioUs computational devices were briefly 

dir-cussed. 
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Finally, it should be observed that the various conceptual models 
for subtraction that were discussed in Chapter 6, such as "take away" ^ 
versus "how much ncre/' are also applicable here, even though they were 
not discussed expllcfitly • i 



/ Exercises - Chapter 20 

1. Change ^ and — to fractions with conmon denominators so that 

^ tne;:denomlnator,^ iSJ . ^ /' * , 

a. '^a number between 25 and 355 

b. a number between UO and 90. 

1 3 

2. Find equivalent numerals with common denominators for ^ and ^ , 
so the denominator is: 

a« A number 'between 100 and I5O; 
4 b* a number less than 50, 

3« Find fractions with lowest comrnon denominators for each set o^ fractions 
below; 

Draw number line diagrams to show each of these -sums: 

3 ^ 
^•2^2 

5. Draw a diagram usin^^ unit regioi.c for each of the sums of Exercise \^ 

6. What sums are pictured in each of the following diagrams? 

^ -I ^ 



(b) 



0 12 



\ ^ 
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?• What mathematical sentences are pictured in^ the diagrams below? ' 

(•) 



-i 



(b) 



(c) 



6 
5 



8. 



a. 



What is n, if (| - |) - I 



n? 

n?' 



What is rx, if I - (| - |) 

(l-i)-l-l-(i-l)' 



r 



9. 



d. Does the associative property hold for subtraction?. 

Do each of the following in the form indicated by the way the problem 
is written (vertical or horizontal), then express the answer as a 
fraction in lowest 'terms or as a mixed numeral as appropriate. 



b. 



e. 4 



4 



■ f . 



7 
8 



Solutions for Problems 



a. 5 b. 1, 6 c. 17, 17 

2^6 2+6 8 1 



2. i + i = 1-L3 = _ 1 . 
8 8 8 8 2' 
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a. Y2 ^ T2 l.c.m, of 3 and h is 12) 



^ „^ 1^ _ 1^ X (2 X 3) „ 8Ji 
15 ~ 3 X 5 " 3 X 5 X (2 X s)"" 90 

2x3x3 3x37x5 90 

l_ 1 X 11 11 
^" 13 " 13 X 11 " ]J3 

1. . 1 X 13 ^13 
11 ~ 11 X 13 IS3 



1^ 



20 

I + 5^ - i!t + - k^? _ 162 + 17 _ 162 17 17 ^ JL7 

6. d; a + c; c + d 

7. In going from the numerator . (a + c) + d to the numerator a + (c + d) 

8. Closure under addition of whole numbers assures us that the number 

a c 

a + c is a whole number. Since b is a counting number, — ^ — is 
surely a jj-ational number. 

^•b " b b b b 

10. .Either: ll+i - 7| = (13 + 1 + |) - (7 + |) = (13 + |) - -(7 + |) 

. = (13 - 7) + (| - |) . 

- (13 - 7) m| - |) 

= (13 - 7) + (^) 
= 6.3 

= 4 or 6| 



or: li^i = 13 + I + I = 13 + I = 13 + I 
-7i:=7+| =7+1-7+1 



6.3 , 63 or 6| 
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Chapter 21 
MJLTIPLICATION OF RATIONAL NUMBERS 



Introduction 

In the Icist chapter ve defined addition for rational numbers in a way 
that used only operations on whole numbers and ve shoved that this addition has * 
such properties 6is closure, commutativity and associativity that are character- 
iftic of addition of vhole numbers. Similarly, ve defined subtraction of 
rationfiil numbers in terms of operations on vhole numbers and shoved that the 
expected properties^ are applicable. In each case the binary operation in- 
volves taking tvo numbers and associating vith them a third number, say tHe 
"siim," or "difference." ^Our tasks for multiplication of rational numbers are 
clearly of the same sort. With each pair of rational numbers ve vant to associate 
a number called the "product." We vant vays of doing this that involve only 
previously learned operations and concepts. AM ve vould like the properties 
of such a multiplication to be pretty much the same as those of the now familiar 
multiplication of vhole numbers. Furthermore, in order to be consistent vith 
our efforts so far, ve vant to find physical models vhich justify and give 
content to^he procedures ve develop. 

Now mu^to lication of rational numbers is really quite ^ different thing 
from multiplication of whole numbers and the models for multiplication of whole 
numbers do us Jkry little good. "Repeated addition," for example, is all 
very well for 6x3 = 3 + 3+ 3+ 3+ 3+ 3 and can even serve for 

^^5''I'*"I'*"I'*"I'*"5'^I"f* ^^^^ at all for i x 6 

because it is surely nonsense to speak of "6 added to itself ^ titaes." 

Even* if we assume some sort of commutativity to make ix6=6xi to get 

us out of this pickle, we are in a hopeless bind if we then €isk about r x i . 
Nor is the "n x m array" model of much use, for while it is eaisy to speak 
of 6,x 3 as meeining the number of things in an array with six rows of 3 
things each, it is difficult to find a sensible statement to describe a 
^ by y "array" of things. Teachers must surely be aware of such difficulties 
themselves in order to help youngsters understand this operation which has the 
same name as and similar properties to the corresponding whole number operation 
but \^ich is quite different conceptually. 
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Models for Multiplication 

The principal models available to us as a basis for defining a 

"multiplication" for rational numbers are closely tied to our intuitive notiona 

of the meaning of the word "of" in such statements as " i of them;" 

p d — 

of the I gallon of milk," "find what part of a mile |,££ g of 
mil^ is;'* and so on. Let us then show some models using an "of" operation, 
then define multiplication by identifying it with this operation. Admittedly 
this sounds like a rather slippery procedure, but if we are to provide phy- 
sical models in terms of concepts now 
available to us, it is the only pro- 
cedure we have. The alternative is 
to give a purely abstract definition 
using already known operations. But 
in this book we have avoided whenever 
possible the making of abstract defi- 
nitions unsupported by "models, as we 
probably should in teaching youngsters. 



(a) 



Suppose we want a model for 
" I of i " in terms, say, of a 
unit region. The first step, familiar 
to us by now, is to represent as 
one of three congruent parts^ of the 
unit region as shown in Figure 21-la. 
Let us now regard the region represent- 
ing ^ as, in a sense, a unit region 

^ 1 
itself and represent ^ of it by 

marking 1 of two congruent regions, 

The resulting 

is 1 



(b) 



Figure 21-1 



(a) 



as shown in Figure 21-lb. 
region, representing ^ 
of 6 congruent parts of the original 
unit region, as can' be seen from 




1 
5 



Figure 21-lb. 



Hence ^ 



Similar 1>, Figure 21-2 shows 
be 2 of 15 



I 



1 — I — r 

- J. I- - I . 

l--t -T 

—1 I L. 



2 J. 

^ of - , which is clearly shown to 

3 — 5 



congruent parts of the 
unit region we started with. Hence, 

3 5 - 15 • 



3 



Figure 21-2. Model for -r 
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Likewise, Figure 21-3 first represents 
^ in terms of a unit region, then 

sh6ws ^ of the region r<%presenting 



(a)« 



(b) 




of 



Figure 21-3. ^fodel for ^ of 



20 

30 



^ ; with a result irng region that is 
20 

— of the unit region. 

Observe that we work such problems Just construction of congruent 
regions using directions given in terms of counting numbers; then get our 
answer b> counting the number of resulting congruent regions in the unit 
region and how many of these are marked. That is^we need use only quite 
fundamental notions. We could get closer to "multiplication" t> observing 
that the final result of, say, ^ of | {Figure 21-3), shows h rows, each 
containing 5 congruent parts, which 'is a sort of k by array. 
Furthermore, there are 5 x 6 = 30 such congruent parts in the base unit 
because there are 5 rows each containing 6 such ports; or a ^ x 6 array. 



Hence — of 

5 



I 



will be k X ^ parte out of 5x0 parte ^ !L2L1 = ^ 

^ S X 6 30 



30 • 



2 ] 

Similarl>, our model for 3 ^ (Figure 21-2) ultir:atel> results in a 

3x5 arra> of congruej:it parts compribine the base unit and a 2X1 array 

of such parts comprising the end result. That is, - of - = £2Li = ^ * 

, 5 3 X ? 15 

Problems * 

1. Draw a model starting from unit regions for eaci. of the following:,, as \s 
done in Figures. 21-1, 21-2 and 21-3* ' 



a. 
b. 



2 t 



- of ^ 



of 



7 
5 



d. 



, 2 
01 - 



Observe from c. and d. above that 



2 

nile - 



f and f of 



give different models, tne number that results Ic tfie .ame. Do you think 
the "of" operation is commutative? 

Without actually drafi^ing a model, answer the following wit:, reference 
to ^ of ^ . 

a. Into how many congruent parts will the unit region ultimately be 

7 27" 
divided in representing g and then repreirtnt ingv - of ^ ? 



b. Of these, how rorjiy will be marked to show - of 



Solutions to problems in this chapter are on page 
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Fill in the blanks: In representing ^ 5 first divide the 

unit into congruent parts using vertical segments, and we mark 

of these. We then divide the resulting representation of 

g' • 

— into congruent parts using horizontal segments, TtiiQ results in 

a by array of congruent parts covering the unit region, of 

which A 2. by array is marked- to represent ^ of ^ • Hence 

\ 1 k 

A8;.sual, we can also use the numb©^ line as a model of, say, - of ^ > , 

though this model is much harder to follow. As illustrated in Figure 21-U, 
k 

we first mark — on the number line in the usual way. Then, considering 
the segment AB, with m(J^) = ^ , (a) ^ 

/ ' 1 "5 

ve mark the point C that is - 
of the way along AB, In t^rms of ^ — 

our original unit, m(AC) = | of ^ ^1 * 

and we can surely use this to marl: 

1 h . 

a point corresponding to - of - v-i^ * 

^ J> ^ h • 

on the number line. However, our 

procedure- 60 far has not given us (b) 




4 



a fraction to name this point, and 

this is the difficulty with the ^1 \ 

number line model. As shown in ^ nr- - - 

3 5 " 15 15 5 

Figure 21-4b, we must resort to 

equivalent fractions and observe ^^^^ ^l-i*. Number line model for 

i of i JL 

that had we divided the segment into 3 5 " 15 * 

12 

15 parts and taken 12 of them, the point named — would be the same point 

as that named ^ • Itov taking a point i of the way along on this segment, 

we arrive at . Hence, 4 of ^ = . Essentially we need to rig things 
via equivalent fractions so that the unit segment is marked in such a way tnat 
all our work will come out exactly on one of the original division points 
from the unit segment. This can always be dom ly using the product of the 
tvo denominators as the number of congruent parts in the original uni£ segment 
you may want to work through enough examples to see why this'^is so. 
Figure 21-5 provides two other examples. Clearly, however, the unit region 
notion provides a model easier to manipulate than does the j:iumber line. On 
the other hand, the number lir.e is a closer approximation to such situations 
as those in Problem 6- below. 
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« 1 I 2 

■i- ^-i ii'*" 

> — • — • — • — • — i — ^ 

0 3 0 T 



Figure 21-5 • Number line models showing ~ of | = -A and ^ of ^ = ^ • 

p 3 15 4 2 0 



Problems 



In the diagrain below, name segments whose measures are: 



3 



o« 3 01 



d. 



3 
2 



3 I> E G H I 
t • • • • 



0 1 2 3 If 

oil?? illil5tji5.Jiiiij![i^ 



6« Show on the number line ^ ^ • 

7. Picture the following problems on the number line and give "of" 
problems using fractions that fit the situation* 

a. Sue used |- of a piece of toweling to make a place mat* If the piece 

2 

was — yard long, how long a piece did she use for the place mat? 

^ 2. 

b. The Scouts hiked from the school to a caiap 3- miles away* They 

stopped to rest when they had gone ^ of the way* how far had they 
walked when they stopped to rest? 

The Definition of MultiiDlication for Rational liuirocro 



In order to define multiplication we identify thj "of" operation with 

multiplication; that is, ^Xt='5 of i;|x^=| of ^ ; etc* The 

3353 5 
sign means, as usual, that the same number will result. Next, we tabulate 

in Figure 21-6 the results of all the examples we have considered so far in 

this chapter and observe that in every case the numerator of the result is 

the product of the numerators of the fractions, while the denominator of the 

result is the product of the denominator? of the fractions* (You should take 

a moment and verify this*) 



ERLC 



2612^^ 



21 






Figure 21-6. The "x' 



rtt 



and "of" operations. 



Hence we are led to the definition: 



Given tvo fractions ^ and 4 t r ^ § = 
D a D a 



a X c 
b X d 



This definition gives a computational procedure that depends only on raulti- 

a c 

plication of whole numbers. As with whole numbers we will call r ^ t the 

a b a 

"product" of the "factors" - and ^ . 

Various refinements of the coii5)utation£Ll procedure given by the definition, 

such as "cancelling," will be discussed later in this cheater. For now, let 

us just observe that whole numbers and mixed numerals can also be handled 

with this definition use of fractions equivalent to them, as illustrated 

below : 



Propei^bies of I^altiplicatidn 

We should now check tc ee whether or not multiplication as we have 
defined it for rati^ . .u.^ers has the properties characteristic of 
multiplication of whole numbers. Figure 21-7 shows each of the whole number 
properties displayed along with the analogous rational number property and 
along with one or more exanqples. Besides the familiar properties, there is 
one really new property displayed, the reciprocal property, that holds for 
rational numbers but is not aT)plicable to whole numbers . It is suggested 
that the reader satisfy himself that each of the properties should hold by 
studying the chart and the examples. This is especially urged for the 
reciprocal property, which is new to us. 



2 >^ 2 _ k X 2 8 
5"1 5~1X5"5 
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Whole Number Properties 



Rational Number Properties 



Suppose that a, b and c are 
whole numbers: 

Definition: a x b is the number 
of elements in an a by b array • 



Suppose that - , -r and | 
D ' a I 

are rational numbers: 

Definition: | X § = • 
b d b X d 



Closure 



a X b is a whole number 



a X b = b X a 



^ Commutativity 



a c 

^ X J is a rational number 



^ X ^ - £ X -Si 
b ^ d d ^ b 



Associativity 



(a X b) X c = a X (b X c) 



1 i£ an Identity for Multiplication . 



a X 1 = a 



^ X 1 - 
b ^ - b 



Mult iplication is 
Distributive over Addition, 



a X (b + c) = (a X b) + (a X c) 



^^M).(M)M^f) 



Multiplication is 
Distributive over Subtraction, 



a X (b - c) = (a X b) - (a X c) 



b ^ ^d f ^ 



a X 0 = 0 



Multiplication Property of 0 



^ X 0 

b 



Reciprocal Property 



(There is no property of whole 
numbers that corresponds to the 
reciprocal property,) 



If a and b are counting 



nu^^ers, 
b a 



1 and a X - = 1, 

a 



— is called the reciprocal 

b , a 
01 a, — and r are 
- a b 

reciprocals of each other. 



Figure 21-7* Properties of multiplication of whole 
numbers and of rational numbers,^ 
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Proofs of the Properties of Multiplication of Rational Numbers 

This rather long section gives demonstrations (proofs) that each of the 

properties listed in Figure 21-7 holds in general assuming only that we 

accept the properties of multiplication of whole numbers, the statements of 

Chapters 19 and 20 about equivalence of fractions and addition of rational 

numbers, and the definition Just given for mult i^l^-cat ion of rational numbers • 

The reader may prefer to convince himself of the validity of the properties 

by way of examples and skip some or all of the proofs • The proofs are 

intended mainly to make the point that exampl^s_aJ.one, no matter how manj' 

are given, do not suffice to prove: a property that applies to all numbers, and 

also to demonstrate how the structure of mathematics is built up step by 

step on the basis of "first principles" or "primitive notions," In this 

instemce, we have built by now a fairly elaborate structure that has as its 

bsLse some quite simple notions about "sets" of things. 

Closure, "if r and 4 are any two rational numbers, r ^ § is a 
c a D a 

rational number." l^.is can be easily seen by observing that ^ ^ ^ ^ ^ ' ^ 

by definition, where a X c is a whole number, since whole numbers are closed 

xinder multiplication, and b X d is a coiinting number, since counting numbers 

a X b 

are also closed under multiplication. Iherefore ^ ^ ^ is a rational number. 

Commutativity . The commutative property may be illustrated for 
particular numbers using unit regions, as shown in Figure 21-8. 





1 1 r 



- -1 r 

I I 



3 



_2_ 

12 



12 2 1 

Figure 21-8* MDdeis showing an example of commutative property: 17 ^' 3 ^ 3 ^ IT* 

AlthCu^)>"-Wie shapes of these regions are not the same, each cf them contains 
2 small regions, 12 of which make up the original figures. 

It is really easier to cneck the commutative property directly from 
the definition. Thus: 

a X c 



^ X ^ - — 
b d b X d 



and 

d b 



c X a 
d X b 
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But, since a and £ are whole numbers^ and b and d are counting numbers, 

we know a x c = c x a and b x d = d x b, since their multiplication is 

commutative • So, = ^ ^ f , and therefore, r x t = § x ^ • ' 

DXaaXb DaclD 

Associativity . We prove this i)roperty directly from our definition of 

multiplication • For if ^ , ^ and ^ are any rational numbers, 



and 



,a cn e (a x c) . e _ (a x c),x e 

r^V'^'^ (I X d) ^ f ' (b xo) X f 

5 V V - ^ V X e) __ a X (c X e) 

b M f ^ - b ^ ih X f ) " b X (d X .) 



But, a X (c X e; = ^a X c; X e ana x a; x r = b x (d x f ) because the 

associative property holds for whole n^uuibers and counting numbers • Hence, 
(a X c) X ^ ^ a X (c X e) 
(b X d) X f b X (d X f ) ' 



which means that 



- X X ^ 



b " d' f - b ^ ^5 ^ f ) • 



One is an Identity for Multiplication , 



1 V £ - i V £ - ^ X a _ a 
'^''b~i^b" riTb " b 



Distributivity ^ 

OiT unit region model for addition and for multiplication can be used 
to demonstrate the distributive prop- 
erty • Figure 21-9 shows that 



(a) 



f X (J-f) = (f xj) - (f xf). in 

Figure 21-9a the regions representing 
1 2 

Ij- and ij- are "added," then we take 



of the result 

J 2 1 

we first find - of a |j- 



region, then 



2 

I of a 



In Figure 21-9b 
unit 

2 



unit region. 



then "add" these results. The two 
results are the same. Hence, 

fx(M)=(fxJ)Mfxf) 



I4. 2 



12 



S I ' \ 
r 



I i 




m 



(fx J) 



^ (fx I) 



6_ 
12 



Figure 21-9. Distributive property 
demonstrated hy 
"adding" regions. 



ERIC 



265 



265 



r • 

21 



As before, ve can give a general "proof" for the property* This is 
shown feelow. ^ 

b^^d'^f^-b^^dxf dlTf ^ ^ b ^ dlTf 

^ a X [(c X f ) + (d X e)3 
b X (d X f) 

_ [a X (c X f)3 + [a X (d X e)3 
b X (d X f) 



Also, 



V £^ + ^£ V £^ _ a X c axe 

^ ^ .v^^^ "vv^^ ^ X f 

(a X e) X 
X f ) X 



^b d' b f' b X d b X f ^ 

^ (a X c) X f (a X e) X d (Note that b X d X f 



(b X d) X f "{b X f) X d is used here as a com^ 

mon denominator in 



a X 
b X 



(c X f ) a X (e X d) 
(d X f } b X (f X d) 



the addition.) 
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[a X (c X f)3 + [a X (d X e)] 
, ■ ^ b X (d X f ) 

Here we have used the associative and commutative properties for multipli- 
cation of whole numbers repeatedly. Comparing, we see that the end result 
for f X + f ) is the same as for ^ §) + X f ) • Hence, 

is a true statement^ i.e., the distributive property does hold* 

An exactly analogous proof shows that multiplication is distributive 

over subtraction. We will not reprodace this proof here* 

!Kie Multiplicative Inverse Property . The rational numbers possess an 

important property not possessed by either the counting numbers or the whole 

2 ^ ^ • 2 

numbers. The product of - and ^ is 1. The product of ^ and r- is 

2 5 
1. Hie, number. . -r is called the multiplicative inverse or the reciprocal 

3 5 2 

of ^ . The reciprocal of 4 is ~ . The reciprocal of a number is the 

numbeV by which it must be multiplied to give 1* Every rational number, 

except 0, has a reciprocal* When a number is named by a fraction, we can 

easily find its reciprocal by ''inverting" the fraction, that is, by 

interchanging the numerator and the denominator. Thus, the reciprocal of 

58 8 5 1 

g is — * The reciprocal of — is g * The reciprocal of 2 is * 

2 1 
(Notice another name for 2 is ^ ^ which inverted is * ) In general, 

^ a b 

the reciprocal of r- is - . 

Da 
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Ttie number 0 has no reciprocal . The product of 0 and every number 
is 0, hence it is impossible to find a number such that you can multiply 
it by 0 and get 1. 

Proof of the multiplicative inverse property: 

a. If a^O, a X i = S X i iiLi = S . i , 

^ ' alalxaa ' 

b. If a^O and h ^ 0, ^ x ^ = = 5JL^ = i ^ 
^ ^ ^'babxaaxb ' 



since any number ^ is equivsd'^nt to 1, and 
^ ^ ^ is certainly such a munber. 



Problems 



o 11 6' 2 

a- — c - — 

• 1 ^'7 



8. Write the reciproceuLs of the numbers. 

11 
1 

i ..a 

9. In the following, the letters represent numbers different from aero. 
Write the reciprocetls. 

a, m b. s c, i d, £ e, ^ \ 

c s 3 

10. Fill in the blanks to make each statement conform co the multiplicative 
inverse pattern • 

3 

a* I X = 1 

b, _x^ = l 

Some Con^)uting Considerations 

MDSt of the '"shortcuts" used for efficient computation in multi- 
plication of rational numbers just involve looking ahead and using the 

properties of multiplication and of equivalence • For example, we visualize 
23 2 X ^ 

3^2 — — ^^^^ already written ^ x 2 ^^^^ the^answer is 1, 

It is fairly important to see hov such shortcuts are justified so that they 

donH become a sort of magic way of getting results and so that unjustified 

2x)(2 P + ?(p 

analogies are not made. For exaii^ile, 2 1 = t is correct but ^—f = f 

jX^j 3+33 

is not correct (since ^ ^ ^ = Ultimately aa in^ortant aim of arithmetic 

instruction is accixrate and efficient computation, but a person J^bould 
probably also be able to exhibit his understanding th^ arithmetic processes 
by being able to justify, on demand, in detail any ^tejJ"' in a computation on 

/ 



/ 



21 



the basis of properties that have been listed, even if the statement of 
such properties has been quite informal. 

The principle shortcut for multiplication of rational numbers usually 
goes by the name of "cancelling, " though for several reasons this is a 
misnomer ♦ Such a completed problem might appear as follows: 

7 3 
5 5 

This process can be considered in detail in several ways. Three such detailed 

displays are given in Figure 21-lOb, c, d. Observe that in Figures 21-lOb 

and 21-lCc we use the definition first, then factoring and regrouping to 

k 

get a fraction of the form r- , then the definition of multiplication in 
k 

reverse to separate r- from the rest to get 1 times something, 
a* ^ X ^ via "cancelling" 



7 3 
^ V -9. 21 
15 20 ~ 25 

5 5 

. ^ , ^, r, n m X 
b. Done via the form — X - X — 

n m y 

28^ 28 x9 ^ 4x7x3x3 
15 20 15 X 20 3 X 5 X X 5 



^ X 3 X 7 X 3 _ ^ y 1 y 7 X 3 ^ T y 1 y 21 _ 21 

1. X 3 X 5 X 5 - 5 ^ 3 ^ 5^ - ^ ^ ^ 25 "25 



k r 

Done via the form X - 



28 9^ 28 X 9 _ Ux7x 
15 20 15 X 20 3 X 5 X 



3 X 3 , X 3) X (3 X 7) 
i X 5 (ii X 3 ) X (i| X 5 J 



A X 3 ) y (12L1\ - 1 V 21 . 21 
d, "Reduced" by use of the greatest common factor 

28 y 2. ^ 28 X 9 ^ 2X2X7X3X3 _ 

15 20 • 15 X 20 "3x5x2x2x5" 

[ (2 X 2 X 3) X (3 X 7)] ♦ (2x2x3) ^ 3x7 ^ 21 
[(2 X 2 X i^M^ X 5)] ♦ (2x2x3) U X 5 25 

Figure /Cl-10, Why "cancelling" works. 
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In Figure 21-lOd we use the definition of multiplication to get a single 
fraction, then "reduce" this fraction, by ^'sing prime factorization to get 
the g.c.f. of numerator and denominator and divide both by this g.c.f. 
A fourth alternative, not shown here, would be to use the definition to 
express the product as a single fraction, then "reduce" by dividing numerator 
and denominator by each common factor in turn. This last is probably closest 
of all to "cancellation" as it is usually done. Observe that even, these 
detailed displays do not exhibit in detail the many applications of the 
commutative and associative properties in the regrouping process. Observe 
also that there is no magic in cancelling and that the numerals do not 
• disappear into thin air but rather are replaced by equivalent numerals using 
tlie* properties we have listed. ♦ 

> 

Summary 

Multiplication of rational numbers is different conceptually and involves 

. some different models than is the case with multiplication of whole numbers. 

In defining multiplication of rational numbers we rely on an identification 

of "X" with "of," i.e., | of | means ^ X | . Having defined 
ac aXc P' 

- X - as ^ ^ ^ we verified that all the expected properties of multi- 
plication hold by relying on previously learned properties of whole numbers 
and rational numbers. Furthermore, one new property was discussed and 

proved; namely, the multiplicative inverse property, ^ X - = 1, where 

a b D a 

^ and — eure said to be reciprocals of each other. This last property 

will be very useful in defining "division" of rational numbers. The prin- 
ciples that justify the shortcut known as "cancelling" were discussed. 

Ab a final word on the differences between multiplication of rational 
numbers and multiplication of whole numbers, we should observe that in evei7 
multiplicatic using whole number factors other than zero or one, the product 
is larger thun either factor. This is certainly not the case with rational 
numbers, and in fact it is often difficult to predict just how large the 
product will be. Such prediction is even more difficult for division using 
rational numbers, as will be discussed in the next chapter. 
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Exercises • Chapter 21 



For each of the following, write the fraction represented the region 
shaded in the first picture, and the multiplication problem and answer which 
is represented by the shaded part of the second picture. In each case 
the heavily outlined region in the first picture is the unit region for 
the p7x5blem. 



(a) 




(b) 



(c) 




' \ v \ — 
1 > ] ( 
) 1 ) 
1 t 1 


I 1 1 1 
111' 


1 < 1 1 
! 1 i 1 


I'll 

1 i ! 1 





1 


1 t 

j , 









From the diagram below,' name the segments whose measures are: 
a. ^ X 3 



d. 6 X 

e, 1 



E 



G 



H 



I 



^ 1 L L ± 1 & 1 tl. 14.11 li it i± ifi il 



Name the segments whose measures are: 



d. 



12 

2 12 



• 

0 




• 




— • 


# 


1 


0 

• 


1 

• 


t 

T 


1 
• 


' 4 
• 


• 
• 


• 
• 


0 

i4 


4 


JL 

t4 


t4 


it 
24 


24 


24 
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270 
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s*-. Name the segment 8 whose measures are: 

7 K L » M ' N Q 

a. ^ • • • * 

5 

3^5 • -T-tts^ > 

0lt34t«?itl0 

28 TT-rTTf .ff-BFT 

£ ±«. •-itJtiS.JL lltTip 
<• • » It It It 'It It • It It 
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5* Use unit regions to show the following: 

12 s P PI 

a. ^x- c. I of 

6. Use the number line to show: 

7. Using Figure 21-9 as a guide, show using unit regions that 
|x(|.|)=(ixi^.(|xi). 

8» For. each of ^ the following use one of the models illustrated in 

Figure 21-10 or else repeated division by common prime factors to 

Justify in some detail the "cancelling" that is shown. Use each of the 

models at least once. 2^ 

a ^ 5 ^1 
^x^--L =• J^, r _1 



1 12 / 1+ 

1 1 

11^ 9 1 

i It S^2?=5 



/ 
1 



2 



9. Explain why each of the following attempts at "cancellation" is Incorrect. 

3 3 

■ xf = 2. +5 =T = 1 



.2'''5"5 j? " 2 

1 12 

1 
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10. Write the set of nunbers R consisting of the reciprocals of the 
members of the set, ^Q, where 

h 6 



Q 



2 3 ^ S 7. 
3' 5^' 5' r 5^ • 



11. a 

b 



When is the reciprocal of a number greater than the number? 
When is the reciprocal of a number less than the number? 
c* When is the ^aciprocal of a number equal to the number? 
d. If n is a counting number, ceui we correctly say that one of the 
following is always true? 

(1) n>i (2) i>n 



(3) 



1 

n = — 
n 



Solutions for Problems 

/ 

1. The end results should look something like these: 



1 , i 1 









v^^^^^ ^^^^^^ ^^^^^^^^^^^P ^^f^^*^^^^^^ I 



IT °^ H = 32 



C« 



d. 




f - 



k 12 



I 



of 3=32 



2. Yes. The "of" operation is commutative. 
3* a, 2k b. Ik 

k. 9, 8; 7X9; 5x8; 



5. a, b, DF c. DF d. DG (since ^ = |) 

I 

6. . 



4- 



T 



^ of 1 - 1 
2 °^ 3 ~ ^ 



e. DE 
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7. a. J of I = 4 



12 



< 

T 



or 1- 



If I 



3 3i 



8. a. ri. 

9. a 



11 
1 



b. 



50 



d. ^ 

r 



10. a. I 



b. 



10 
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Chapter 22 
DIVISION OF RATIONAL NUMBERS 

Introductton 

. We have defined specifically for rational numbers three of the four 
standard binary operations on numbers. In each case we have observed that 
rational numbers certainly face us with dif f^rent^ituations* than whole 
numbers so that "new" operations must be defined. Tti&t is, ^"addition" for 
whole numbers is by no means exactly the same operation, conceptually or 
computationally^, as "addition" for rational numbers ana these differences 
are even more marked for "multiplication" of rational numbers. 

On the other hand, some concepts do carry over and the definitions 
of the operations have been formulated in such a way that such standard 
properties as commutativity, associativity, special properties of 1 and 0, 
and the. like, still apply, with appropriate modifications in stating them. 

The pattern ve will follow in discussing "division" for rational numbers 
will, by now, be a familiar one. Except in certain restricted instances 
the models and concepts discussed ^or division of whole numbers will not 
take u^ver>' far. To th^ extent that they do apply, however , ' they are 
suggestive of a computational way of proceeding for division of rational 
numbers. As before, we will want to preserve, as far as possible, the 
special definitions and properties that apply to division of whole numbers. 
Multiplication will come into the matter, as you would expect. These 
considerations lead us <o a definition of the operation of division of 
rational numbers. Using th's definition we can verify familiar properties 
of division (though- most of this is left to the reader in exercises), 
discuss some new properties and discuss some cbu^^utational procedures. Our 
main concern is to make clear the reasons that underlie computational niles 
for division of rational numbers. 

A Procedure -for Division of Rational Numbers 

As our firs.t link to previous work, let us consider briefly one model - 
involving multiplication by a rational number that we did not use in the 
- last chapter^ principally because it is of such a limited applicability. 
Suppose we want to know how many objects there would be in i of a set 
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of 12 objects. ITiis could be done by displaying the 12 objects, 
dividing the set into 3 equal parts, then taking one of these, as in 
Figure 22- 1. 




Hence, ~ of 12 is shown to be h. Jfow observe that precisely the same 
model serves to illustrate 12 i 3, if this is interpreted in one of the 
standard ways, namely, as the number of members in each of thxee matching 
subsets of a set with 12 members. The model shows that division by 3 
and multiplication by j gives the same result. For reasons that will 
become apparent we point out that j is the reciprocal of 3, as explained 
in Chapter 21. 

As our second link to previous work let ul consider the problem 
6 ♦ J • Now we have nothing at hand yet to even say whether or not this 
has any meaning, (s:^ce we don*t yet have a "division" operation for rational 
numbers) but let us suppose that it does and state it as asking the question 
"How many j 's are there in 6?"; which will be recognized as similar 
to another standard way of interpreting division of whole numbers. 



Figure 22 



2. 



1 i I as "How many ~ «8 'in 6?" 



Figure 22-2 shows a way of answering this question using the number line. 
Just by counting the segments of length - , we see that there are l8 of 
^ them in a segment whose length is 6. But we wouldn*t need to count, for 
there are sureJy 3 such ~ segments in each unit segment, aind hence 

6 ♦ ^ gives the same result as 6x3. 



6x3 of them in 6 units. Thus 



We observe that 



3 is the reciprocal of ^ 



id note that division by 



i^ equivalent to multiplication by the reciprocal of 



3 • 
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To move to a harder example, consider 3 ♦ ^ , stated in the form 
2 ^ 

"How many - in 8?" Again on the number line, as in Figure 22-3, we 

observe that it takes 12 segments of length |- to get a segment of 

length 8. We are interested in getting a coii5)Utational procedure to replace 



-J — 
3 



Figure 22-3. "How many | »s in 8?", i.e., 8 ♦ ^ . 

this number line procedure wiich would surely become tedious for, say, 

2 1 

102 ♦ J • So we observe that each unit contains 1- of the segments with 

2 2 1 

length - , hence for our problem, 8 ♦ j, there should be 8 X li = 12 

2 

of the y segments in the 8 units as indeed there are. Expressing 

1 3 2 

2 ' observe that 8 ♦ - gives the same result as 8 x ^ ; and 

3 2 ^ 
that g is the reciprocal of - • 

All this is suggestive of a way of making division of rational numbers 
depend on a previously defined operation: we observe that division by a 
n^jmber apparently gives the same result as multiplication by the reciprocal 
of that number. That is, 

E * f equivalent to ^ x ^ 
provided, of course, that none of b, c or d is zero. This will be 
recojgnized immediately in terms of the well known (and little understood) 



rule, "invert and multi>ly." 



Hence the "invert 



md multiply" rule becomes instead a "multiply by 



the reciprocal of the c Lvisor" rule. But to replace the "invert the divisor 
and multiply" rule by i "multiply by the reciprocal of the divisor" rule 
will not, of itself, result in increased understanding or avoid the mis- 
applications that are so familiar and painful to all of us. And the 
"evidence" we have given so far is pretty flimsy, using on?Y carefully 
selected exaiiple^, all of which have involved at least one whole number. 
Let us show a couple of harder examples to strengthen this suggestion 



I 




\ 

22 



about how to proceed, then turn to a different sort of justification. 
Figure 22-Ua shows J * J ~ showing that the answer t^^^iow many 

- «s in is k. To test our tentative procedure we multiply f 

3 3 > ^ 

<7 2 8 3 2U I 

times § , biie reciprocal of j , and get J ^ 2 ~ "5" ~ Finally, 

7 ry p ' 2 10 

22-i^b show6 ^ ♦ I as "how many - in -g- ?" Observe that 2 of the 

I 's arrows fall short, while 3 of them go beyond* Figure 22-Ub suggests 

that there are 2| of the | «s segments in a segment. Doing this 

10 2 
con?)utation by multiplying -g- by the reciprocal of j , we see 

10 2 10 3 10 X 3 , ^ X f2 X 3) _ P. , 
T*3"T 2" 6x2 2 X (3 X 2) 2 ' 

which is the same as our result on the number line. 



(a) 



I 



' — i — 



I 



8 ? 

Figure 22-U. a. j ♦ | ^ U; b. 



10 . 2 _ J. 
T * 3 " ^ • 



Problems ' 



1, Using models su^zgested by Figure 22-1, exhibit: 
1 



a. 



of 12 and 12 ♦ 3. 



I of ^ of 16 and (I6 * k) * 2. 



2. If the objects in question can be cut up into smaller pieces, Ian such 
a model serve for ^ of ? jand 7*3? If so, show it. 

3* Using number line models, show solutions to the following: 

a. How many | «s in (i.e., 7 ♦ |) 

. b. 2^ » I 
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c. A pattern for curtains calls for ^ yards of material of a curtain 
width for each panel. How many panels can be made from is yards 
of material?^ Is 15 ♦ ^ vhe same as I5 times the reciprocal 
of 2| ? 

a. Vfrite a n^jmber sentence using division to solve the following: 

If a quart is jj- of a gallon, how many quarts are in 5^ gallons? 

^* multiplication sentence could be used to solve the same problem? 

c. Do the two sentences fit the pattern that division by a number is 
equivalent to multiplication by its reciprocal? 

The Definition for Division of Rational Ni^pi>^^r« 

We have a possible procedure for division indicated by our previous 
experience ?aid our models for division of whole numbers and multiplication 
of ratioual numbers. Another tack we can take is just to lay aside, for the 
tinje being, al: such "practical" considerations and formulate a definition 
for the operation just on the basis tht.t it must be analogous to the formal 
definition of division of whole nucibers. Ohis definition was given in 
Chapter 9 as 

a ♦ b = n if and only if a = b X n; where b / 0. 

We recognize this definition as essentially an instruction to "check" an^- 
supposed answer by multiplying quotient times divisor to get back (hopefully) 
the dividend. (Of course the "if and only if" says that one could "check" 
a multiplication by an appropriate division, but this is seldom done.) 
Tne corresponding statement which we can take as a definition of division of 
rationsLl numbers is 



b * d = n 



n ^ f " F ' vhere none 



of b, c, d or n caii be ^ero. • 

You may remember that thi^ was described in Chapter 9 Is the "missing 

factor" concept of division. Using this definition one* gets an answer for 

the problem f | = ^ by. looking for - in the problem S x - = - . 

jjn n ^ n33 

This becomes, by our definition of multiplication of rational numbers, 
m X 2 8 , 

ji X 3 ~ 3 ^ which it is apparent that m can be k and n can be 1, 
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So * -T ^ T - ^» as we found earlier in this chapter using the nuniber line. 
331 

h 2 m m 2 h 

Let us take aether exampj^e, 9 * 3 " n ' ^^^^^ ^® P^^ form n ^ 3 * 9 * 

itten — ' Q f which it is apparent that m can be 
1+ k 2 

2 and n can be 3, so ^♦j = j. But ve are faced with a real dilemma 

2 ^ m m ^ 2 

if we attOTpt jomething like t ♦ tt = ^or this becomes — x = t or 
^ ' 39ri n93 

^ ^ ^ = "I . Now it is pretty hard to see what and n should be to get 

the correct result, since there is no whole number times h that gives 2 

2 

as a product and no counting number times 9 that gives 3« j is 

replaced by its equivalent, , the problem becomes ^ ^ ^ " ^ 

answer is now apparent, nainely, ^ = 2 * would we know what equivalent 



m 
n 



fraction to use? It certainly is not obvious wnat one should do^to find 

in, for exanple, the recasting of ^ ♦ j = 2 in the form ^ ^ | = y • 

There is surely some equ .valent of 4 o^* ^^e form °^ ^ f but it isn't 

7 n X 5 , 

clear imnediately wxiat it would \)e» (As a matter of feict, ^ = yq will 

do the trick, in which ^^ase ^ = ^ ^ ^ reader should verify.) 

It would seem that our formal definition, r ♦ t = ^ if and only if 

' D d n 

— X = ^ , does give us a direct tie-in to the definition of division of 
nab' 

whole numbers but does riot provide us with a very good way of con^juting 
answers. Our earlier procedure * J ~ ^ ^ ^^^^ other hand, rests 

on some flimsy justification but gives an inmediate way to get an answer. 

iQ problem just considered, for exaii5)le, becomes y*J~y^2'^1^ ' 
tfie some result as above. 

For the moment let 'is investigate division from both angles, accepting 
the formal definition as the definition, bat using the conqoutational pro- 
cedure "to divide by a number, multiply by its reciprocal," to get answers. 
In the course of this investigation we will show that the conqputational 
procedure always gives quotients that "fit" the formal definition. 

An Investigation of Division 

In this section we propose to indicate various ways in whicn a division 
problem involving whole numbers, rational numbers, or both might appear and 
indicate the patterns that result from solving such problems. In each case 



we are interested in a number — such that r ♦ t "= ^ 

n b 0 n 
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In all of Figure 22»^ ve assume that no denominator can be zero. 



Computation xising 

a ^ c ^ a ^ d 
b ♦d^^ 'b "^c 

Pace 1 Two whole numbers: 

' * ^ 1*11^3 3 
In general: 

(Hence ^ c^pears as an equivalent way 
to express a ♦ c) 



Case 2 Whole nundber ♦ rational nimiber 

or rational number ♦ whole number: 
k 7 X k 28 



Verification using the definition 

a . c 



E ♦ d n 



if and only if -x^ 
n d 



a* 7 ♦ 



In general: 

c a ^ d 
a ♦ = T- X - 
die 



a X d 



In general: 

a a c a ^ 1 



b " c ~ b X c 
Case ^ Rational number ♦ rational number : 

a« Same denominator 

7^3 7^8 7x8 7 
H ♦ 5 = H ^ 3 Hirj " 3 
In general: 

S^£-5x- - & X b _ a 

b b"b c"bxc"c 

{The "comaoh denominator case") 
b • Different denominators : 

In general: 



Ixi = IiLi = I= 7 
3 1 1X3 1 ' 



a c axe a 
c 1 ° Tx~^ " 1 ~ * 



28 3 7 X 1^ X 3 7 7 
— ^ t - 3x1^1 = 7 



a X d c a X (d X c) a 
c d (c X d) = 1 = * 

^ V I _ 3x7 1 

28 1 - 26 X 1 " THTf - t 



a c axe 
bxcl^bxc 



l-^ll 7x3 _ 7 



a 
b 



a c a X c 

c b ' c X b 



a 
b 



20 7 20x7 (If)$)x7 (7>^)x4 If 



a c ^ a d a X d 
b d'b^c'bxc 



a X d 



c _ (axd) X c _ a X (cxd) _ a 
d ^ (bxc) X d * b X (cXd) ~ b 



b X c d (bxc) X d b X 
Figiure 22-5. Various possibilities for division of numbers • 
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l^ie consideration of the various possibilities exhibited in Figure 22-5 
leads us very strongly to believe that the con5>utational procedure given by 
" I ♦ I = ~ X ^ " is equivalent to the formal "»finltion. In fact, the 
general statement of Case 3h suffices as the promised general **proof" 
that the con^JutationaL procedure will always give a reiult that can be shown 
correct by the definition* 

Case 1 'suggests a new and interesting use of the fraction notation. 
Observe that the division problem ate becomes the fraction ^ . If 
we permit ourselves to extend this practice to include ; £^ division problem^ 
we get fractions that no longer reseznble those we are ui«ed to. For exanqple, 

' ■ i4 ■ 



■J ♦ ^ would become ; ll*^ ♦ 3- would become — j ; and so on. 

Such a more generalized use of the fraction notation is a very common one, 

especially in algebra, so that we should not become too attached to the idea 

that fractions are always of the sin5)le form ^ that wt have used in this 

book up to now. Furthermore, while it is true that rational numbers can 

always be expressed in a fractional form, with a whole number above the line 

,and a counting number below the line; it is not tr'ie that every frcujtion with 

something written above the line and something written below the line 

represents a rational number. Still another connon use for the frcujtional 

form is with ratios and proportions, as will be discussed in Chester 2k. 

In cases where they ai-e used, the fractional forms behave much as if 

they represented rationEil numbers, but their conceptual interpretation may 

be quite different. For exac^le, division may be represented apd manipulated 

as a fraction form, but the conception of division as an ^eration is quite 

different from the conotption of rational numbers as numbers. 

'Rie common denominator situation. Case 3a, is also of interest since 

the quotient f ♦ § is ^ ^ if" this fraction form is interpreted as 

a division, as just discussed, the division of two such rajtional nOnibers 

ends up as a division of the two whole number nioaerators. ^is suggests 

another method of making division of rational 'numbers depend on already 

known operations, since one can always change the dividend and divisor to 

fractions with a common denominator. Also, if we state, say, ^ ♦ ^ 
26 10 10 

as ^'how many in j^?" it somehow "seems i^ght" (at least to many people 

to find the answer as 6*2. Use of the pattJsm shown by the common denom- 
inator case might also help in explaining why/ gives the same answer 
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as 2/5" (*^® result of "moving the decimal point") and oi|-/732 

^iSo * l5o^ ^^^^-^ result as . 

Observe that our examination of cases reveals that any di^^j^ion involving 

whole numbers and/or rational numbers can now be performed. This is the 

really "new** contribution of the ^division of rational numbers operation. 

While for whole numbers we have had to caution that division was not "closed" 

since, for example, 3*7 does not have a whole number answer, we have 

now enlarged our set of numbers and defined the division operation so 

that all such problems do have answers; in this case ^ • Furthermore, 

such problems as 7*3 need no longer be stated as having a "quotient" 

2 and "remainder" 1, for 7*3 it now j or It is at this point 

that it becomes "legaLL," in the mathematicfiil scheme of things, to use the 

remainder from a division problem along with the divisor to form a fraction 

to be included as part of the quotient. Hence, 37 ♦ 15 can be reg€u:ded as 

7 

having an exact "quotient," Sr^ , rather than a "quotient" 2 and "remainder" 

7 

7. Kie corresponding "checks" consist of the multiplication 2^ x 15 = 37 
in the first instance* rather than the division algorithm 37 = (2 X I5) +7 
in the second instance. Observe that "quotient" is used in two senses here, 
with the second use being that described earlier as a "missing factor" in 
the requirement of the definition that a ♦ b is the number n such that 
n X b = a. Our situation now is that such a missing factor exists for every * 
division problem, with the usual delusion of zero divisors. 

Problems 

5. For each of the following tell which "case" in/ Figure 22-j5 identifies 
the pattern. ' * 

b. 7.5 -2 i. 

I 

6. For each of the following divisions, r ♦ f , tell whether the result 
is a ♦ c. 



_L , ^ 

10 10 
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7. For each of the above that does not result directly in a ♦ c, first*' 

€1 C €1 d 

get an answer in lowest terms using the pattern r ♦ = r X - then 

0 a 0 c 

change the fractions to fractions with conanon denominators so that the 
a c a 

pattern ♦ ^ ^ show the answer obtained in this way. 

8. Find the rational number quotient in each of the following' ( not a 
quotient and remainder). 

a. 633 ♦ 11} b. 1070 ♦ 51 c, hi ♦ U5 

As a final way of justifying the statement that dividing one rational 
number by another is equivulent to multiplying the dividend by the reciprocal 
of the divisor^ let us write such a division problem in fractional form and 
assume that we know that such fractional forms have the properties shown 
in Figure 22-6 no matter what is written in the A above the line or the 
D below the line (the sual cautions abo'-t zero still apply of course). 

Pi*6perty A Property B 

A A A h 

l"^ D'^hxo 

Figure 22-6. General equivalence properties. 

Figure 22-7 outlines the solution to such a division problem. 
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Step 1. I ♦ Y ^i*® division in 

7 fraction form. 

i £ X I 

Step 2, = Y 2, We are interested in disposing 

7 7^5 of the denominator by making 

it equivalent to 1 and apply- 
ing property A. To do this 
we apply property B using 
the reciprocal of ^ as the 
multiplier h • 

Step 3« ^ X ^ = 1 So Step 3, Here we have applied the re- 
ciprocal property and property 
|x2|xI-„ -A, with I X I 0QQ\xpy±ng the 



3 '^3 , 3 3 ,2^7 ' 3 5 

^ 7 13 5 ^ A in that property. 

7^5 



2527 

Hence, - ♦ ^ = ~ x - step h. This simply writes the! problem 

we started with and the end 
result in a single sentence. 

Written on one line and in a general form this becomes: 

a a y 1 ^ V ^ 

a c _ ^ ^ b c b c "^a y d 
b d-c^Cyd" 1 "be 
d I ^ c 

Figure 22-7. Another way of showing that 2: ^ £ ^ 5 x - . 

b d b c 



presented, this jnethod provides a convincing way of giving 
* "invert and multiply" rule (or,! in our terms, the *Wltiply 



Properly 
meaning to th 

by the reciprocal of the divisor" rule). As w)e observed earlier in this 

a * 

chapter, the |usual properties of fractions of the form g (b a counting 
number, a a whole number) also apply In a wide variety of other uses of 
the fraction form, including, as in this case, frac^ons with fraction 
numerators and fraction denominators. 

Problem 

9. Show in some detail the solution to each of the following using the 
fraction form as illustrated in Figiire 22-7» 

f .f 

£85 
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Sianmary 

In this chapter we started ty using analogies with the conceptual ways 
of descri'bing division of whole numbers to suggest a way of getting a com- 
puting procedure for division of rational numbers. We then turned to a 
formal definition of such a new "division" "by formulating a definition 
exactly similar to the definition of division of whole numbers, which 
essentially says that one has the correct quotient if multiplying the quotient 
times the divisor gives l)ack the dividend. We showed "by the consideration 
of a number of "cases" that the coii?)utational procedure we arrived at 
always gives a result that fits this definition. "Closure" of the rationals 
under this operation of division was considered. Different uses of the frac- 
tion form were investigated, as suggested ty the result a ♦ c « - . 
' . c 

which suggests writing division problems as dividend over the divisor rather 

than using the "♦" symbol. It was pointed out that this way of indicating 
division is the usual one in mathematics beyond arithmetic. 

Wfe did not go to the trouble here of verifying that other expected 
properties of division still hold. Ve merely state that essentially the 
same thing's are true with respect to non-commutativity, rx)n-a8sociativity, 
and the existence of a special right hand distributive pattern as one would 
expect from the discussion of Chapter 9, Some of these matters are included 
in the exercises for this chapter. 
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Exercises - Chapter 22 

!• As with division of whole numbers, division of rational numbers is in * 

general not commutative eoid not associative. Also, 1 does act ob an 

a a / a ^ / a\ 

identity element on the right. I.e., g ♦ 1 =: ^ (but 1 ♦ ^ = ^ r 

there is a right hand distributive pattern (but not a left hand dis- 
tributive pattern); and 0*^=0 (but ^ ♦ 0 is meaningless). For 
eachtof the following sentences, first see whether it is true or false. 
If it is true and exhibits one of the properties above that does hold, 
name that property. If it is false, but indicates a certain 'patt^eTn""^ 
that is not a property of division, indicate what property (e.g., 
"division is not commutative"). 

hl-vi i. f ♦f = o 

I ♦ (J ♦ f) = (| ♦ J) ♦ f J. 0 ♦ I = 0 

a. |.(l.f)=|.(f.l) X. (f*^)xM 

-2 12 

♦ l= fr m, -♦-isa rational number 



3 5 

(J^f) ♦!) n. (|x2),0 = | 

s. |*(J-f) = (|*J)-(i*f) o. f*| = fxi 

IP 1 j I 12 ' 

2. a. ~ is ho^ many timer as large as | ? 



k I 7 

b. is how many times as large eis t- ? 

Fill in each blank below with ">", "<" or "=" to make a true 
mathematical sentence. 



a. 


4^3i_ 


3^x4 


e. 


5 ♦ 3| 


' 1 


•f 


b. 


|xf - 


3 3 


f. 


8.1 


1 


1 

*z 


c. 






g« 




2 

3 




d. 




"'i 


h. 
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k. In Chapter 21 we stated the multiplicative inverse (or reciprocal) 

property as axi = l if a is a counting nuniber and r x ^ «= 1 
a. — ^ 0 a 

for rational n^ers. In fact, - is often called the reciprocal of 
r even vhen r is a fraction or mixed numeral. By this convention, 

""^ would be the reciprocal of ^ . On the other hand, by the definition 

2 _^ 

in Chapter 21, the recipix)cal of ^ would be j . Use properties A ' 

and B from Figure 22-6 to deccnstrate that - names the saxxke number 

5 

1 

as 2 • 

2 

5» Using properties A and B of Figure 22-6, show that in general, 
•r = a , hence either can be regarded as the reciprocal of r- • 

6, Show using equivalent fractions that the reciprocal of 2^ could be 
1 

written as ^ . 

(• Write the reciprocal of each of the following numbers in two fonns; 

1 a 
first as - and then as a fraction - • 



a^ 



b. 



2 
3 


d. 


11 
9 




e. 


2?! 


22 

4/ 


f. 


1 
1 

2 1 


each of the following, tell whethJr the statement [is 


2 2^7 




7 7 


7 7 7 




7 7 


5. 5.x I 
7 7 5 







fx 7 X 3 
7 X 3 
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9. 



10. 



u. 



12. 



13. 



11^. 



Show how the pattern shown In Bxercise (g) above show that 

2 5 lit 



• 5 3 10 



A Jet plane ma^e a flight from San Francisco to New York in ho^jurg* 
OSiis vas ^ of the time it took a turbo-prop plane ^ How many hoxira did 
the turbo-prop require for the trip? 

Find 18,375 ♦ ^» !Itelrf^fhy this can be done quickly by multiplying 
18,375 > and dividing by 100. (Recall that 25 «= 

Mr* Jones received 16 shares of stock on a stock split vhich gave 
2 

J of a share in dividend for every share held. How many shares did 
Mr. Jones have before the split? 

For each of the following determine whether It is possible to express 
the number as an equivalent fraction such that the nxxmerator is a "irtiole 
nuinber and the daDomxiiator is 10 or 100 or 1000. 



a. r 



b. 



k 
5 

•I 



I 



c. ^ 



e. ;r 



f. 



h. 



50 

7 

125 



study the various factors of each of the above denominators; when can 
you be sure it would be possible to express a rational nxunber as an 
equivalent fraction such thax the numerator is a whole number and the 
denominator is a power of 10? 



Solutions for Problems 



of 12 ^ 12 ♦ U = 3 



b. 




^ of i of 16 (16 ♦ ♦ 2 = 2 
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OP 



V I 



3. a: 



' i of 7 = 7 ♦ 3^= 2j 
There are-'fourteen ^ »s in 7. 



-M — n- 



3 ■ 



4 , 5 



r ; — 5p arrows, with length --r 



6 



' ' • • ■ • • • 1 ■ « » flL U 

0 - ■ '\ . - 2 ^ • 3 

: — : 1 -^.^-H , .1 • 



^ * 2 - ^2 



5 -6 7 8x 9 ■ 10- iri2'l3%V»l5 





6 


panels. Yea, since I5 ♦ | = 




= 6. • 




a. 












b. 




J22 (If a 


quart is 


^ gallon, there are k 








of them in ee. 


ch gallon*-) , ^ - ■•^ 




c. 


Yes 








5- 


a. 


Case 2a - 


c. Case 


3a 






b. 


t 

Case 1 


Case 


2b 




6, 




Yes ^ • b. Jfo . 


c. No 


d. Yes 


e. No 


7. 




1 










b/ 


^iecr 3 30 ' • 
• 10 


r ^ 30 

100 100 " 
• 


7 

30 






c. 


1 1000 1000 


_ 10 . 10 


/ 7 


_ 10 




100 7 700 


1000 1000 


" 7" 




' e. 




61* 15 ~ 
* io = ft 
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8, 
9. 



t 



. 2 

u 4--- 

7 



b. 



d. 



31 
2 

3 

± 

1 
7 



1 

If 



-2 2 
3 2 

T'' 3 



1_ = 2 ^ 7 



3^5 



11+ 

15 ^ 



2 2 



^1 

2 2 



93 ■ 
TT 



a x2 
^ 3 



9 I 



4x1 



_2_ = _2_ ^ 2 3 ^ 



2 3 




-2-^3 5 
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Introduction 



In the last few chapters we have consider^! the rational numbers, named 

as fractions in the form ^ , with a a whole n9||E: and b a counting 

ntunber, and we have discussed ways of coD5)Uting with such nunibers, chiefly 

by jna n l p ulation of their fractional forms* Aiiother conimon way of ngm-t 

rational numbers, as you kflov, i^ by dec^^tf^Ts , sometimes called decimal 

fractions* !Ihis chapter considers this way of nmnlng rational numbers, the 

' * * . * 

operations using these numerals and the justJLfipation of "rules" that are • 

coi5BK5nly stated for doing such operations. A couple of new issues raised 

by this w^ of wri"^ing numbers are also discussed* 

» Decimal fractions force themselves on the attention of youngsters 
very early bejcai^e of their use in our monetary system* MDre iii5>ortant is 

"*the fact that decimal notation is used in virtu^ly all technical, scienf ifi 
and business confuting* And, as will be^'discussed in 'Chester 30, decimals 
provide the only convenient means we have of 'dealing with certain numbers 
that cannot be named with a fraction in the form ^ • For the moment, 
however, we will regard our decimals, as naming numbers which could just as 
well be named by whole numbers, fractions, or mixed numerals. Most of our 
discussion will deal' with "terminating decimals" and their fraction equi- 
valents, for exBxa^le, .7 =^ ^ , .78 = , and so on. 'Near the et;d of 
the ehapter we will discuss some "repeating decimals" and their fractions 
equivalents," for exm^le, j = •3333 • 

' Meaning of the Decimal .Notation 

As noted above, the point of view-of this chapter /principal ly regards' 

deci^pals as another, way, a "shorthand" way, if you likeyof naming^certain _ 

rationa}^ numbers; in particular tho66 named by ordinary terminating decimals 

p 

who^e fraction forms would have denominators of 10 or 100 or • 1000 
or sume other siiitable multiple of 10* (Such products as 10 X 10, 
10 X 10 X 10, etc* that involve only tens we will cdll powers of tan.) 
Hie explanations given for the well known coniputationfid procedures involving 
such decimals will rely on corresponding procedures with fractions. That 
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is, .1 is just anotner name for ^, .27 for 4/311+ for , ■ 

and so on. For such decimals ail "deRominators" are powers of 10, and since 

the particular denominator in t^uestion is revealed by the wa>^ the number is 

written, we just omit writing it. What needs to be settled is wit^ the wjij' 

a number is written reveals what "denominator" is involved. 

We begin by recalling the expanded notation for a i/hole number 4^sing 

^ * ■ • ^ 

the base ten and the idea of place value/ Thus: 

38t2 = (3 X 1000) + (8 X.100) + (!t X 10) + (2 X 1). . 

In our base ten place value system each digit represents 'a', certain value 
according to its place in the tiumeral, in the above example, the 3 is * 
in the ti)ousands place, the 8 is in the hundreds place, and so on. 

The whole idea of the place value notation (with base ten) is that the 
value of each, placfe in^nediately to the left of a given place is ten times 
the value o^ the given place. But therf?the value of a place immediately 
to the rignt must be ore- tenth of the value of the given place. Ito msike 
our plac^ value system serve for naming rational numbers as well as whole 
numbers^ we simply extend this idea of place value b> saying that there etre 
place^ to the right cl" the one»s place and that the value attached to each 
place will, as before, be one- tenth that of t^ie value of the place .mmediatelj 
to its left. When writing vhol^ numbers tJhe last place of the whole number 
was tne one*s place, but in writing decimals for fractions we have to fix 
where the bne's'place Is with a dot (.), placed after the one«s place. 
Ve will call this dot a " decimal^ point " reserving the word "decimal" for - ^ . 
the ac€ual ^numeral. Hence, the place value of the first place to the right 
of the- oner's place is of 1 = :i , that of the second, i of 1- = , 

that the third, i of = ^ afid so on. 'Figure 23-I illustrates 

this and sho^s the names of each of f ive'positipns to the right and to the 
l|ft of * the decimal point. Each of the positions to the right we will call 
a decimal plao^. A terras such as "four place. decimal" is meant to designate 
a numeral with four placed to the right of the decimal point, 

V 
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^ , Figure 23-1. ^ Place value chart/ 

Hence, the numeral ^^35.268 expanded 8u:cording to place value WQuld be: 

* . (4)aoo) + (3x10) + (5x1) + (2>^) + (6)^) + (8)^) '. . • 
... ■ % . ^ . 

Such a numeral would be read as **four himdred thirty-five sffldH vo, hundred 

sixty^eight thousandths." Observe that the "and" serves to designal^e the 
decimal point, C&reless use of "and" in^ reading numerals is qilite .common 
and sometimes leads to confusion, as indicated by Problem 3 below. 
Observe als6 that just as we say "four hundred thirty-five" instead of • 
"four hujadreds, three tens, and fife ones" we say "two hundred sixty-eight 
thousandths" rather than ""two-tenths, six-hundredths, and eight-thousandths." « 
The place value of the final digit tells whether we should say "tenths," 
"hundredths," or what have you. Finally, observe the symmetry about the 
cnes place (not around the decimal point): .i 

tens oie place to the left of one and te nths one place to the right of one;' 
* hundreds two places to the left of one and hundre dths .two plau:es to 
the right of one; and so on. 



/ 



Problems 



1. Write the decimal numeral fqr^ 

a. (9>aOOO) + (8x106) + (7x10) + (6X1) + (5)^) + (kx^) + (3>^^) 

b. (TklOO) + (2X1) + (9>^) + (7>Cj^) ' ' ., 



"* Solutions for the problems in this chapter, are on page 313. 
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.2# V^rite in expanded form: 

x/ • ^/^ 927-87& b. .io.09 ' 4,00006 * ' . - 

3« Regarding the "and" in each of the follcwing as marking the decimal 
, point, write the following as dec±ttal numerals. Then write one or nore * 
' numerals that one might get from a careless use of "and," 

- a, Four'*hundred and six^y-one thousandths 

b*. Two thousand three hundred tod forty ten-tlMpusandths 

Eq\ii valence and Order for Decimals , * - 

~\ n 

You will recall that in our models St rational numbers the denominator 
of a fraction denotes how njany congruent parts a unit segment cr region 
is divided into while the qumerator tells how many ^of these parts are to 
be* cojipidered. If we regard the "denominator** for a decimal as being 
implicit' in the situation though ho^ explicitly written, so that, for exan5)le, 
•5, means 5 of 10 parts and ,38 means 38 of 100 parts, it is easy 
to justify one very handy property of decimals. This property is exeii?)ii. - 
fied byVhe fact that ,3 = 130 = ,300 = „3000 and ,37 = ,370 = .3700 =^370000v 
^ and is siitoly that you can put as many zeros on the end^of a decimal as 
• you like and stili have equivale^^nt' decimals. Waiting « these exan?)les in 

terms oi^ their fraction equivalents, we get 47 = -^ = = '^i^ and 

\ ' 10 100 1000 10.000 

37 370 \3,730 370,000 ^ 
" 100 1000 " lo/oOO " 1,000,000 ^^^^^ clearly just a matter of^ multi. 
^ plying both nitnerator and denominator by .the same number. Oh' the other 

hand, we caix take off as many zeros from the end of a decliiial as we wish, as 
'can be seen by Rewriting the above ,3000 = .3OO = ,30'*= ,3 IMs can 
^ ^® 3i^ej^^*;to "Wucing" fractions. For decimal numbers, then, equivalence 
is immediately e^vident. Furthermore^ changing two decimals to a "coninoTi 
denoirdnator" is ho pix>blem at ail; one sin5)ly tacks on the required niuiiLcr 
of zeros. For example', we get a common denominator for M (thai is, ) 

and ,5387 (lo^r^) by sin5)Ly tacking two zero& onto ,'l+7 to make It 

•^^^ ^io;ooo) • 

^ tell when, one of a pair of numbers is "greater than" or "less than" 
the other number ^s also no problem. One sin?)ly gives 'them the same' 
^*denominator," in the sense explained above, and compares them directly. 
For exaii5)le, ,0387 is clearly jLess than since we can compare 

•°3BT Cxi%o)- .-"^^ -2000 (^)\ ^ ^ • 
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Problems ' , , . • . ^ . 

Put in the proper symbol <, > to make a true statement^: 
a. OM .0838 ' / ; c. 1.7^^1; i 



; 7000a 



b. 2f*_^2.2 d. I+.5 k.k9 

Arreinge froiji least to greatest: * ' 

* * * , * * * 

2.2^, 1,' 0.02; 1.02, 2.o62r, ^ 2.2' 

Operettions Using Decimals " .t ♦ 

"Eadh time we have introduced a. new set (^ numbers, or in this case 

\ ' ' ' 

a new way\of writing familiar numbers, we*have developed waya of dealing 

with equivalence, less than or greater than relations, and we have defined 

\ * - * * 

ways of doing standard operations. -Equivalence and order for .decimals haVe ^ 

Just been 'd^alt with. To "^egin a discussion of operations, let us remind 

ourselv^ thaf* any" such discussions should provide both conceptual ^models 

fOr the process at hand and efficient coii?)utational procedures. The con- 

ceptual aspect of, the operations using terminating decimals cs&'be very ' 

quickly disposed of by r®narking that since they are only different ways 

* of- wri'Jiing rational numbers, exactly €he same models that were used for 

fractions suffice to giv^ meahing to the operations with decimals. That » 

is to "say that for each -such decimal used in an operation there Is an 

exactly equivalent fraction of the form ^ , where b is some^ower of 2,0, 

so that using these equivalent frawtions^, the nfodels^ethd concepts previously 

discussed will apply. For that matter, anjp^peration could be done .merely 

by cliangiiig the decimals to fractions and^ using the ccnqoutational procedures 

already- diccussed. It is convenient, ho^ever^ to have .ways of dealing 

directly with de<53jnalG via ttic uaual operations. 

r 

We cannot diispoce of 'these cQii^iutational procedures very easily because 
though we have fairly si^le roles of thumb to tell us how to get answers, 
these rules are seldon* well* understood and are ofte^Tiusiorrectly applied. 
Uiia is especially true for the operation of division. In the remainder 
of this section we will consider each operation in turn by stating the 
coDBJonly accepted procedure for gejiting an answer, then explaining why it • 
is th^^ this procedure works, as Justified by the various properties ^d • 
procedui-es tliat we have listed for operationd.with who^e numbers €uid rational 
numbers, and for equivalent decimals. 'In most cases t]ie procedure will amount 
to first a computation with whole numbers, then some rule to place the decinkl 
Tpoiht 'in the answer that results. 
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Addition Two or ^ More Decligals , ,^ , ^ ' 

Procedure: (a) Add (enough zeros to eaph deciUnal'so that all of 'lihem 
• * ♦ . 

have the same number of decimal pl^es, \ 

. ' " (h) Ftjrgetting about-the dec 1ml point, add them as if 
'they were whole niuabers, ' , . 

^ .(c) Place the decimal point so that the* resulting suto^lias 

j ^ ^ ' the same number of decimal places ,as each of the 

numerals in (a). * 

i 0 ^ » _ > 

..Example: ^ (l) 3^.-8- + .008 + 73. 7^^ + l^f? = . 

r ■ • • » 3^*800 + .008. + 73.7^^0 + U7.OOO = 55 .51^8 



' . (2) 3^^.800 

.008 

. / 73.7^^0 
' ltf7.000 

• 255.54b 

.-Justification: Instruction (a) is simply an instruction to vxite* 
^ N ' the decimal parts of ^ach numeral with a ^'common 

denominator," in the sense explained earlier. 

, ^ Instruction (b) has the eff'*ct of adding, "numerators", 
of the decimal paurts of the mixed numerals, "carrying" 
» ^ the excess from these nxmerators over into the whole 

number part of the addition and adding the whole 
number ^parts. 

Instructio^i (c) siii5)ly says that the "denominator" 
for the Sim is the^ same as the common denonilnator 
' ' ^ of the fltddends. 

Close examination of this problem conqouted using the fraction equivalents 
of the dccimctl numerals should make each of these points clear. This ' 
computation is exhibited in some detail below. Notice the "carry" from the 
fractional to the wHole number part in thenext to last •step, -r 



= 34i22. + JL + 73ii2_ + 11,7 
^TiOOO 1000 '^1000 

• ^ ; * =3'^*■73^1'.7>l +^_ - , ' 



Subiraction 
The procedu: 

addition. * The exajnple worked out Figure 23-2 should make this clear 



/ 

The procedure for subtraction of decimals is 'exactly analogous to that of 



. ^sing ' Decimals ^ , ^ Using Fraction s ' 

7.?8 = 7:^1 7.580 = 7^'l 6". . ^ = 6 . . • 



5.689 = 5.689 



1000 1000 " 1000 \ 



1.891 . -^-^^ 1555 -5 1000 = 5/1^ 



' • 1000 "^1000 

Figure 23-2. 7.58 - 5.689. ^ * 

Ojlserve that the regrouping necessary when using "fractions" is taken care 
by the ordinary subtraction of whole numbers in the problem using decimals. 

Problem « . ' * 



6. Do each of the following problems first" using the decimals, second using 
mixed numeral equivalents of the decimals, and third using fraction 
equivalent^of the decimals. Do not reduce the answers. . ♦ 

a. Q;f+ 3 + 5075 .; * . ^ 

b* Subtract 12.57 from kO. 

. ; r s 

Multiplicatio n 

" - ' ' t , 

Procedure: (a) Pretend for the moment tha^ the decimal points' do not 

exist and do an ordinary multiplication as if ''onfy 

whole numbers were involved. 



^ 



(1?) Place the decimal point in the resulting product by 
merely couhting the number of decimal places in each* 
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factor, adding these tvo counts, and putting the 
decimal point so that the product has this many decimal 
places. If there are not enough digits in the 'product 
to accomodate the required number of . decimal places, 
\^ one must supply zeros^ between the decimal point* and * 

the first digit of t^e "whole number product. Figure ~23- 3 
illustrates this process, ' 



Tbcai^'Ies: 

, Using Decimals " " " Using Fractions 

(a) .5 X :73 . ^ * 1. X li = ^ X ^ ^ 

5 X 73 = 365 • 100 . 10 X ICX) ~ 1000 • 

» * *• * 

■ Biree decimal places •are 
required, so 

. - .5 X .7^ = ^365 ^ , ' 

W 2.1 >^ .032 . ^ ^ ^ 1000 ~ 10 ^ 1000 - 10 X 1000 



X 21 • = 

— 1| 10,000 ^ 

6k 



672 I*our decimal places 
^ * are required, so • - . • 

2.1 X ^032 = .0672 • ■ ^ / 

. 'Figure 23-3. Multiplication of decimals. 

■• . ^. . . ■- 

Jxistificatiorf: Examination of the problems using fractions in Figure 23-3 

sho^s that* in each such problem we always end up getting 

a numerator for the product by-^multiplying Exactly the 

whble numbers that one gets by pretending that the decimal'^ 

points don*t exist.* This justifies- the first part of 

our procedure. Likewise ^ i n the fraction proble m^ we 

% * ' * end up multiplying, i'or exaniple, tenths times hundredths 

\ "to get thousandths (so a one place decimal times a 

^ , ^ . two pl^ce decimal requires a three place decimal^ aa the . 

0 '* product); tenths , times "thousandths to get t eh- thousandths 

• • . ^ (so a one place decimgil times a three place decimal re- 

, f quires a four place decimal as the product-); ax;d so on. » 

/ -To consider more possibilities, hundredths . (two decimal 

* * • ■ / , » 

? . places) times hundredths {two decimal places) would' ^ 
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give ten-thousandths (four deciaal places), hundredths 



Ums thousandths (three decimal places) gives hundred- 
/thousandths (five decimal places) and so on. 

^.Perhaps the ^st way to convince oneself of the validity of the procedures 

used in multipljang decimals, or alternatively to "discover" what rules 

might work, i/ to work a number of sjicli problems usiiig the fraction equi- 

valents of/the decimals and the definition S x £ - * ^ ^ 

b " d 



In this case 



^ obseyve^hat one does not work with the nmbe^s in "siii?>le8t form" but must 
" retai^the denominators as powerb of ten. . • ' 




> lems 



Make each of the following a true statement by s\Q>plying the missing 
decimal point and missing zeros in facto;? or product as required. 
;a. ^7 X .9 =: 63 d. /i.lQk x 2 = 3.1+08 

b. 7 X .02 = .01k e/ 3.1 X 1+00 = 12if 

c. .066 X .006k = 21+ 

o. From the pattern exhibited by the true sentences that foUow: 

try to state a general rule about the effect of multiplying a • 
whole number by a power of ten; 

try to state such a rule about the effect of multiplying a decimal 
by a power of ten; and 



a. 



relate (b) to the' procedure for placing a decimal point in a 
product. / ' I 

/ % 

7.36 X 109 « 7^ 
7.36 X 1000 « 7360 
7.36 X 10,000 » 73,600 



736 X 10 = 7360^ 
736.x 100 »^73>600 
736 X 1009 « 736,000 



7.36 X 



.00736 X 10,000 = 73.6 

.736 X 10 = 7.36 



Division 

Division of decimals is by far the most i^ysterioUs and troublesome of 
all the operations using decimals as tar as jixstifying the rules and procedures 
used in the various algorithms for getting quotients goes. Again we do'the 
operation as if only ^le numbers were involved and rely on well known 
procedures to place the decimal point. But these procedures are tricky. 
Furthermore, new possibilities are open to us. For exanple, if the diviBion 
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doesti't "come cJUt even/' that is, if there is a remainder left, we can now 
add ncre zeros after the last decimal place in our divisor and go merrily 
on our way until either it does "come out even" or we stop for some other 
reason, -e.g., "boredom, instructions given us, or the conditions of the 
problem. If it still doesn't come out eten, what dp we now do with the 
"remainder"? Shall we "round off" or let it gc? The discussion that follows 
will not deal wi£h all the possible rajnifications of these problems but will, 
hopefully, make clear why the principle maneuvers we^ use are sensible 
and Justifiable* 

First Method of Division: 

From Chapter 9 we know how to do division problems and justify our 
results at least to the extent of getting a quotient and a remainder for 
any problem involving whole numbers. Chapter 22 points out "briefly that 
any division problem using whole numbers will give a single rational ^umber 
as quotient without ariy rematinder. For exan?)le, 17 ♦ ^ becomes 
rather than a quotient of ^ and a remainder' of 1 and the corresponding • 
"check" becomes 1? = ^+ X rather than 17 = ^ X U + 1, Hencc^, if we can 
convert our division of decimals problem into a division of whole numbers 
problem, it can ceitainly be handled using procedures already discussed. 
Of course, our quotient may involve fractions rather than decimals, but there 
is a way to change fractions to decimals which will be discussed near the 
end of this chapter so even thip need not disturb us. ' 

It remains, then, to show how a division of decimeds problem c4n be 
changed to a division involving only whole numbers. The most efficient way 
to handle this is to use the fraction notation a ♦ b = ^ to designate the 
division, carrying-on the presumption introduced in Chapter 22 that such 
fractions behave in pretty much the same way as fractions involving only . 
whole numbers and counting n\iribers. Now the exan5)les in Figure 23-U sho\;ld 
sake clear what our procedure is. The first exan5>le details what is going 
on by the use of fractions equivalent to our decimals, but \he rest proceed 
directly without this step. 
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r 10 10 ^ T * 

. • = lO?! (or 107.5). 1 

^ 107 " • • 

•5^1775 ^?0/'5375 -10"^ 

d. 1.0-72 ♦ .1. I = 1-072 X Iboo l07g-_ P72 _ 368^ , 2-^. 

.u7i:o72 1^00/1072 . aili 

Figure 23-I+, Exaii5)le8 of division iiaing decimals. 

Observe that the procedure is to multiply both dividend and divisor by a 
large enough power of ten so that both are whole numbers, therx divide 
in the way usual for whole numbers , Observe also that in exaii?)le6 (a), (c) 
and (d) of Figure 23 the answer 1:buXa: easily be changed to .an equivalent 
decimal answer,. How the l| in /the exan5)ie .,fb)i^ could be changed to a >■ • 
decimal will be the subject of the last section of this chapter. 
Second Method for Division: 

* Ihe procedure just described is not the usual one^ as you know. On 
the other hand we would probably, in teaching youngsters, arrive at our 
usual procedure for handling all problems efficiently only as the end result" i 
of a number of sin5)ler special cases and less efficient but more easily 
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explained procedures.. la the end, however, we would typically go about a 
division of fractions problem as, follows: 

Exajq)le 1 
3-36 ♦ .8 

Procedure: (a) Move the decimal point ,in both 

divisor 'and dividend the same ^ 
nuinber*of places so that the div-. 
isor (but not necessarily the^ 
dividend) ^s a whole number. 

* (b) Dd the problem as if it were 

division of whole numbers, i.e., . 
ignore the decimal point. 



k.2 

1 6 



h.2 

8/33:^ 



Tenths 
Tenths 



(c) -Place the decimal point in the 
quotient In such a way that the' 

" quotient has exactly the same 
number 'bf decimal places as the 
revised dividend obtained by 
step (a) above. 

(d) If there is still a remainder iWien 
all the digits in the dividend 
have been used up, one can, if 

'he likes, add more zeros in the • 
dividend and continue the dlv- 

' ision process. The exanqple at 

<^the right illustrates this. 
\§ince adding zeitDs Increases the 
number of decimal places in the 
dividend, and since We insist that 
the qiiotient have exactly as many * 8/33.800 
decimal places as the dividend", this 
automatically increases the number of decimal places 
in the quotient. In our example at right, the process 
Just described gets an exact quotient very soon^ but 
tills does not alway.- happen and one must decide when 
to stop and* what to do with the leist remainder. These 
last questions will not be dealt with here. 

30Jf 



Exangle 2 
3.38 ♦ 8 

18 

l_6 
20 
16 

-TTo 

.1*0 



l^ousandthB 
nusueandtbs 



Justification: Step (a) is nost easily justified by the arguments . 
• ^ used earlier. We write the divipion as a fraction. 
th^n multiply dividend and divisor by the power' of 
ten which will make the di-^isor a vi^ole number. 
In the present example, * ^ 

Any. number of exaxnples will show that this has the 
effect of moving the decimal'pdint the sajne number of 
. places in both numbers. ' . *" 

We are clearly justified in adding ^ many zeros as 
we please after the final decimal placed as in step (d) 
for this is just a matter of using equivalent decimals^ 
as was discussed early in this chapt^. 

Tl-e real problem^ that of justifying the placement 'of 
the decimal pointy is handled by remembering that each 
^ division of dividend by divisor 'must ^ by definition^ 

give^ quotient such -that the multiplication of the 
quotient times the divisoiv amst give the dividend as * 
product.' Since we have made the divisor 4. whole number^ 

)so that it, has no decirocLl places^ the iitl6)er of decimal 
places in the quotient must, be the sfoe as jj^ the 
dividend so that the whole number divisor time's the 
decimal quotient wiU give exactly the same result ap 
the decimal dividend. In the present case^ starting 
with the revised problem with whole niomber divisor, 
33«6 ♦^S -= n, means that n X 8 = 33.6* and since 
only a whole number J;imes a decimal to tenths gives 
tentl^s in the product, n must be a decimal expressed 
to tenths. ■ • 

Problems ^ . 

9. Rewrite each of the following numerals as a fraction with a counting 
number as denominator. 

a. 

^•3:25 :^ 



3^03 



/ 



LO/If n^-k decimal numerals for the following without actually 

/ 15/2310 

tolng-a-fuir scale divisioni / 

a. 231*0 ♦ 15 ^ 23.10 ♦ .15 

b. 23.10 ♦ 15 , -e* .2310 ♦ 1*5 

c. a. 310 ♦ 15 ^* .02310 f 15 

Changing Fraction Names to Decimal Namefc 

*As we' pointed out earlier, all the operations with decimals could have 

been done by changing ^e decimaJ%.to their fraction equivalents and using 

procedures already considered in some detail. In other* words, we have iustj^ 

'been doing things that raise no fundamentally new issues but are only 

alternates to known ways of proceeding. But, if we consider how to change 

a fraction hame to am equivalent decimal name, it t\ims out that some really 

\ • 

• new 'Issues are raised. 

*• . a 

16 go from a fraction name to a^ decimal name, we agaa.n identify - 

as 4 ♦ c and perform a division. Some such conversions exe shown in 
Figure 23-5.. ' \ ' . 

a. 'I = .5 since b. ^ = -0^ since ^ = ^7.5 since 

2/1^^ 25/1:00 10/175.0- ^ 

r a- 1 00 . -10 

— & — 

.70 




Changing fractions "to decimals. 

In the^cases shown in Figure 23-5 the "division protess terminates. 
For many fractions, however, the division process does not terminate. Wh^ 
we try it for J o^: ^ for exanple, we get j = .333 ••• ' and ^ = •2727» 
as shown in Figure 23-6. ' 

|=..333*** since , ^ = .272?... since 

.333 .2727... 
3/1.000... u/3.0000... 

• 9 2_^2 
10 V 60 

10 30 

^ * , 22 

1 and so on Bo 

77 . ' 
~ and so on 



Figure* 23-6. Non-terminating decimal equivalents for i and ^ 
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Observe, however, that although the division process does not terminate 
in the exan5>les of Figure 23-6 a certain repeating pattern seems to occur. " 
This will always happen for rational number^. 

] Perhaps it would be instructive to show an'^xp'ansion of - using 
fractions. . . ^ ' 

i = i2-±+J^^3^1 
. • ' • 3, 30 ' 30 30^~iq 30 

^a similar way, h:-^^ = ~ + ^ = -^ + ~. 

^ 30 300 300 300 100 300 • 

If the expansion^f — is combiHed with that for j and the same 
\ process is continSed we.^would get the expansion shown in Figure 23-7. 



1 

3 



^ ^ 9 . _1 ±\J^ 

30 ".zd 30 ' 10 : 30 



io'' Soo^ " d ^300 ^ 350^ " & ^ 100 350^ 

10 100 ^3000' " 10 100 ^3000 3000' ^ ? 

10 100 ^iooq/;*3ooo' 
- i(?,.:.y5a. 1000 37go 

If this were continued indefinitely, we voiild get 

i = J. + ^ + - 3. ^ 3 ^ 



or 



3 " 10 100 ^ 1000 " 10,000 ^00,000 ' 
1 - ' • 3* IT 

J =.>3 + .03 + .003 + .0003 +<0p003 + ... 



. . . . 



or I = .33333 ... 



If 



Figure 23-7. - An expansion J . ^ 



' The exan5>les that have been d4scdssed seem to suggest that decimal 
^ expansions for rational numbers either terminate (like ,| = O.5), or 
repeat (like ^ = 0.333 ...). To check this, let us. examine the division 



3 

process^we used. 
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•Consider the rational nuniber ~ . If we carry out the indicated division 
we. would write: 

S/tTooo*' 

\ 5o \ remainder 6 

iTo remainder \ 

, 0 rfjmainder 0 

In dividing by 8, the only remainders wh^ch can occ\ir are 
0, 1, 2, 3, 4, 5, 6 and ?• Wie onl^ remainders which did occur were 6 
then ^ and finally 9, When the remainder 0 occurs, tfie division is . 
exact. Such a decimal it often spoken of as a terminating decimal* 

What about a rational nuniber which does not have a terminating decimal 
representation? Suppose we look again at ^ . OJie process of dividing 
3 ,by 11 .proceeded like this: • ' * . 

i272 



11/3.000 
2 2 

, n5o 

21 
30 
22 
8 



remainder 
'remaindex^ 
remainder 



Here the possible remainders are 0, 1, 2, 3> '♦i 5> ^9 Tf 8, 9, 10. 
Not all the remainders appear, but- 8 ^d 3 clo occur, and in this order*' 
At the next st^e in 'the division the remaind^er 3 recurs, so the sequence 
of remainders 8, 3 occurs again and again. Ttie cWrespondlng sequence of 
digit's 2, 7 in the quotient will -therefore occur' periodically in the 
decinal expansion for ^ . Ttiis type of decimal is referred to as a 
repeating or periodic decimal . 

In order to* write such a periodic decimal concisely and without ambi- 
guity, it is cuitomary to write 0.2727 ... as 0.271 

Ttie bar over the digit Sequence '27 indicates the det'pf digits which 



\ 



— 2 

is written as 0.3, j ^ 0.20571**^) and 



repeats. Similarly, 0.333 • 
= 0.23.' 

Hlfi^ method which has been discussed is quite a general one, and it can 



35 - 0.2333 



be^applied to any fraction 



If the indicated division by b is 



' pejpformed, then the only possible remainders which can occur are 
0, 1, 2, 3, (b - 1). It is necessary to look at the stages which 
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co: tribute to the digits that repeat in the quotient. These stages usuaUy 
. occ«r after zeros are annexed to a dividend to carry on a division that has 

not terminated; - " ' 

Even a terminating decinai expansion like 0.2^ may be written with 
■ a repeated zero as O.25OOO or 0^2^0 to provide a periodic expansion. 

Note that a zero :^mainder"may occur' without terminating the .division 

process, '.for example, ■ ' ' 

<' . . ' 905.3 

6/5'^32.0 - .. .-' 

• , • ■ • * 

03 remainder 0 

' •, . ■ '-0- . , 

\ 32 remainder 3 

2 0 remainder -2 

2 remainder 2 

•Sbip shows that ^ = 905.3. If 0 does not occur as a remainder after . 
zeros are annexed t^o the dividend, then" after at most (b - l) steps in • 
the division process one of the possible remainders i, 2, (b - l) 

will recur and the digit sequence will start repeating^ 

We can see from this argument that'a^ rational number has a decimal 
^expansion which is periodic . 

We have seen' hoV to find by division the decimal expansion of a given 
■ rational number. But, suppose you hav« the opposite situation, that is, 
you are giveif'a periodic decimal. loes such a decimal represent a rational 
number? The gpswer is that ±t, does, and we show this In the following ' 
paragraphs . Ihe demonstration is a bit tricky, howver, .and .involves some al 
gebraic techniques that may not be familiar to you so that you should feel, 
perfec^y free to skip it or read it only lightly. 

This problem can be app'roached by considering an example. Let us, 
write the number , 0. 21^21+... and call it n, ' so that n = 0.2?. The 
, p4riodic block of digits is 2K. If you multiply by 100, -this shifts the'""' 
decimal point two peaces and gives the relation: 

^ ^ 100 X n = 100. X .21^21^21^,.. =21^.21^21^ 

Then, since, ^ ^ • 100 X n = 2lf . 21^21^ . . . ' 

n = 0.2!^2lt 

you can subtract n from each side of the first equation to yield: ' 
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s ^- . * ' 99n =,21; so that, 



n = ^ or, in simplest form, 
8 



^ --r 8 

» You find^by this process that' 0.g5 ~ 33 * • ' ^ 

•^Trhe exainple here illustrates a general procedure vhich mathematicians 

r 

'have developed to show that any periodic decinft^ represents a rational 
number. You see, *^erefore, that there is a one - to - one correspondence 
between the set of rational Helpers and the SQt of periodic •decimals . 
It would be quite possible then for us to define tte rational num^bers as 
th^ set of jiunibers represented by such periodic decimals. A question 
' naturally ar^.BeB about non-periodic decimals • What are they? Certainly 
not rational numbers. The fact that such non-periodic decimals exist should 
suggest to us that perhap^^here are numb^s which are not rational numbers. 
We will discuss this situation at some -length » in Chapter 30. 

Computing with non-terminating decimals presents many problems, as you 
can easily verify by attempting, say, .333 ... X .2727 .... A brief con- 
sideration of such issues is also included in Chapter *30» 



Summary 



In this ^apter we have discussed decimals aCs an equivalent way of' . ^ 
naming rational numbers and as a natural extension of oUr place ^^ue system 
for writing numerals. Procedures used for computing sums/ differences, 
producjbs and quotients using decimals were discussed. It was 'noted that it 
is simple indeed to write fractions equivalent to given terminiJ^ng decimals 
but not always wuch an easy^ matter to find decimal equivalents for given 
fractions. We found that such a decimal equivalent for atgiven fr-actlon 
might not terminate, but* that even if it dofes not) a repeating pattern of 
digits becomes evident. Furthermore, any decimrl with such a repeating 
pattern of digits does represent a Rational number and its fraction equiva- 
lent ^gui be found, thou<;h this is sometimes hard to do. . > ^ 
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Exercises - Chapter 23 • 



1. ^ TbU the number represented by each 3. ' Tell the number represented 
• * |J>y each 5. ' . - ' ^ 

?• 321.59 c. 51+21.365 ' , e. 1+9.035 

to. 7-1.035' : d. 17^0^ /f, 795.309 ' ^ 

. - ^ ^ ^ . / 

2. Expresfe the following ^"ttUBBerB as decimals, 
o 3000 ' - '30 ^ r, 

I 

3. Find decimal names for these quotients and "check" by multiplication. 
• a, 100^ p .6 ' . . ^ 

. ^ b'. 213.9 ♦ 3.75 * • # * 

c. . 646 ♦ 6.8 

d. 30.9^+ ♦2.6 ^ ^ • 

H. • Make the following sentences ^true by supplying missing decimal points 
or zeros in dividend, divisor, or quotient M required. ' (it is tnie 
that 8153 ♦ 263 =31.) 
• a. 8.153 ♦ 263 = 3.1 - 

. b. 8.153 ♦ 26.3 ='31 ^ 
c. 8153 ♦ 26.3 ='3.1 

5* If 78 X 7^ = 5850, supply a missing decimal point and/or zeros 

in either factor or^ in the product as required to make each a true ' 
sentence. , " ' , 

a. , .0078 X 75 = -05850 c. 78. X 7.5 = 5650 ^ • 

b. 78x7.5=58.50 d. i075 X 78 ^ 585.0 
'6. Write a decimal numeral for ^ , • 

a. Does this decimal end? 
. b. How soon can you recognize a pattern? 

c. What is the set of digits yl^ich repeats periodically? 

A ■ ■ 



3^ r^ 

9^- - 3.09 
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?• Write the decimals for: 
2 

^* ^ 3 See how soon you can recognize a pattern in each 

, „ case. In performing the division, watch the remain- 

• B ders. Hiey may give you a clue about when to 

expect 'the decimal numeral to begin to repeat. 



. 1 

C. 



8. Write the decimals for: f 

_1_ b — c — (There is a "shortcut" for 

V ' • 11 ^^i^ (^J 

9. Is it true that the number 0.S3 is seven times the number 0.09? 

10 • Find the decimal numeral for the first number in each group. Ttien 

calculate the others without dividing. < ^ * 

- • 1 2 if 
^ 5 ' 5 ' 5 

. ± ± }1 1 

°* 20 ' 20 ',20 V 

1 ni 927 

1000 ' 1000 ' 1000 



c. 



*11. Find fraction names for these rational numbers: 

a. ■ 0.3^ ^ ' ;f ^ 

b. 0.1il2t57 

12. Repress the aiiswer to each of the folloving as a decimal numeral. 

a. An automobile used IO.5 gallons of gasoline in travelling I63.8 
mile^'. How many miles per gallon is tj^is? 

b. How long would it take to travel Ihk miles at 5C miles per hour? 

c. One day Helen and Rosemary were, each given a guinea pig. Helen's 
giflnea pig weighed 0.60 pounds and gained 0.07 pounds each 
day. Rosemary's gxiinea pig weighed 0.U8 pounds, but ate more, 
and gained 0.09 pounds each day. Whose guinea pig was the ^heavi^ 
a week later? "How much heavier? 

d. In a swimming 'test, Dan stayed under water 2.3 times as long as* 
Charlie. Charlie stayed under* water I9.8 seconds. How long did 
Dan stay under water? 

, e. Races are sometimes measured in meters. If a meter is 1.09^+ yards, 
what is th^ difference in yards between a 5O meter race and a 100 
meter race? ^ 
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Solutions for 'Problems ^ : - \ 



A 



ar. 9876.5l*^ b. 702.907 i V.,.; 

a. , (9 X 100) + (2 X 10) + (7 X 1)^ + (8 X + (7 x ^) +^2 ^ 

b. (k X 10) + (9 X ^) 
or, if you like, (h X lo) + (0X1) + (6 X 3^) + (9 >i 3155). . 

■ c. (U X 1) + (6 X j^^), or • « - • ■ \ • 

(U X 1) + (0 X (0 X 3!^) + (0 >^^) . (0 X ^) V (6.x -^i^ 

a. ii00.06l; Possible errors: I+OO.O6O; . %i+6l ("Four hundred sixty -on^ 
thousandths*'.); *k60 ("Four hundred sixty one-thousandths") .* 

b. 2,300. OOiiO ' Possible error: •23^0 * 



*a. > b. > c. = d* • > 

0.02, .25, 1, 1.02, 2.002, 2.2", 2.2^ 



. a. 8.900 8-^ _ 8i900_ 

) ' n[o " niooo 

' 3*000 



17.275 '^^1000 -^1000 

i^O.OO .^0 ^ = 39^ 



27.^*3 



27^ 
'100 



ho .'12.57 = ii2 . iSI = iiooo ^ 1^ ^ 27!t3 
^ 1 100 100 100 ""W 

a. .7 X .9 - .63 , d. Nothing required 

b. .7 X .02 ='*.01Il* • e. 3.1X1100=^2110.0 ' 

c. ..006 X .OOtf* = .0000021* 
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Multiplying a' whole number by 10 or 100 or 1000, etc., has 
the effect "of making the product 'have the same digits as the other 
factor btlt with pne zero or two' "zerqs 'or .three* zeros, etc., "tacke.d" 
onNat the end. , ' . > « ' 

IM.tiplying a decimal by a po^er of 10 - has. tHe effect of moving the 
decimal point to the right one 4)lace for multiplier l^K^two places 
for nmltiplier ' 100, three places for multiplier 1000,^tc. 
This }.attei) ie because in multiplying a dec^[pa by a power of ten 
%s if the declmalsf didn^t exir^ we '*tack on'* zeros. Then the product 
must -have a^ many ^de^imal places as "the decimal factor (since the 
powers of ten are; whole numbers) and in counting these decimal 
places^off in the product, the "tacked on" zeros are counted. 'Hence, 
the decimal place 'ends up just as many places to the right of its 
former pcfsition as there are zeros taql^^n; e.g., one' place for 
10, two placesjfor 100, .etc.""^ ) ^ i 

7360 ' . . ^ .6850 ■ ' 6k.9 



g , ■ d. ^50^ 

15.^ - d. l^k ' 

1.5^ ^ e. .151+ ■ 

.15^ ' f. .00151+ 
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Chapter, 2k 
RATIO, RATE, PERCENT 

In our study of whol^ numbers and of rational numbers, we ha^G always 
considered a physical situation, first look^ing at Its characteristic qualities 
and ijroperties. We have then tried to extract 'from this look at the physical 
world the ideas and properties of number which are basic to the study of 
mathematics, 

\ • 
Ttixi^ ve lookjed at the way in which certain sets of objects were alike 

and developed the concept of^/hole numbers. We know that a set of 5 apples 
and that a second set of 5 letters of the alphabet can be put in a one-to-one 
correspondence. These sets have something in common. We denote the funda- 
mental property in which we are interested by the number 5. By considering 
joins of sets and arrays of sets, we had physical ncdels 'of the ideas of 
addition and multiplication. 

We represented whole numbers by points on a number line and found that 
further consideration of other points on a number line gave us a good pnysical 
model of the rational numbers, A study of this and other physical models 
h/lped us understand the addition and multiplication properties of rational 
numbers. 

In a similar wa>, physical models such as paper triangles, lines drawn on 
a chalkboard, solid boxes, etc, helped us in the study of the mathematical 
concepts of points, lines, planes, curves and other geometrical figures. 
We will later study congruence and similarity, concepts which grow out of our 
desire to compare models of geometric figures as to size and shape, 
_ We come now to another similar physical situation whose study will give 
us a different look at numbers and show hew they can be useful in a new and 
interesting, way. The concept of ratio , which we will develop in this chapter, 
will give us still one more way of using numbers to indicate h^^w certain 
physical situations are alike. 

Consider the following problem, John can buy 2 candy bars for C^, 
while Jim can get 6 of the same candy bars for 20/, They vender, who is 
getting the fcetter "buy," It is assumed that there is no special discount for 
large purchases. Since John knows that he must present 6^ for ever> two 
candy bars, he can visualize his candy purchasing ability as pictured below. 
Every 2 candy bars must correspond to 6 pennies. 
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[candy] 



CANDY 



CANDY 



CANDY 



CANDY I 




Figure 2k -1. ^ 

The last fraine clearly indicates that John is doing better than Jir is 
doing under these arrangements, for he is pacing 13/ for six cand> bars 
while Jim is paying 20f for 6 candy bars/ u 

Exactly how did we reach this conclusion? At first we asked ourselves 
what sort of purchase would be like the purchase of 2 cand> bars for 6^ 
H*e situations represented above are a partial answer, lb sharpen oar under- 
standing of how these situations are alike, *let us summarize the essentials 
of each situation in a table. ' 



CANDY EARS 
PENNIES 



8 



10 



12 I l8 



Figure 2k ~2. 



Can ve riake further entries in our table? If we are able to visualize or 
draw a picture of the situation, we can make the corresponding' table entry 
with ease. 

We notice that an essential aspect of each situation we have described 
can be represented by using a pair of numerals: (2, 6) for the first frame, 
(k, 12) for the second, and (6, l8) for the third. These pairs can be used 
to represent a property conmon to 'all of these situations. Using the pair 
(2, 6) we introduce the. symbol 2:6 (read 2 to 6). In t^rms of the above 
model, this can be interpreted as telling us that there are 2 candy bars for 
ever> C pennies. I^*is same correspondence could have been described using 
the p§Lir (U,' 12) and the associated symbol ktl2. For the above model this 
'.^ould tell us that there are k candy bars for every set of 12 pennies. 
Clearly, k:12 and 2:6 are different symbols which we can use to indicate 
the sa.,. kind of correspondence and ve write 2:6 k:12* Once more, as in 
the case of naxerais for rational numbers, we have an unlimited choice of 
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s^mtois to represent the same property* The conmon property is called a 

ratio* In the preceding example, the ratio of candy bars to pennies is said to 

be 2 to 6 or h to 12* An alternate way of expressing, the same ratio 
2 h 

is to xa*ite ^ - "J^ * ^^^^ forms behave much as rational numbers do* The 
way to tell if two ratios written this way are equal is to take the cross 
product* This procedure was explained in Chapter 19 • ^ 



if aXd = cXb 

h X 6 



2 h 

i=l2 2X12 



Can we tell how much John will have to pay for one candy bar? If we 
cake another look at the first frame of Figure 24-1, we see that two candy 
bars cost six ot^nts* rearranging vhis frame as in Figure 24-3, it becomes 
apparent that one candy bdr should cost three cents* 





Figure 2U-3* 2:6 = 1:3* 

Hew mucn candy can I buy for l;ft? In trying to answer this question, 
we find ourselves incapable of describing the situation by a suitable pair 
"T r.'jn.ters, unless we consider the candy bars to be divisible* In fact, the 
cand:, bars are divisible although the store owner is not likely to sell us 

part of a candy bar* If he would, we would expect to get -i- of a candy bar 

1 ' ' ^ 
f^r a penny* Hence, -:1 'is another name for the ratio we have been studying* 

H^vever, if the candy store owner won't cut up the candy bar, this particular 

pair of numbers doesn't describe a situation that will actually occUr at the 

candy store* " > 

We have seen that the ratios 1:3, 2:6, U:12, 6:l8, i:l can all be 

ased to describe the basic property that each element of the first set, the 

set of candy bars, alwa^^s corresponds to 3 elements of the second set, the 

jet of periTiies* We mi^^iit now ask, can we without drawing pictures, decide which 

pairs of rlambers can be used to describe this ratio? Clearly any pair of the 
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• form (n, < x n) vhere r. a rational naniber will do. Of course, if the 
storekeeper will nor r... ^l/luc tl.e cand^ bars and if the penr.^ is the smallest 
unit of Kione:. u/allacU;, oni\ pa^rs of the form (n, 3 x n) vhere n is 
a whole n^/ct: vlll represent actual transactions at the cand\ counter. 
That w.iie 5:15 and both represent the sair.e ratio, ve see that 

. tellj us tnat 5 candy bars viii cost us 1^^, whereas tells 
us that ^ car.d^ bar would cost 5 /. Since the dealer will not sell us 

^ :> 

- cand:. bar, does not actuallv describe a possible exchange of monev 

for cand:. bar*^ az 5:lp does, 

rne property described b\ 2:0 is exhibited in a wide variety of 
situatlo-.s ana Is :.:.t restricteu to sets of candy tars' and nennies, Con- 
si-der each of- the following: 

1) Trere are 2 texts for ever;. 6 students, 

2:) Tnere are 2 bo:,£ for ever; c^rls in class, 

j) Tr.e wczcr scooter does 2 iRiies in 6 minutes. 

I>; investment earns $2.00 interest for everj' ^6.00 -invested. 

After a brief consideration, you will conclade that the table and the 
associated jictoi-es whicr. ve developed for our example of candy bai^s and 
pennies would serve equally veil to describe each of the above situations. 
For example, in (l) instead of cand;. bars, we nave texts and instead of 
pennies, we have- students. 

Cv^ns'.der tr.e statement (i). It describes a situation ^involving 2 
sets: a set of texts anu a set of students. Tr.e situation in question 
exhibits a prcpert;. deojrllea b,. We can sa^ that tne ratio of number 

of texts to ri amber ^f jtudents is 2 to 6 ^ In snort, there are 2 texts 
for ever^ o st^aer.t/. Ar.otr.er r.ame f:r trio ratio is 3:9. Th:s indicates 
that tnere art^ , texts fcr ev^jr\ ' ot^vients. 1:3 also describes the 
ratio of the nart er te::ts i- > ' j-.cer of students. However, the ratio 
of the n'omber of students to t . iricer of te>rts is 3:1, i.e., 3 m.embers 
of tne set of 'Ctuc-.ents corrs.. : '^r.c to ^acn member of tne set of textb. 
Clea;-!^. , in mai^ir., :ir:. ^r,s between nambers of texts and na^ibers of students 

it will not t, i.--^ ii.ar tne ratio is 1:^, unless we understand that the 
first namber ir.'iljatea refers t^ the set of texts. Tne order in which the 
numbers are narta is imjortant. An^ pair of the form (n, 3 x n) when 
interpreted aj r.:^ X :. c_ui'i II ao'jj to aescrile the relationship between 
the set of texts tne net of stancr.t. . That is, since there are n 
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texts for ever> ^ X n students, we have a situation exhibiting the ratio 
profert: 1:3. Some pairs of this type are given in the following table. 
Spaces are provided for further .entries. 



TEXTS 


1 

• 1 ; 


3 ' 


5 


1 1 

; 12 i 


SIUDEITS 


. 3 i 


9 


15 


: 36 ; 



Figure 2k k. 



Me can, of co^ai'se, never hope to list .all possible entries. We can 
/L^'iiiize vLat tit ^atle entries tell us abaut our model sets as shown below. 







r if/ure 



We -i.jht asi-: r,ov to spct one of our. table entries without drawing a 
picture. Ir. the examples we*ve been considering, the .pairs we enter in our 
table are all of the t:.pe '(n, 3 X n) and we see at once that (9, 2?) 
will represeth^ a table entry, while (U, I7) vill not. * 

Concider the ratio/described by 2:3. This symbol tells as that there 
are 2 items of the first set for evei^ 3 items of the second. It follows 
that h:6, 6:/, 100:150, and, in general, 2. X k:3 X k would be other 
ways of representing this same property. If the first set referred to is 
the set of bo^s in school and the second set is the set of girls, we say 
that there are 2 boys for every three girls in school. The symbol 2:3 
can aisc te used to describe a fundamental aspect of what happens when we 
have a motorscooter which travels at the rate of 2 miles every 3 minutes. 
In other words, corresponding to every 2 mile stretch covered by the motor- 
scooter, there is a time interval of 3 minutes. 2:3 vill describe a. 
correspondence exhibited here if we choose the elements- of the first sot to , 
be distances of one mi.le and the elements of the second to be time intervals 
of one minute. 'Ihe acpect of the movement of the-irotorscooter is equally 
well described by any symbol of the form 2 X^K :*3 x k. Some such pairs 
are Indicated below. 
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I I ; 

MINUTES [3 I 6 [ ^ 



10 



30 I - J «L ,3 



15 \ \ i 



» 2 



Figure 2^f-D.. 

Situations in which the correspondence of two sets can be described 
o as above, by means of pairs of numerals of the t>pe (a X k, b X k) or 
a X kjbX k all possess a property called the ratio a:b,. That is.. to 
eaeln collection of a members of the first set there corresponds^ col- 
lection of b m.embei:s of the second. If two pairs of iiuinerals represent 
the' same ratio, we use an equal sign to show that they are different names 
for'the same property. For example, 5:10 = k:Q» A statement of this type 
is called a proportion. 

How can we tell^if two symbols, for example 6:l8 and 8:32, represent 
the same ratio? The symbol 6:l8 tells us that there/are 6 members of 
the first set for eVer> I8 members of the second. This is the ^same as, 
1 member of the first set for every '3 members of the second set. That 
is, 6: 18 and 1:3 are different names for the'^'ame ratio. Similarly,^ 
8:32 and 1:^ are different names for the sa^e ratio. Thxise s>'mbols, 
1:3 and 1:^, clearly describe different .correspondences and we conclude 
that 6: 18 and 8:32 do not represent the same ratio. In general, 

a:b (a / O) and (b / O) represents the same ratio as 1:- while c:d' 

^ d ^ 

represents the same ratio as 1:- ' (c / O) and (d / 0)» It follows that 

^ b d ' 

a:b and c:d can represent the same ratio if and only if - = - , That 

a. c 

is, a:b = c:d if and only if a X d = b X c. Using this test, we see 
iminediately that 6:l8 / 8:32, for 6 X 32 18 x 8. 

Vrnen wfe wish to compare physical objects of the same kind, we use numbe 
to measure their size. In the case of line segments, we assign numbers to 
measure their length. Tiius we can compare the physical pbjects t> consider- 
ing the ratio of their measures. If two line segments, AB and CD, have 
lengths 5 and 3 centimeters respectively, we can compare their size by 
saying their measures are in ratio five to three. We write this in the 
proportion m(AB):m(CD) =5:3* (m(AB) stands for the measure of AB,) 

Thus, if a desk measures 2h inches 1} 36 inches, wg can write 
£:v = 30:2U = 5:1|. ' ^ 
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* A special kind of ratio o,r rate is that of percent. Here 100 is 
always the basis for comparison. In fact,, percent means *'per hundred." / 

us 25^ means 2^ per hundred. Whfen written as a raticS this would hi 
^:100 or or •25. It may again be rewritten as ^ > | or as many 

other equivalent fractions as jou please. From this we see thac percent can 
be treated as a special t\^e of ratio .which can be converted to equivalent 
fraction forms and'' decimal forms. ' ^ 

r 

In general any ' number ^ can be expressed as 

i _ . a percent ^y finding the number 

a _ c 
b " 100 * 

/ 

By studying this pattern, we see that if we are gi^en any two of the- 
three numbers a, b, c we can find the third. Tfius,. since 




^" b'^^' ^ 3 in f = c is 75 in 1-^00 



c 



Ccisider a situation in which over a fixed period of time I pan earn 
$1.50 on a $50 inx^stment. From what I know about simple interest, I 
would^expf^cl to get ^0.75 on a $25 rir.vestment, .^O.QB'^on a $1 in- 
vestment, etc. If, as before, we use a table to exhibit these results, we 
would have: 



IXDLLAJRS OF IHTEREST 
DOLIARS I^JVESTED 



0.30 1 1.50 ' 0.75 3 . ' 0*03 I 
. 't • I 

\^io ! 5g I 25 . 100 ' 1 i . 

A property coimnOn to all of these^i-^airs is the ratio 0.03:1. In 
particular,* note the pair (3, iOO). Thi's can be interpret -d*to tell as 
that we receive ^3.00 of interests*for every $100 invested. If we use this 
pair to describe the ratio property, v^write 3:100 and indicate that we 
get a return of 3 per 100 or^ 3 percent. V/e use^the symbol yj^ (read ^ 
3 per cent) to describe how our interest compares' dollar for dollar with 
our investment. . 

The following problems illustrate some applications of percent. 

1. A florist has. fifty rose bushes and sells 12. of them. What percent 

does he sell? The solution to this problem is: 12 is what percent 

12 

of 50? We can form a ratio of 12:50 or — and con^'(^ if to a 

12 2^ 

percent by writing it in an equivalent form: — ,= rrrrr , Thus our 



50' 100 

answer is 2^^. Checking with our formula, ^ , we replace 
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12 c 

by 12 and b by ^0 to get = i The answer, of ■course, is 2k. 

2. In .another instance we may wish to find the answer to the problem: 

. a 20 

what is 20^ of 8o? Again, using the formula, we see that ^ = ^qq 

and the answer is l6.'' 

^. Twent:y-four students received a passing grade in Professor -^s history 

examination. 'He announced that 8o^ of his class passed the examination. 
How many students were in the class? 

a c 2U 80 

In this instance the formula holds, ^ = . Therefore = -Jqq 

and the answer is 30» ' ' 

In studying correspondences between two sets, we were led to the concept 
of ratio. Think about the following s.tatements and you should begin to 
appreciate the wide appljlcability of this new idea* 

Problem "^ ff^ ' ^ . 

1. Express the following statements as ratios. 

a. Tlie population is 200 people per stjuare mile. 

b. ^ The car .travelled 100 yards in 6 seconds. 

c. The recipe calls for 3 cups of *sugar for every cup of water. 

d. The scale on this floor plan is 1^ centimeters per 10 .feet. 

e. I. can buy 2 sweaters for ?• 

•■-r ~" — 

Exercises - Chapter 24 
1. Study these pictures. Write a symbol which describes the comparison. 




JT^^^^^^ .ooooooo 

(a) (b) (c) (d). 



"We've gone 8 miles 
in 10 minutes." 




(e) 



* Solution to the problem in this chapter is on page 325. 
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2. Jook at --^his picture of a fifth grade class. 






a, \Tn&t is one Vay of writing the symbol which represents the 
ratio of boys tc girls? 

m m 



Write a symbor to express this ratio of boys to ^irls. 



3. a 



Write two symbols which^ 
express the ratio of the 
number pf fish to the 
number of boys, 

b. Write two symbols which 
express the ratio of the 
number of boys to the 
number of fish. 

c. Write two symbols which 
describe the ratio of the 
number of boys to the 
number of fishpoles, 

d. Write two symbols which 
describe the ratio of 
fishpoles to boys. 



Copy and complete this table. 




jjTr 







16: . 


8: 


20: 


36: 


:25 


12: . 


:6 


:8 


:10 


1: 
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Copy and complete each of these three* tables* 



\ * 

(a) (b) ' " (c)^ 

U:8 ' 10:^* 6:10^ 

1:_ ' ' 30:_ ' ' _:20 

8:_ 5:_ _:30 

_:3a i_:8 , 30:_ 

_:k _:20 2k:_ 

12:_ _:2l| _:8o 

_:i48 100:_ ^ * :100 

_:kO ' l+0:_ 5l+:_ 

_:72 _:32 , 36:_ 

32:_ 1,000:_ l+2:_ 

3:_ ^ •15:_ 3:_ 

_:1 _:1jO ' _:15 



One day a sixth-grade pupil heard the principal say, 'Vour percen^^ of the 
) fifth graders are absent today," A list of absentees for that day had 
22 names of f iftl.-grade pupils on it. From these two pieces of in- 
form^ition, the sixth-grade pupil discovered the number of fifthrgrade 
pupils in the school. How many fifth-grade pupils are there?^ ^* 

It is often more convenient to refer to the data at some later time if 
they are given in 'percent than if they are given otherwise. 

For example: the director of a camp left some records for future 
use. Some information was given as percent, and some was not. The 
records gave the following 'items of information, 
a. There we^e 300 boys in camp, 

'bi One hundr^CT percent of the boys were hungry for the first dinner 

in camp, ' 
•c^ On the second day in camp hh boys caught fish, 

d. One boy wanted to go home the first night, 

e, A neig,hboring camp director said, "Forty percent of the boys in my 
camp will learn to swim this summer. We shall teach' 32 bo^s to 
swim,"' 

From (a) and (b), how many hungry boys came to dinner the first day? 
From (c) find the percent of boys who caught f^sh the second day. 
From (d) find the percent of the boys who were homes ick. 
From ^ (e) find the total number of boys In the second camp. 
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1. a, ^200:1 ' d. |:10 or ^:hO or 1:8 

100:6 or 50:3 - e. ,2:7 ) f 

c. 3^1 - f . ^+:100 or 1:25 
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Chapter 25 
CONGHJENCES AND SBirLAJtETIES 



Introduction 



We return now for a second look (s*»e Chapters I3-I6) at some ideas of 
geometry. In Chapter I3 we considered a few properties of points, lines and 
planes and their relationships. In Chapter Ik sin5)le closed curves were 
discussed briefly, and particular attention was drawn to certain special 
sin5>le^ closed curves suth as triangles,, polygons and cijr ^ e o -and the regions 
bounded by thenu In Chapter I5 we talked about congruence of line segments 
and. of angles. In this chapter we shall extend the notion of congruence from 
congruence of line segments and angles to. congruence of triangles. What does 
congi-uence mean for triangles?. ^ Under what conditions are two triangles 
congruent? Having looked at congruence of triangles, which has to do vith 
'their size and shape, we shall discuss briefly the Jreflationship of siiuilarity 
between triangles. !Ihis relationship concerns the shape of geometric figures 
without reference to their size. 

Congruence 

Congruence may be defined as follows: 

Two geometric figures which have the same 

size and shape are said to be congruent . , 

This is not a technical definition of congruence but it tells us what we wan}; 
to know. The figures , below* are congruent in pairs. 






Figure 25-I. Congruent figures. 

We obseorve in passing that even though congruence of line segments and 
angles was defined before their measurement was discussed, it is surely true 
that if two -segments are congnient, they have the same measure, provided 
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they are measured in terms of the same unit* The same is true of* angles* 
Thus* in Figure 25-2, RS and PQ are congruent and also have the same length* 
Z B = Z C and these two angles have the same measure* (Note that, if th^ 
is no amoiguity possible, we abbreviate the name of the angle by naming" just 
the vertex point instead of .naming also points on each ray of the -angle)* 

Q R ' . 





Figure 25-2* ZB=ZC;PQ = RS 

We know that congruence of segments and angles can be determined 
by direct comparisons of representation? of the figures* The same is true 
of any two plane figures. If we think that two circles might be congruent, 
or two triaiigles or two quadrilaterals, etc,, we could always make a model 
of bne and try to match it with the other. If we can match them we know the 
original figures are congruent* But can congruence of two plane figures^be 
established in any other manner? Does it follow from the congruence of all 
the pairs of angles and segments det^ermined hy the figures? Yes, it does, but 
a more interesting question is: how little do we have to know to be sure 
two figures are congruent? Are two triangles congruent if their pairs of 
sides are congruent? If their pair^ of angles are congruent? V will see 
later that the answer to the first question about triangles is yes while 
that to the second is no* 

Are two circles congruent if they have congruent radii? Yes* In 
Figure 25-3, OP = and it can be verified in the usual way that these 

two circles are congruent* 





Figure 25-3* OP = QR, circle 0 = circle 
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^ It is, a fact that: 

* Tvro circles are always congruent if their 

radii are congruent* 

• Problems ^ 

1* ^^ake a tracing of circle 0 and check that circle 0 is congruent 
to* circle 

2. Draw an orbitrarj/ segment AB, Draw a segment RS = AB, Draw circles 
with centers A and R whose radii are congruent to and RS. 

Check tnat these circles are congruent. 

Are two rectangles congruent if their bases or^ congruent? No, because 

they may ^ave different heights, Burt if vheir heights and bases are congruent, 
« < 

Figure 25-^ makes it appear that the rectangles will also be congruent, 
B ^ C X ' ' Y 



• A DP S W Z 

Figure AD = PS = VZ, AB = XV, AB > PQ. 

Rectangle ABCD = Rectangle MXYZ. 
Rectangle ABCD f Rectangle PQRS, 

In fact it is true that: 



Two rectangles are congruent if their bases 
and heights are respectively congruent. 

Thus two conditions are necessary for the congruence of rectangles while 

one condition was enough for congruence of circles. 

Problems 

it Make a tracing of ABCD in Figure ^-U and check that it is congruent 
to WXYZ, MM 
B C M N 




Q 



Check that rectangle ABCD = rectangle/f^Q = rectangle TUVW, 
Change the statement about congrue^nj^ec tangles given above to take * 
care of this new situation. 



♦ Solutions for problems in this chapter are on page 339. 
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Congruence of Triangles 

In Figure 25-5, the three triangles are congruent. 
B E 



F G 






Figure ^-5. Congruent triangles. ^ 

If A DEF were traced on paper and the paper cut along the sides of the ^ 
triangle, the paper model would represent a triangle and its interior. In 
this discussion we are interested only in the triangle and not in its in- 
terior. Tne paper naodel of A DEF could be placed on A ABC and would fit 
exactly. If point D were placed on point A with W along AC, point 
F would fall oil point C, and point E would fall on point B. In these ' 
two triangles there vo'ild be six pairs of congruent segments and congruent 
angles which may be displayed as follows: 

SB=I!E ZB=ZE* 
AC = K^' ^ZA=ZD 
' C3 = FE ZC=ZF 

In tr.is race, we sa> that triangle ABC is congruent .to triangle DEF and ^ 
write A ABC ^ A DEF, being very careful to name the triangles in such / 
a i^^r.\j\ t: at rprresponcting letters are names for, matching points . Thus, 
in tri:. case it wOuld be incorrect to say A ABC = A FED since in the con- 
gruence of^ angles J A = ^ D and not to Z F. For these congruent triangles 
then, for eacti an^le or side of one triangle there is a congruent angle or 
side in the other triangle. 

If the paper jpodel of A DEF . is placed on A GHI it would match only 
if point D matches TOint I and points E and F match points H and 
G respectively. Note that to obtatin this matching the model will have to 
be turned over. In this case .A DEF = A IHG with = IH and Z E = Z H, etc. 
Do you see why it would be incorrect to say that A DEF = A GHI? 

^ D 

Problem - ^ 




Make, a model of A ABC and use it to determine whether the two triangles 
are congruent, ii they are, write seven congruence statements which are 
true," three for angles, three for segments and one for triangles. 
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Making models of several different pairs of congrvtent triangles will 
nake the following statement plausible. As a matter of fact' It is true. 

If two triangles are congruent then the three 
' sides of one are congruent respectively to the 

three sides of the other and the three angles 
of the one are .congruent respectively to the 
three angles of the other, 

Ti.e pairjof o^ntTuent sides or angles are called corresponding pairs 
of sides or a.ngles of the t'^-o triangles^, O^ius in Figure 25 5 AB and ^ 
are corresponding Fegir^nts and J C corresponds to ^ * *. 

The statement. above says that ^he congruence of two triangles gives us 
info,rr.ation abo^t the contrruence of the pairs of corresponding sides and 
angles. Let as turn the situation around and investigate the question: 
"Ko« nrach. muct be knovm alcat tr*e congruence of the sides and angles of two 
triangles to be sure that the triangles are congruent?" If all six pairs 
of ^crrespcndir^r side^ and angles are congruent, the triangles are congruent. 
But pei^hars three pairs will be enougl]^ If so will it be an> three pairs 
or only certain ccts of three? In the next few paragraphs it will be shown 
that there are several different .sets of three pairs of corresponding parts, 
such as the three pairs of sides, vhis„:. are enough It will also be shown 
that there are several different sets, such as ,the three pairs of angles, 
which are not enough to make the triangles congruent, 

Ve will try to ans;.er the question by making some simple ^experiments . 
with physical laodelc. Suppose we were asked to draw a triangle which is 
congruent to A ABC, * 




1. Start b^ laying off a segjnent B*C» co.ngruent to 3C. (Note: B» , 

read "S prime," is a s:.rabol used to represent a poi.nt corresponding to 3.) 



B» C 
Then ta>je a line segment B'D congruent to EA and using it as a radius, 
draw a circle with center B» . Next take a segment C»£ con^^ruent to CA 
and, using it as a radius, draw a circle with center C . These two, circles 
will intersect at twc poi.nts. Label one of them R and dr^w and C'R. 
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'* Now, b;y the properties of congruence for segments and the definition of a 




ITiUS in this case it seems true that by copying three sides of A ABC we 
were able to draw a triangle congruent to it. 

2. Another method of drawing such a triangle might be to start again by 
laying off , B»C» ^ BC. Next we might try to draw an angle at B' congruent 




B* C» 

Figure 25-7. 



to B. An easy way to do this is to frace a copy of /_ 3 at point B* . 
Figure ?>-7 shows B*K drawn so that Z B* = Z B. As a next step there are 
two possibilities to be considered. 

a. Mark on B»K so that B*A» = BA and draw A»C» 'thus getting % 

A.A*B»C».. See Figure ?}-8. 
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, Draw C*.L so that / B'C'L = Z C. , Then B'K aiid C'L will intersect 
«i at a point which is labeled A" (read A double prime). This gives us 
AA"B«C'. See Figure 25-9. , 





Figure 25-9. ^ - 

Ve now have A A'B'C* and AA"B*C'. In both cases only three parts 
of A ABC have been copied. 

If your drawings and measurements are cor^^ect you will 
find that: 

AABC=AA'B'C' and A ABC = A A"B' C • 

In method (a) by copying one angle, Z B, of A ABC and laying off 
on its sides segments congruent to BC and BA we have been able to draw 
a triangle congruent to A ABC. 

In method (b) by copying one segment, BC, of A ABC and at its 
endpoints, copying the twu angles / B and / C, we have been able again 
to draw a triangle congruent to A ABC. 

In these two cases as in the first one it seems true that by copying 
^three particular parts of A ABC we were able to drew a triangle congruent 
to A ABC* 

Tnese are essentially the only cases which produce congruence in the 
two triangles. Suppose we try to. copy A XYZ in Figure ^-lOa by copying 



/ XYZ at Y' and marking off Y»X* = YX. If ve try to mark off X»Z» = XZ, 

X X» V 

\ 




Figure ^-10. Triangles which are not congruent. 

the result may give us A X»Y»Z" instead of A X»Y»Z» and A X»Y»Z" 
is certainly not congruent 'to A XYZ. Likewise if, in Figure ^-lOc, we copy 
Z X not at X'^ but at some arbitrary point on Y^V , say* F, and 
Y^* will meet at some point S but A FY'S will not be congruent to 
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A XYZ* It is true, however, that / FSY* = /_ XZY. 

Thus y ^ ^-^^ that even if the three pairs of angles of two triangles ,are 
congruent^ triangles rr^y not be* Nor need the triangles be congruent if 
2' pairs of siaes and one pair of angles are congruent. Careful repetition 
of drawings in the other three cases should make it cbnvincing that: 

Two triangles are {congruent if: 

1« Three sides of cne triangle are congruent 
respectively to three sides of the other 
triangle. 

2. Two sides and the angle which lies between 
them of one triangle are congruent respectively 
to two sides and the angle which lies between 
them of the other triangle. 

3. Two angles and the side which lies between 
them of one triangle are congruent respectively 

to two angles and the side vhich-lies between them 
of the other triangle. 

These are in fact properties 'of triangles which we will accept on the 
basis vf our experiments. 

Problems 
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Use the first method of copying the three segments of A ABC to 

draw a triangle A»B'C», Then by tracing make a mociel of A ABC and 

see if aJ^'b'C* = A ABC. 

7. y£e the second method and draw A PQJ^ by copying AC, / ACB and 
CB of A ABC in Problem 6. Che^^that A PQR = A ABC. 

8* Use third method and draw A XYZ by copying AC, Z, BAC and / BCA 
of 1. ABC in Problem 6. Check. 

Make tracings of A PQR and A XYZ and see if they are congruent to 
A A»B»C». 

Similarity of Triangles 

While discussing congruence of triangles we fc^and a situation as shown 
in Figure 25-ipc where two triangles which nave trjree angles of one triangle 
congruent respectively to three angles of the other are not necessarily 
congruent. There is, however, a very" definite relationship between the 
two triangles. They look alike evBn though they are not the same size. 
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^ : ( 

We said at the beginning of this chapter that ve were going to call such 
figures similar > Nbre formally: 

^ Two geometric figures which have the same Shape 
' though not necess^ily the same size are said to 
be similar ^ / 

As with our definition of\congaTience, this .is not a complete technical def- 
inition, but it is good enough for us now. The conclusion vc were led to 
for triangles can be stated: 

\ 

Two triangles which have three angles of one 
congruent to three angles of the other are similar. 

Is there anything we can say aboit the corresponding sides of similar 
triangles? q 




J 

Figure 2^-11. Similar triangles. 

Suppose we measure the sides of A A£C and A A«B»C» wnere we know 
that A = z AS ^ B = Z 3» and Z C = / C» • We find that if in terms of 



a certain unit the measures of A'BS B'C ^nd PJc^ are the numbers 

3 and 2, then in terms of tne same unit the measures of AB, EC and AC 
are respectively 12, 9 and 6. Thus, in this case the ratio of the length 
of AB to the length of A'B' is l^ih = 3:1, As in Chapter l6, we use 
the symbol m(AB) to represent the measure (length) of AB, We have then 
as in Chapter 2h' 

m{AB) : m^»B'*) = 12 : = 3 : 1. Also we have 
m(BC) : m(B'C») = 9 : 3 = 3 : 1 and 
m(AC) : m(Fc»") =6:2 = 3:1, 

But what^we have found for this triangle will prove to be true for any 
two similar triangles. We have then the general statement: 

If two triangles are similai-, then the measures of 
their corresponding sides always have the s^a^ ratio. 



/ 
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This is true not only for triangles but for any pair of geometric figures 

N 

which are similar to each other* ^ This is the mathematics behind architects' 
drawings of building plans, road maps, scale models, etc. In such situations 
the "scale" of the drawing or model is^ usually given so you can figure the 
actual size of an object, b.v using the measurements in the drawing of the ob- 
ject along with the given "scale" ratio* Thus, if a house plan is scaled ^ 
inch to 1 'foot, a room whose plan is 6 by 8 inches will measure 2k by 
32 feet. 

A warning . We found that two triangles would be similar if the thjee 
angles of one are, congruent to the *three angles of the other This is not 
true however for other polygons. Thus, it is obvious that the two rectangles 
in Figure 2^-12 have congruent angles since all their angles are right angles.' 
It is also obvious that the rect,angles do not have the, same shape, and that 
the ratios of the lengths of corresponding sides are not the same. 
D C D«i 

-J 





Figure ^-12. 



m(M) : ii^(Fb»") = 3 
m(AD) : m^lA^) = 2 



8 but ^ 
2. 



Exercises - Chapter 2^ 



1. By tracing triangles on a sheet of thin pfeper find the triangles in 

each part which are congruent to each other. Be sure to name correspond- 
ing vertices in order;. In parx (a) state your answer like this: 
A, BAD = A DCB. In parts b, f you may have to trace more than 

one triangle. - i 
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3« A ABC = A PQR» Write the six correct congruences for the sides and angles 
of the two triangles. 

If in AXYZ and A LMN we know that XY = M, YZ = NL and 
Z XYZ = Z MNL, do we know that the triangles are congruent? If so, 
^ write the correct statement of congruency* 

5. Suppose we know that in A ABC and A DEF, ^ BAC = Z EFD, AB = W 
and BC = ED. Are the triangles congruent? If so write\he 
correct statement of congruency. 

6. A RST = A PQR. m(RS) = 5, m(^T) = h2. What can be said about 
the sides or angles of A PQR? 

(a) If A ABC = A A«B«C«, are the\riangles similar? 

(b) ir A ABC is similar to AA^B'C, must the triangles be congruent? 
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8. In each of the following, A ABC and A A«B«C' are two, similar • 
triangles, in which k and AS and B« , C and C« 'are pairs of 
corresponding vertices. Fill in the blanks where it is possible. 
Where it is not possible, explain why, \ 

(' m(zA) = 30, r^UB) =^75, m(z AO m(z B'^ = ? 

(b) m(AB) = 3, m(AC) = h, m(k^) = s/ m(A^) = ? 

(c) = ^ , m(BC) = 6, m(B^r= ? m(ATF) = ? 
m(A»B«) 5 

(d) = ^ , m(Fc^) = Ih, m(AC) = ? m(BC) = ?• 
in(B=C«') ^ 

9. Find pairs of figures which are congruent. 





' (a) 



(e) 



(c) 




(d) 



(f) 





(J) 




(m) 



(n) 



12. 






These tipree triangles are similar, and , m(AB) ; m(PQ) f 1| : 3 while 

m(AB) : m(XZ) = U : 5, If in terms of a certain unit m(AB) = 12, 

what are m(PQ) and m(XZ) ? If m(PR) = I5 ^what is m(A^) , and what 
is m(XZ)? , ' ' 



In an architect's drawing; the scale is given as i 



to V. How 



big Should the plan of a room be if the room is to measure 1?^ by ^23»? 
(a) Uhe scale of a mapls J " to 10 miles. If the distance on the 
map from city A to city B is 2 J " what is the actual distance 



(b) 



5 

between the cities? 

On the ciap of part (a), a salesman whb lives at A finds the 

^ B to C X. ^ ^ , 



distance from A to B is 2 ^ ", b to C is 3 g ", from 
C to D is 1+ - " and from D to A is 1 ^ How far 
does he travel to visit all four cities and return home? 



Solutions for Problems 



1,2,3. You should check the statements with models* 
The new statement might be: . 

Two rectangles are congruent if each- of a pair 

of adjacent sides of one is congruent respectively 

to one of a pair of adjacent .sides of the other. 

5» A ABC A FDE, AC=FE, BC=^, AB = ro, ZABC=Z FDE, 

Z ACB = Z FED, Z BAG = Z DFE. 
^^7,8,5. Check vith models. 
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Chapter 26 
SOLID FIGURES 



Introduction 



We started the consideration of geometry in this course w/th a 
discuasion of points, lines" and planes* Iheir properties and intersection 
possibilities were studied* Next simple closed curves were taken 'up, but 
we soon confined our attention to curves which lay in a plane and considered 
such plane figures as triangles, rectangles and circles* 

Now we are going to take a look at some of the more common solid 
figures, those which do not lie in a plane* . tHir. pictures of them, of 
course, will be in a plane--the plane of the sheet of paper.- you are 
reading— and some people find it hard to visualize a solld^jTigure from a 
picture of it* We will try to draw careful figures which may help you* It 
would also be well for you to try to draw some of theoe pictures "yourself* 
This may enable you to visualize the solid figures we are talking about* 
An even greater help would be to procure or make actual models of tfie figures 
we are talking about* 

Pyramids ^ 

Consider the triangle ABC* It lies in a certain plane* The union of 
the triangle and its interior is a special case of a plane region which we 
call a triangular region* Select a point D which is not in the same 
plane as A ABC* * 




The line segments ^ich can be drawn from D to points in SS all- lie 
•in the triangular region DAB* Likewise, those from D to points in AC 
and from D to points in BC respectively, lie in the triangular regions 
DAC aiid DBC* lliese four triangular regions ABC, DAB, DBC and lAC 
form a pyramid whose base is the triangulfiir region ABC, whose vertices 
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are A, B, C and D, vhose lateral faces are MB, DAC and DBC and whose 
edges AB, BC, CA, M, S and DC outline the j.riangular regions* This 
particular pyramid is an example of the special class. of pyramids called 
triangular pj-rarids, because its base is a triangular region. Ai*i ''ither 
polygon such as the quadrile^teral mCD, or the pentagon PQRST in ' 
Figure 26-2 may determine the base of a pyramid* ^ 
V 




B 
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It should be noted that while the base of a pyramid ma> ^be an> poly- 
gonal region, each lateral face is always triangular* Each region is called 
a face of the pyramid* The intersection of an> tvo faces is a segment called 
an edge and the intersection of an^ three or more edges is a point caj.led 
a vertex * The pyramid is the union of all the faces* If you think of a 
solid model of the situation the pyramid is the surface of the solid and not 
the solid itself* The distinction is much the same as the one >.2 made before 
between "triangle*' and "triangular region*" We have: 

A pyramid is a surface which is a set of points 
consisting of a polygonal region called the ^ase , 
a point call^ed the apex not in the same plane as — 
the base, and all the triangular regions determin»il ^ 
by the apex and each side of th^ btise* / 

A pyramid is an example of a simple closed surface * There are :tiaL^ ^ 
other sim^ip closed surfaces which compare to our p>r^d somewhat as a 
simple closed curve does to a triangle* We will consider some of the otn-rs 
such as prisms, cylinders and spheres In this-unit*. 

A characteristic property of a simple closed curve in a plane was "hat 
it separated the poi^nts of the plane other them those of the curve itself 
into two sets, those interior to the curve and those exterior to it* In 
the same manner a simple closed surface divides space, other th:^ the set 
of points, on its surface, into two setfe of points, the set of points 
interior to the, simple closed surface and the set of points exterior'to 
the simple closed surface* One must pass through the simple closed surface 
to get from an interior point to an exterior point* 
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In a plane, we called the union of a simple closed curve and the points 
in its interior a plane region . In a similar manner, we will call the union 
or a simple 'closed sjirface and the points in its 'interior a soli^i region . ' 

The pyramid is the surface of the solid region which it encloses. 
A pyramid is classified as triangular, quadrangular, pentagonal,, etc.", de- 
• pending on whether the polygon outlining the base is a triangle, quadrilat;eral, 
pentagon, etc. See Figures 26-1 and 26-2. Although the word "pyramid" 
•technically refers to the surface of a certain solid, it is frequently used 
outside of mathematics' and sometimes in mathematics to refer to" the solid. 
For instance, "The Pyramids of^pt,-" mean the actual stone stru'ctui-es and. ' 
• not Just their surfaces. Usually the context makes clear the meaning in- 
- ^tended. 

/ 

Problems * 

1. Which of the following are drawirigs of pyramids? 







(d) (e) 

Indicate the base, a face different from the base, a vertex and an 
edge for each pyramid. 



Prisms 



Consider now the surface of an ordinary closed box. See Figure 26-3a. 








♦ 








I 
\ 
I 












—J Q 




(c) 





Figure 26-3. Prisms. 
This is a. special case of a surface called a prism. The bases of this 
prism are the rectangles ABCD and A'B'C'D' which lie in parallel planes 



and which are congruent. The edges AA', IF", 



, etc. whose endpoints 



are the corresponding vertices of the bases are all parallel to each other. 
They determine the lateral faces ABB'A', BCC'B', etc. Figure 26-3b 
shows another surface whose bases PQR and P'Q'R' parallel aiid lie 

♦ .Solutions for problems in this chapter are on page 353. 
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in parallel planes. Again the edges fP' , W and W ar4 all parallel 
to each other. This surface is also an example of a prism, as is that in 
Figure 26-3c. In (a) and (c) the lateral faces are rectangles, but in 
(b) they are only parallelograms. These examples lead to the general 
definition of a prtsm. 

A prism is a surface consisting of the following set 
of points ; two poLygOTnl regions bounded by congru- 
ent polygons which lie in^rallel planes; and a 
number of other plane regions bounded by the parallel- 
ograms which are determined by the corresponding sides 
of t.he bases. 

Each of the plane regions is called a face of the prism. The two faces 
formed by the parallel planes mentioned in the definition are called the 
bases and the oth^ faces are called lateral faces . The intersection of 
two adjacent faces of a prism is a line segment, called an edge . The 
intersections of lateral faces are called lateral edges. Sach 'endpoint of 
an edge is called a vertex . Some further examples of prisms are illus- 
trated in Figure 26-1+ . 

base 
vertex ■ 







✓ 

^ 





lateral 
face 



edge 




Triangular prism 



Triangular prism lying 
on a lateral face 



Quadrangular prism 
Figure 26-U. 

All of the prisms in Figure 26.li are examples of a'special type of prism 
called a right prism in which the lateral edges are perpendicular to the 
base. Hence all the lateral faces are rectangles. A prism which is not 
a right prism is shown in '^'igure 26-3b. 

If the polygon outlining the base is a triangle, the prism is called 
a triangular prism . A prism is a quadrangular prism if the polygon is a 
quadrilateral, and pentagonal if the polygon is a pent-gon. Toe special 
quadrangular right prism in which the quadrilati^ral is a rectangle is 
called a rectangular prism. If the base is a square and each lateral face 
is also a square, we get the familiar cube, lliese last two are shown in 
Figure 26-5. 
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A rectangular pri^m 



cube 



Figure 26-5. 

Another wa> to think of a prism is this. Consider em^ polygon such as 
ABODE in Figure 26-6a which lies in the horizontal plane MN, Take a 
pencil to represent a line Begme'nt PQ and put one end of it at A, M3ve 
the pencil along AB keeping it always parallel to the origineil position 
as in (b). Ihen move it along BC still parallel to the original position 




Figure 26-6, A new look at a prism* 

and so on around the polygon. Hie pencil itself determines a surface and 
the upper tip of it outlines a polygon A'B'C'D'E* congruent to ABODE, 
!n-»e8e two polygonal regions and the surface determined b> the moving pencil 
make up the prism. 
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Cylinders 

A c:linder is defined in a manner ver^ similar to the wa> we defined 
a prism, except that the bases are regions bounded b> congruent sin5>le 
closed curves instead of pol>gons. Tnus, in a very general sense, the 
prism is Just a special case of a cylinder. A line which connects -two 
corresponding points in the curves bounding the bases is called an element 
of the cylinder, 
base 




(a) .b) (c) 

Figure 26-7. Cylinders. 

In Figures 26-7b and 26-7c, the simple closed curve is a circle and 
the cylinder is called a circular cylinder. If an element is perpendicular 
to the plane containing the curve, we get a ri^>,t c,, linder. Common examples 
are, of course, a tin can or a hat box. A can of beans is a good model of 
a right circular c:,linder while a can of sardines is a good model of a right 
cylinder which Is not usually circular. 

Cones 

A cone is related to a cylinder as a pyramid is to a prism* 

A cone is a surface which is a set of points 
consisting of a plane region bounded by a 
simple closed curv.*, a point palled the vertex 
not in the plane of the cujrve and all the line 
segments of which one endpoint is the vertex and 
the other, an;; point in the given curve. 

Tnis differs from the definition of a p>ramid essentially onlj in the fact 
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that' we have changed "polygon" to "simple closed Cwrre." Thus in a verj^ 
general sense, a pyramid is a special tjpe of cone. 

If the sin5)le closed curve is a circle, we get a circular cone . A 
cone has a base, a lateral, surface and a vertex. 




Figure 26-8. Cones . 



rne most familiar cone is the one illustrated in Figure 26-8b whose 
\iXBe is bounded a circle and in which a line drawn from the vertex to 
the cer.ter of the base is perpendicular to the plane in which the base 
lies. Ihis kind of a cone has been studied a great deal from ancient ^ir.es 
to the present. If we made a model of wood or plastic of the solid 
region bounded t;, sach a cone, we can cut the model by planes in several 
different directions with interesting results in each case. See ritJ.re 2r-^. 
A cut "b:- a plane parallel to the base gives rise to a circle while other 
planes give rise to ot:.er interesting curves Known collectively as the cor.ic 
^ sections. 
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(a) Different planes cutting a cone. 




o 



(b) Circie: cut made by plane A 
parallel to base of cone. 




(c) Ellipse: cut made b:. 
pleme B not perpen- 
dicular to base. 





(d) Part of parabola. Cut made b;y 
plane C parallel to element. 





(e) Part of hyperbola: cut made 
hy plane D r'erT;endicular 
tc lase. 



Figure 26-9. Sections of a cone» 
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Spheres 

The solid figure analogous to a circle is the sphere. In Chapter I5 
a circle was defined as follows: 

A circle is a simple closed curve having a point , 
0 in its interior and such that if_ A and L 
^are any two points in the curve, OA = 55. 

Since we used "simple closed curve" as an abbreviation for "simple plane 
closed curve" a circle always lies in a plane. If we simply change the 
requirement that all the points lie in a sinqple closed curve to say that 
they lie in a simple closed surface, we get a good definition of a sphere. 

A sphere is a simple closed surface having a point 
0 in its interior and such that if A and B are 
an> two points in the suiface, OA = OB, 

As in a circle, the point 0 is called the center of the sphere and the 

segments OA and OB are called radii. Figure 26-10 illustrates a sphere. 

B 

Fig^ore 26-10. A sphere, 

Technicall:^ tne sphere is the surface of the solr^d and not the solia 
itself. However, we sometimes do refer to the solid itself for brevity as ^ 
a sphere even thoa^r it should be called a spherical region. We shall be 
careful not to do this if any ambiguity might develop. 

Man: objects are spherical, that is, have the shape of a sphere. 
Some of these objects, such as ball bearings, are important to industry. 
Some, like r^abber calls, are used as toys. It ^s because of these many 
spherical objects and, most of all, because of the shape of the eaith which 
is alnK)St a sphere, that it is important to know some of the properties 
of a sphere. 

The surface of the earth is a fairly good representation of a sphere. 
But, it is not exactly a sphere because of its mountpins and its valleys. 
Also, the eartii is somewhat flattened at the poles. (The length of the aqua- 
tor is 2U,902 miles and that of a great circle through the poles is 
2k, %0 mile8--lirce most mature bodies, it is slightly large around the raiddlel) 
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The surface of a taskettall is also a good representation Qf a sphere. Hie 
surfa-e of some Christmas tree ornaments, or the surfa'^c of a BB shot are 
even better representations of a sphere because t?hey are smoother. 

1V-ere are man;, interesting properties of a sphere of which we shall 
give a few. A spkere sei irates space so that an> curve connecting a point 
in the Interior to a point the exterior must contain a point of the sphere. 

A line ma> intersect a spnere in at most two points. If such a line 
passes thpagh the center of the sphere, as 15 does in Figure 26-11, the 
segment AB is called a diameter of the sphere. 




Figure 26-11. 

In tne same Fi.::'ai'e CL is not a diameter since the center 0 is not in CD. 

Since tne surface of the earth is approximately a sphere, maps of 
the ear-h are test drawr. on ^rlobes where points ma^, be identifed by lines 
oT laritade and ioL^ Ltuae. llaps drawn in planes also ^use lines of latitude 
and lon^-n,ude, but the origin of these lines is much clearer if we consider 
a sphere to represent the surface of the earth. ' 
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Figure 2t-i2. Lines of latitude or. a sphere representing the earth. 
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'In Figure 26-12 N and S rnark the North and South, pol^s of the earth. 
NS is called the earth's axis. Planes which are perpendicular to NS 
cut the surface in circles with centers at points in NS such as 0, P 
and Q. See Figure 26-12. These circles are the circles of latitude . 
The one with cente^at 0 'which is the center of the sphere, is called 
"Lhe equator. Figures 26-12b and 26-12c are cut-away pictures showing how 
we name the circles of 'latitude. In (c) if m( ^ AOB) = 30, we say 
the circle with center P is the circle whose latitude is 30*^ north of 
the equator. An^ point on this circle is said to have 30*^ north latitude. 
Similarly if m( / AOC) = 60, any point on circle Q has 60° north 
latitude, and so forth for an> other points. Eaoh point lies on one such 
circle and has a fixed latitude north or south of the equator. 

Lines of IcJngitude are determined in a different fashion. Tiiis time 
we take a number of planes each of which contains the axis NS. These cut 




(a) (b) S (0) 

Figure 26-13 • Lines of longitade on a sphere representing the earth. 

the surface of the earth in circles such as those with the semi-circular 
arcs MS, N3S and IICC. These^circles are the circles of longitude and 
the arcs are called meridians . In order to name them we pick one meridian 
which we will call the prime meridian. Let us pick NAS. In the cut-away 
drawing in (b) we show the various meridians cutting the equator at 
A, B, C, etc. If m( Z AOB) = 22, we name the meridian rJis as the meridian 
whose longitude is 22*^ West. An^ point on NBS has 22° West longitude. 
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The point D is such that m( Z AOB) = 32. * Any point on NDS has 32° . 
East longitude, since D is on the othef 'TicTd of A from B. In all maps 
the prime meridian is the one which goes^thr/ugh Greenwich, England. In 
(c) of Figure 26-I3 the point has latitude approximately North 
and longitude approximately 7^° West. It therefore marks approximately 
the position of Philadelphia on Ihe^ globe. 

Wooden or plastic models of solids bounded b> such figures as pyramids, 
prisms, cylinders, co&es and spheres are ver> useful in studying these 
figures. When you feel the sharp point of a vertex, the line of an edge, 
the smoothness of a sphere, it is easier to grasp some of the ideas we have 
been discussing. 
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Identify the circle of latitude and 
circlCL of longitude for P on this globe • 
Indicate which angle njfiasuree the 
latitude of If NQ^ is the 

prime meridian indicate the angle 
which measures the longitude of ?• 



a) Sketch a prism with a square base. 

b) Sketch a triangular prism* 

c) Sketch a cylinder which is not a ri^'ht c:>linder, 

d) Sketch a pyramid with a base which is a quadrilateral, 

e) Sketch a cone. 

f ) Sketch a sphere* 



Solutions for Problems 



1. They are all p,^ramids except for (e), 

2. The onij doubtful one is (c) in whic^ tne base Is the region enclosed 
b;/-the square. , 
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Introduction 

In Chapter l6 we discussed the concepts of linear and angulai* measure, 
that is, how numbers can be assigned to segments and an^le^ which measure 
them in terms of previously specified unit segments and angles. In this 
chapter and the next one, we want to extend the idea of measurement to 
plane and solid regions. What, then, do we mean b^- the measure of a plane 
region? 

To measure a plane region is to select a certain 
unit and to assign in terms of that unit a number 
which is called the measure of the area of the region. 

Note that just as in the length of a line the area of a region involves 
both a number and a unit. Thus an area may be expressed as six square 
inches and vnritten as 6 sq. in. The measure of the area is the number 
6. While it is important to have these distinctions clearly in mind vhen 
working with lengths, areas and,, later, volumes, it becomes too cumbersome 
to keep mentioning them. Tne Important thing to remember is that we always 
confute with numbers , but we express answer^ in terms of numbers and the 
appropriate units. 

Let us recall hov the subject of linear measurement was approached 
since area will be appropxhed in a similar manner. First we encountered 
the intuitive concept of comparative length for line segments: any two 
line segments can be compai-ed to see whether the first of them is of 
smaller length , or the same length , or greater length than the second. 
Corresponding to this we have in the present chapter the idea of comparative 
area for plane regions. (Recall that hy definition a plane region is the 
union of a simple closed curve and its interior.; Even vhen the;^ ore rather 
complicated in shape, tvo regions can, in principle at least, be compared 
to see whether the firsts of them is of smaller area , or the ^ same area , or 
greater etrea than the second. 

In the case of line segments, this comparison is conceptually very simple 
we think of the two segments to be compared, say AE and CD, as being 
placed one on top of the other in such a manner that A and C coincide: 
then either B' is between C and D, or B coincides with D, or B 



355 

350 



Is beyond D from ,C, etc. This conceptual comparison of line segments 
is also easy to carry out approximately using physical models (drawings 
and tracings, etc.) of the line segments involved. 

Comparison of Regions / 

•In the case of plane regions, this comparison is more complicated, 
both conceptually and in practice. This is because the shapes of the two 
plane region^ to be compared may be such that neither will "fit into" the 
. bther, Hov, for example, do we compare^.in size (area) the two plane regions 
* 't>ictured below? 




Figure 27-1. 

If we think of these regions as placed one on top of the other, neither of 
them will fit into the other. In this particular case, however, we can think 
of the two pieces of the triangular regions which are shown shaded heavily 
in Figure 27-2a as snipped off and fitted into the square region in Figure 27-2b, 





Figure 27-2* . 

This shows that the triangular region is of smaller area than the square 
region. As the figures involved become rrcre complicated in shape, this sort 
of comparison be^mes increasingly difficult in practice* We need a better 
vay of estimating the area of a region* 

i 

Problems * 

1* Make models and, compare these regions. 





* Solutions for problems in this chapter are on page 
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2. ^5ake models and try to compare these regions. 



o 



Units for Area 

In jtud^irit: linear measure we first found out how to compare two segments • 
Wh.at vas the second step in the process? We chose a unit of length, That 



its length to be measui-ed, exactly, hy the number 1. In* terms \ 

of this onit we could then conceive of line segments of lengths exactly 

2 units, 3 units, h unite, etc., as bein^: constructed by laying off this 



segment :,ielaed jXiUcrestimates and overestimates for the length of the given 
segment since the segment might have turned out to be greater than 3 units 
(underestimate) but less tnan h units (overestimate). We selected the 
closer of these two estimates as the measure of the segment in terms of the 
selected unit, reali^in^ that auj such measure ''is usually only approximate 
and subject to error. Since the error was at most one-half of the unit 
ased, b> selecting a smaller unit, we found we could usually make the measure- 
ment more accurate. 

We now proceed similarly in the meas^lrement of area. The first step 
is to choose a unit of area, that is, a region whose area we shall agree 
is measured exactly b> the number 1. Regions of many shapes, as well as 
man:, sizes, might be considered. An important thing about a line segment 
as a unit of lenglf^h was that enough unit line se.:ments placed end-to-end 
(so thatf thes^ touch, but do not ^ rlap) wouIli . c^her ccTver either exactly 
or with some excess an^ given line* segment . Simiiari:. , need a unit plstne 
region such that 'enough of them placed so that they touch, but do not overlap 
will together cover either exactly or with some excess any given plane region. 
Gome shapes will not do this, for example, circular regions do not have 
this property. Thus, in Figure 27-3 > if* ve try to cover a triangular region 
with small non-overlapping congruent circular regions, there are always 
parts of the triangular region left uncovered. On the other hand', we can 
always completely cover a triangular rericn, or any region, by using enough 
non-overlapping congruent square regions. 



Is, we selected a certain arbitrary line segment and agreed to consider 



unit successively along a line 2 times, 3 times, h times, etc. The 
process of laying off the unit successively along an arbitrary given line 
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Figure 27-3* 

While a square region is not the only kind of region with this covering 
property, it has the advantage of being a singly shaped region, The size 
of the unit of area is determined by choosing it as a square whose side has 
length equal to one linear unit. It then turns out that the use of such 
a square region a& the unit of: area makes it easy to compute the area of a 
rectangle by forming the product of the numbers measuring the lengths of 
its sides. 

^ Scale to Estimate an Area 

Having chosen a unit of length, we then made scales and rulers to help 
in measuring the length of a given line segment. A corresponding instrument 
is not usually available for area, but we can easily make one for ourselves. 
This Is a grid which is a regular arrangement of non- overlapping square unit 
regions as shown in Figure 27-U. 



Figure 2'('h. A grid. 

To use such a grid ' the area of a given region, we think of it 

as superimposed on the region. This is illustrated in Figure 27-5. We can 
verify by counting that 12 of the unit regions pictured are contained 
entirely in the given region. These are the units heavily shaded in 
Figure 27-5 a. This shows that the area of this reg.ion is at least 12 units . 
This is an underestimate. We can also verify by counting that there are 
20 additional unit regions lightly shaded in Figure 27-5b, which together 
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cover the rest of the region* llhus the entire region is covered by 
12 + 20 or 32 units* This shows that the area of this region is- at 
nost 32 units ♦ 32 is then an overestimate of the measure. That is, 




(a) (b) 

Figure 27-5. Using a grid to measure a region, 

we now know that tne area of the region is somewhere between 12 units and 
32' units • Since the difference between the two estimates is 20 units, 
we see that the accuracy is not very good. The lightly shaded region in 
Figure 27-5b represents this difference • 

In Chapter I6 we saw that more accurate estimates of lengths could 
be achieved by using a smaller unit. The same is true with area. To 
illustrate this fact, let us re-estimate the area of the same region in 
Figure 27-5, using this time the unit of area determined by a unit of 
length Just half as long as before. 




Figure 27-6, Using a new unit of the old unit. 
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We can verify by counting that there are 63 of the new unit regions 
pictured which are contained entirely in the given region. This shows 
that the area of the region is at least 63 (new ) units . We can also 
verify by counting that there are kl additional unit regions pictured 
which ^together cover the rest of the region. Thus, the entire region is 
covered by 63 + kl or lO^i of the new units • This shows .that the area 
of this rugion is at most lOh (new) units. TJiat is, we now iTnow that the 
area of the region is somewhere between 63 (new) units and iOU (new) units. 

Let us compare these new estimates of the area with the old ones. 
Each old unit contains exactly k of the new^units, as is clear froa 
Figure 27-6. Each new unit is ^ of the old unit. Ttixxs the new estimates 
are ^ X 63 or Ip^ and ^ X lOl* or 26 old units as compared with our 
former estimates of 12 and 32. Ihe difference is 10^ old units compared 
to the former 20. Plainly the new estimates based on the smaller unit are 
the more accurate ones.^ This may still be quite unsatisfactory. However, 
in principle it would be possible to estimate the area of this region or 
even of regions of quite general shape to an^ 'desired degree of accuracy 
by using a grid, of sufficiently small units in this way. In practice, the 
counting involved would quickly become very -tedioas. Furthermore, where 
drawings are used to represent the region and grid involved, w^ would, of 
coui-se, also be limited by the accui*acy of these drawings. 

Basic Ideas ' of Ai^ea 

Let us summarise the disc^ossion *to this point. Actually, the emphasis here 
is not CO much on accurate estimates as it is to grasp the following basic 
sequence of ideas. - 

1. Area is in some ^;nse a feature of a region (and not of its boundary). 

2. Regions can compared in area (smaller, same, greater), and 
regions of different shapes maj* have the same area. 

3. LiKe a length, in tneory, an area should be describable or 
measurable, exactly, by some appropriate number (not necessarily 
a whole number). Practically this is 'usually impossible. See 
Item 5 below. 

^. For this purpose we need to have chosen a unit of area jUst as we 

earlier needed a unit of length. 
5« Tile number which measures exactly the area of a region can be 

estimated approximately, from below anS from above, by whole 

numbers of unite. 
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6* In general, smaller units yield more uccorate estimates of an area. 
Formula for Area of a Rectangle 

For some of the more coicnon plane regions sach as those whose boundaries 
are polygons or circles, formulas can be found to compute the measure of 
the area in terms of the linear measure of appropriate line segments of the 
' figure, Tl;e careful derivation *of these formulae is a problem for a more 

advanced coui'Se, l^t the drawin^j of a fe;. figures will show the plaus. . ilit> ' 
of some of then* 

< 

For the rest of this chapter, whenever ve wanL to refer to the area 
of the plane region bounded by a certain figure we sneui, for brevity, refer 
to it as the area of the figure, Ihus instead of saying the "area of 
the triangular region bounded by A ABC" wc shall say the "area of A ABC," 
and so on, Adjnittedly this is slightly inaccurate and if there is an> poc- 
sibiiity of ambiguity we will go into detail. 

If the sides of a rectangle are measured in terms of the same unit, 
we may find that the lengths of the sides are a and b units where a 
and b are whole numbers. We then have an a fc> b array of unit squares 
and we know by the definition of multiplication of whole numbers that the 
number of squares in the array is a x b. We can check this b} an actual 
count if we care to. In any case, the rectangle contains a x b units of 
area and we say the measure of the rectangle is a x b, Tiius for this case 
the mea'sure of area equals the product of the measures of two sides, and we 
write A = a X b. See Figure 27-7. 



Figure 27-7. A - 5 x 7 = 
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Practically, of course, we can measure the sides of a rectangle only 
to the nearest unit* In Figure 27-8, the length and width of the heavily 
outlined rectangle may measure k and 3 inches respectively to the 
nearest unit. 



J 




(a) ; Figure 27-8. M 

B> counting unit regions in the superin5)osed grid ve see that the area 
is between 8 and 1;? square inches. If we use the measures of the sides 
to the m .rest inch in the formula 

A = a X b, 

we would get A = 3 X Ii = 12 and the area would be 12 square inches. Tnis 
vould be the exact area of the region shaded in Figure 27-8b which does 
iieem to have about the same size as the given rectangle and it lies between 
the onderestimate ^ and the overestimate I5 that we got using the grid. 
It is probably aotfo^course, the exact area of. the original rectangle but 
it is the measure of this area to the nearest square inch. If we use a 
^rnaller unit, say one — of an inch and get the measure of length and 
width to be h,2 and 2.B then in terms of this unit, their product, 

11. 7t^^ would again lie between the underestimate and overestimate we would 

1 

get using a inch i. Since the unit of length is now .1 inch, 

the unit of ai-ea is .01 square inch and the number 11.76 is the measure 
^ of area to the nearest hundred+h of a square inch. We may never get on 

exact measure of the area, but by using smaller units we can usually msJce 
our error smaller. 

On the basis of these exf^rimtntal results we make the definition: 

IVie measure of the area of a rectangle is the 
number obtained as the product of the number 
measuring the base and the height. The smaller 
the unit of length used, the more accurate the 
measure of area will be. 
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We usually let A stand for the measure of the area and b and h for the 
/ ineasures of the base and height. For brevity we usually say "the ai-ea is 
the product of the base and height" even though we should say "measure of" 
each tise, and we write the formula for the area of'-^ rectangle as: 



b X h. 



Problems 



3^ i^JaKe^a tracing of the grid in Figure 27-h and by superimposing it 
on each of the following rectangles make under- and overestimates 
of their area. 





(c) 



h. Measure the base and height to the nearest unit and determine the area 
oy using the formula A = b x n, 

5 . r-^ake a new grid by dividing each unit of length in half as in Figure 27-6 
and use-this to estimate the areas of the figures in Problem 3. 

6. Do the same as^in Pi^blem h using the new unit. Convert your results 
to the uiiits of Problem U- and compare the results. 

Area of a Parallelogram and a Triangle 

now consider a paxallelo-jram A3CD. See Figure 27-9. 



z. 






(a) 



(b) 



Figure 27-9. 



By cutting off ^ 3BC from parallelogram ASCD and roDving it over 
next to AD, we can see t^idt the measure of area of parallelogram ABCD 
is equal to the measure of area of rectangle ABEF. 

rnerefore our formula ?\ = b x h nolds for any parallelogram if by 
h we 'inderstand the measure of the height BE and not the side BC of 
ABCD, I.e., the vertical distance and not the "slant" distance. 
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The formula for the urea of a triancLe AIC T Trom that of a 

parallel ograjn. If a model of A Ai3C U made a-iu IculII--. A»B'CS it can 
bt' turned over and i aaced alongside A ABC to fwiir. i- ^ t aralLelograin , 
ABA'C whose base and heirht are AB and CD. A.>' u thus ono-half of 
parallelogram AM'C and its area n^ist be hall' ihjit f the parellelogram. 




Figure 27-10. 



In the sar^e fashion any triangle is half of a parellel^^rajr. whose base and 
height are identical with that of the triangle. Ti^.ererore, for a triangle 

A = I X b X h. 

Any other polygon can be divided into trian^-^es jultally drav:i se^r:ients 
and, therefore, its area raay be found. 

Problems 

7. Use a centimeter scale to determine the base ana r.els*-^ ti.e 



following figures and find their areas. 




8. Use an eighth-inch scale to find the areas of the sair^e figures- 
Which results are more accurate, those in Problem 7 or 8? 
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Area of a Circle 

The area of a circle may be estimated on a grid just as we estimated 
the area of an irregular simple closed region • A formula for this area however 
'is more difficult to obtain than those for polygonal regions. All our for- 
mulas have been derived for polygonal regions which have line segments as 
their boundaries. The circle has no segments on its boundary. We can make 
some progress, however, if we cut up the circular region into a number of 
congruent parts and rearrange them, llius if we .,ut it into h parts, we 
^et Figure 27-11* 

. Figure 27-11. Circle cut into h parts and rearranged. 
If we cut it into 8 and l6 parts we get Figures 27-lC and 27-13, 




Figure 27-12. Circle cut into 8 parts and rearranged. 



approximately - the circumference 
rcle cut into l6 parts and rearranged. 
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We see that as we divide the circle into TX>re and more parts, the resulting 
figure looks nore and more like a parallelogram. The base of this figure 
is nearly equal in length to half the circumference as it is made up oZ the 
arcs of half the pieces • The height of the figure is more and more 
neatly equal to the length of the radius • Thud the area of the figure 
can be approximated as the product of one-half the circumference by the 
radius* Since the area cf this figure is the same as that of the circle, 
we get the formula 

1 ^ * ^ 

A = C X r. » 

This formula can be checked by using ^models of circles such as the bases 
of tin cans. Drawing a cirqle on a grid such as that of a piece of graph 
paper with units ^ inch in length, the area can be estimated fairly 
accurately. If the circumference and radius are represented by a piece of 
string and these in, turn measured on the graph paper scale, the results ob- 
tained by formula and by estimate can be compared. 

The diameter of any circle is twice as long as its radius. Suppose we 
vl<5h to compare the circumference of a circle to its diameter. This com- 
parison is best made by considering their ratio. Measuring the circumference 
and diameter of a model we may try to express their ratio as the ratio of 

two whole numoers. This ratio turns out to be a little larger than 3:1. 

« . 

If the lengths are measured with raore and more accuracy it will be found 
that the ratio is successively 3-1:1, 3-1^:1, 3*1^2:1, 3*l^l6:l, etc. 
As a matter of fact this ratio can never be expressed as the ratio of two 
whole numbers and is therefore not a rational number. Numbers which are not 
' rational will be studied briefly in Chapter 30, but meanwhile, assuming that 
the successive approximations made above are approximations to some number, 
we call this nmber :t (read pi) and say C:d = jt:l* This proportion 
holds for any circle. It may be written in fraction form as 

C _ jt 
d " 1 

and yields the formula C = jt X d or the better known form»ila 

C = 2 X ;t X r. 
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Combining this with the formula for the area of a circle we may expresa the 
latter as ' 



A=ixCXr=ix2XffXrXr, 



or 



IT X r X r. 



For practical purposes, when measurement of segments are made even to the 
nearest hundredth of an inch, a sufficiently good approximation to jr is 
— ' ?ince this is equal to 3.II+3 ... which to the nearest hundredth 
agrees with 



Exercises - Chapter 27 

Tell which sin5)le closed curve of each pair has the region with the 
greater area, (You may make a paper model of one of these regions to 
see if the pieces can be placed, without overlapping, on the other region.) 

1, 




(b) 



(a) 






^. Which plane region has the greater area - a region bounded by a 

square with a side whose length is 3 inches or a region bounded by 
an equilateral triangle with a side whose length is \ inches? 
You will need models of these regions. 

f 
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V ^nsider the region pictured "below on^a grid of units 





















1 






































































J 













Fill\in the blanks: 

(a) There are units con1!kained entirely in the region^ 

(h) There are units needed to cover the region con^jletely. 

, (c) The area of the region is ah least \ units and at most 



units . 



(d) The difference is 



/units • 



Let us choose a new unit ofi/area, A square region has as its side 
a segment just half as lo/fe as hefore. For every old unit of area we 
will then have h new liiits of area. 

Consider the same^egion pictured helow on a grid of new units. 




Fill in the^blanks: 

(a) There are units contained entirely in the region, 

(h)/ .There are j units needed to cover the region completely. 

(c) The area of the region is at least units and at most 

units* 

(d) . The difference is units • 

(e) Since each new unit is ^ the old unit, i.nls difference in terms 
of the old units is units. 
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Ihe folloving figures are scale drawings of larger ones. The dimensiorlte 
of each are given. Find the areas of the original figures. 

2" 




1" 



2' 



2" 



k" 





1+8' 



10. 



11. 



12. 



A room measures 15«3" by 20«9". What is its area in square inches? 
What is its area in square feet? , 

If the room mentioned in Problem 8 is measured to the nearest foot, 
what is its length and width? What is its area in square feet? Why 
is the answer different from that in Problem 8? 

I 

^Take an ordinary silver ^0^ piece. Trace an outline of it on a graph 
paper grid with unit j~ inch. Estimate the area using the grid. 
Use thread to represent the circumference and radius and measure them 
on the graph scale. Use the formula to obtain the area. Compare the 
two results. 

The diameter of a circle is measured as h.2 inches. Find the 
circumference and area» 

The radius of a circle is 12 feet. Find the area. 



Solutions for Problems C 

Models of .the second and third figures may be cut on the dottea lines 
and made yo match a model of the first figure. 

A model of the circle will fit inside the square; thus the area of the 
circle is less than that of the square. 

Underestimate J Overestimate 

^' ' 3 sq. units ^ 6 

b. 2 6 

= • ■ 10 

a. 2x3=6 

b. 2x3=6 

c. 1x4=1, 
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a. 

c. 

b. 
c. 

7. a. 
b. 

d. 

In 



Underestimate 
18 new units 
or old units 

15 new units 

or 3^ old units 

16 new units or 
k old units 



Overestimate 

2k new units 

or 6 old units 

2k new units 

or 6 old units 

27 new units 

or 6^ old units 



k X 6 - 2k new units or 6 old units compared to 6 before* 

=15 new units or 3^ old units compared to 6 before. 

2 X 9 = 27 new units or 6^ old units compared to k before. 



A = 3 X 2 
A =: I X 3 X 1 



A = -gX3x2=: 



A = 2 X 2 = 

each case the answer is: 




e. 
f . 



A = I X 3 X 2 
A = I X 1^ X 1 



3 
2 



8. a. 


A 


= = S 






b. 






36 


18 


A 




- I25 - 








- 1 X Q X ^ - 


1^8 


2lt 


c. 


A 


-2^5X5- 


OH - 




d. 


A 


169 
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e. 


A 


=2X5^8' 


'■ ^ " 




f . 


A 


= 2 X T X 5 


as 
















A 


x^ 



A=t|x5Xl)+i(5Xl) = 

2 2"-^ 

a. The area is 6 sq. cm. 

b. The area is, l| sq. cm. ^ etc. 

The results in Problem 8 are more 
accurate since the unit ^ inch is 
smaller than the unit 1 cm« used 
in Problem 7« 



i\ 2k k8 



Note: Because of the hecessary approximations in drawing and tracing 
scales, your answers to the problems in this chapter may differ 
from those given. 
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Chapter 28 
MEASURH^ENT OF SOLIDS 



Introduction 

The discussion of voluires of solid regions is more difficult than that 
of areas of plane regions primarily because it is hard for us to visualize 
solid regions when our pictures and diagrams are always in a plane* if you 
could make cardboard models of some of the solid regions, it might help you 
"Sb see what is going on. Let us review again some of the concepts of measure 
of length and area. 

In Chapter 16, linear measure was discussed. Linear measure is the 
assignment of numbers to line segments by which to "measure" their "length," 
These numbers are assigned to compare the segment with a previously selected 
unit of length. Thus, if the unit is an inch, a particular segment AB 
may be more than 5 inches and-^ess than 6 inches in length. If it is 
nearer to 5 inches than to , 6, the measure assigned is 5. By using 
"smaller and smaller units the measure can be made more and more accurate. 
Using rational numbers or decimals, the measure of a segment can be expressed 
as accurately as desired. Thus by using a unit .1 inch long, the length 
of AB might be ^5.1 inches, using a unit .01 inch long the length might 
be 5. Ill, using a unit .001 inch long the length might be 5.I38 and the 
process could be continued using still smaller units if greater precision 
were wanted. 

Theoretically, a segment may have an exact length, practically it never 
has. We are tedking theoretically when we say a segment has a length. 
We are talking practically when we say its length is a particaiLar measure 
accurate to a certain number of places. \ 

The length of a curve has not been discussed before except! for curves 
made up of one or more segments. However, the process for determining the 
length of a simple curve is to approximate the curve as closely ets wb please 
by a broken straight line and measure the length of the line ^as we did the 
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Figure 28- !• A curve approximated by a number of segments • 

perimeter of a polygon. See Figure 28-1. Curves for which this cannot be 
done do exist, but they are so conqplicated to define and hard to work with 
that we will leave their discussion to the professional mathematicians. 

When we discussed areas of plane regions in Chapter 27, we ran into 
difficulties similar to ttiose with length. We found that a unit of area 
was a square 1 unit on a side. Putting many such sqvares side by side 
formed a grid and we could put our region on the grid and count how many 
squares were totally inside, say n, and how many we^e necessary to totally 
cover it, say N. Then the area was a number somewhere between n and N 
which we could approximate better and better by using smaller and smaller 
unit squares. 

The problem of actually computing the area we solved only in a few 
cases. We found that the area of a rectangle is mee^sured by a number which 
is the product of the measures of the base and the height. This is true 
even if the unit squares don't fit exactly. The area of a parallelogram can 
be con^juted by making an equivalent rectangle. The area of a triangle is 
half that of a certain parallelogram and the area of any polygon can be 
con?)Uted by" dividing it into triangles. Fomulas for the areas of certain 
other figvires can be derived easily, but for most plane regions the simplest 
method for determining their area is still to approximate them on a rectangu- 
lar grid, preferably with fairly small divisions. 

Vdluine of a Solid Region 

When we talk about solids and want to measure them, we have to think 
about the ainount of space they occupy. One way to approach this is again 
through the idea of a rectangular grid, but this time in space rather than 
in a plane. See Figure 28-3. '^e rectangular grid is made up of unit solids 
which are cubes, one unit in each dimension. The unit of length is a line 
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segment one unit lo\, : i..e or.it of area, a square one unit in each of two 

declensions; ana the .::it oC volume is a cube one unit In each or three 

dimension?, Jce ?:^a-^^o-J, l^^e crid in Figure 28-3 Is an outline ol" the 
Golid euec ir^a,-''^' . ' 



D 



f 


/r- 











B A 





JF 



?i( are :io-2. Units of length, area, ajid volume. 




Fir are 28-^, An outline of a rectangular grid for space • 

If an:, colid is ri/en, a grid such as in Figure 28-3 may be Imagined 
to surround it, A certain number n of the solid units may be completely 
enclosed ty the cclid and a larger number, N, of them will completely 
enclose It, thus giving an underestimate and an overestimate for V which 
represents the measure of the volume in terms of the chosen unit* 

n < V < N 
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By using smaller and smaller units we can make better and better approximations 
to V much as was the case vith measur^ent of length and area. 

Let us now turn from this consideration of measuring the volume of 
any solid no matter how curiously shaped to consideration of the more 
regular and common solids. For these we will work out fonmilas for con^^uting 
their volumes in terms of the linear measures assigned to segments associated 
with them, rather than approximating their measure by using space grids and 
counting procedures. 
Volume of a Rectangular Prism 

Remember that for brevity the words "volume of a rectangular prism" 
are used instead of the nore accurate "volume of the solid region enclosed 
by a rectangular prism" and similarly for other solid figures . 

^ Consider a l arge number of unit cubes< If we arrange three such cubes 
^ in a row and make two rows of them, we have a layer of 6 cubes. If h 
such layers are piled on top of each other, the result is a rectangular 
prism made up of 2k unit- cubes. Its volume is 2h cubic units. See 
Figure 28-Ua. Thus for ^ rectangular prism constructed in this way the 
measure of the volume seems to be (2 X 3) X ^- In genera], for such a 
constructed prism, V =( i X w^ X h, where ^w and h stand for the 
whole unit measures of the length, width and height 



/ 



/ 



Z 




7A 



/ 



/ 



(a) (b) 

Figure 28-U. Two rectangular prisms. 



Z8 



On the other hand, ir some rectangular prism is given to us rathe A than 
our constructing it rrom cubes, the lengths of the t.o-^e edges will rfot " 
usually be an exact number of units; See Figure 28.f;b. Nevertheless, any 
rectengiaar prism can be thought of as containing a certain number n of 
unit, cubes in u. Perhaps there i.-, some space left over. In this else, the 
voluice is more than n which i-, therefore an underestin-^te or the volume. 
. If we add a layer of cubes on each of the three adjacent faces and also • 




^ 1 




1 

1 « 
1 [ 
1 , 
1 » 

1 ^ 

1 / 







(a) 



(b) 



Figure 28-5, Filling out a rectangul^- prism, 
add the cubes necessary to fill out to a rectangular jolid with N cubes, 
as in Figures 28-5a and 28-5b, we will find that the new one contains the 
given solid and therefore N is an overestimate of the volume. We say the 
original solid has volaT^ V and n< V < Just as in the case of area, 
we can make closer approximations to V by using a unit cube with edges 
say or — those of the origina:. unit. We can make the approximation 

to V as accurate as we please. ^ What will happen is this: as the length 

the unit segment gets smaller and smaller, the approximations to the 
length, width and height of the solid get better and'better, the unit cubes 
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get spialler and smaller, the difference between the underestimates and 
overestimates of V in terms of the original unit 'gets smaller and smaller 
and so the approximation to V gets better and better. We are then led 
to tne definition: 

The volume of a rectangular solid is measured by 
the number "J X w X h, where I , w and h rep- 
resent the measures of the length, width and 
height in the same units, 

V/= / X w X h. 

Since the area of the base is equal to / X w we frequently say: 

The volume of a rectangular prism is the product of 
'^he area of its base by its height, 

Aa a formula, letting B stand for the area of the base X w, 
this becomes: 

For any rectangular prism: V = B X h, 

1\ should bo noted that V stands for a number, the measure of the 
volume, Ihe volume itself should always be expressed as a number together 
with the correct cubic units-. Thus if in Figure 28-1^ the units are inches, 
the volume should be givan as 2h cubic inches- 

Problems * 

1 A child measures a rectangular prism with a ruler whose unit is an inch- 
ITie length is inches, the width 3 inches and the height 6 inches- 
What is the volume? ' 

2- The same prism as in Problem 1 is measured with a ruler whose unit 
is 1 ^n-h- The length is now reported as 5l-2, the width as 3-^ j 
and the height as 6-3 inches- What is the volume? Note that the / 
answer in Problem 1 was less than V- Is the answer to Problem 2 
less than orlmore than the exact value of V or can we tell? 

Properties of Votume 



The volumeJ of many other solids are determined by comparing them with 
volumes of appropriately chosen rectangular solids- We are not going to 
make any attempt to get formulas for the volumes of many different solids- 
What we do want to emphasize is that, volume is a number associated with 

\ ■ / 

♦Solutions for prot].ems in this'' chapter ard on page 38?. 
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a solid region such that: 

1. Volume is associated with the solid region and not vith the 

closed surface which bounds the region. 
2« Solid regions can be con^ared in volunie and regions of 

different shapes may have the same volame. 
3* Just as with length and area, dn theory a volume is measur- 
able exactly by a number. Practica)ly this is usually 

in5)ossible. See Item 5 below. 
4. For this purpose, we need to choose a unit of volume just 

as we earlier needed a unit of length or area. 
5* The number of units which measures exac*-ly the volume of 

a region can be estimated approximately from below and 

above by whole numbers of units. 
6. In general, smaller units yield more accui-ate estimates of a 

volume. 

Formulas for Volumes of Certain Solids 

Altnough tne concept of volume resulting from the properties just 
mentioned is p rotable the rric^t /uluable xdea to get, nevertheless we sometimes 
actually want to ccrrputj? tr.e number which measures the volume of a certain 
oOlid. Perhaps it will be **.ell to determine the formulas for the volumes 
of a fev of tre r.^re famili .r solids. We already have the fo^.ula for the 
measure 3f the vcla.T.e of a rectan£uLar prism. V = X w X h. This solid 
is a special ca^e ci a ri^ht p^'ism (see Chapter 26). If yoi cut such a 
rectangular prlcm ii\ r.aif, see Figure 28-6, b> tne plane WYQS you ^^et a 
triangular ri^ht :;risn vhoce volum.e is half that of tpe rectangular solid. 

w z w ' 1 





i Q ^ £ ^ 

Figure 28-6. Rectangular and triangular prisms. 
The measure of its volume is therefore given by 

V = i X (ix w X h). 
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But this may be rewritten as V = (| X y w) x h. The part of this 
formula which is in parentheses is the fonmila which gives us the area of 
the triangle ?QS which is the ba^e of the triangular prism. See Figure 28-J 
where by looking straight down on the prism it may be seen that PQ is the 
base of A PQS and PS is its altitude so that the formula for the area 
of a triangle from Chapter 27 applies. Thus for this triangular right prism, 




Figure 28-7. | X w x/ = area of A PQS 

= area of base of the triangular prism. 

if B i.* used to represent the area of its base, the f oTrSd^ '5'or the volur.e 
is V = B X h just as for the rectangular prism. This p€irticular prism 
happens to have a right triangle for its base. Other right prisms ma>' have 
scalene triangles for their bases or quadrilaterals or in fact any pol:.^,nc. 
Physical models of several prisms can be made out of thin plywood or card- 
board with open tops so that the solid region they enclose may be filled w*t^ 
sand. Suppose such prisms have the same height,^a, and the polygons which 
are their beises have the same area, B, even Enough they may not have tr.c 
same shape. Filling one model with sand and then pouring the sand fr:ni it 
into the other models demonstrates very convincingly that the> all r.a/e t: c 
same volume. This may -be written: 



For any right prism: 
the area of its base 



the volume is equal to 
:imei'» its height. 

V = B X h. 





Figure 28-3. Dirfcrent shaped prisms with the same voluinc. 
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If the prism is not a right prism, a gooa p.^jsical of ti.e 

situation is a deck, of cards which has been pushed i:.t^ an cclique position 
as in Figure 28-9t. Patting the deck back into a strai^nt stack does not 





(a) 



(b) 



Figure 28-9. ^5odel shoving a right prisr. (a) 

vitr» sajre value as oblique Lrism (b) . 

seen to change the arx)^ant of space occupied hy thes. It looks as though 
the fonaula V = 3 X h is a valid fornula to find the volume of an\- prisr. 
and in fact it is, iffnat we must to careful to note, ncwever, is that the 
]l in this formula represents the actual height of tr.e prism and not a 
lateral edge. In Figure 28-10 the base of 'the prism is the parallelograjn ABCI 




Figure 28-10, An oblique prism, 

and the height is the rjeasure of FQ, a segment from a point P in the 
upper base perpendicular to the plane in which ABCD lies, PQ < PA 
PA is a lateral edge. We can now say: 

For any prism: V = B x h. 



ere 
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In Charter 2-: it was ctaied that a prism is a special case of* a 
c:.lir.Jer« Ir. i*a>^' , , r.> Ilnaer -^an be approximated b> prisms vhose heights 
are t;.e sar.e a^. t: ii o:* e c;. li:.der and %hose bases are polygons wr.ich 
atpr^xiinate t.-.e casee o:' the c;. linder. We guess that the xormuia V = B X n 
stiil holds a:.d indeed it does. 





0:^ z^. 
its nci/r.t. 



Prcblers 



ri;"vire 26-11. Cylinders Approximatec b\ prisns. 
B ctar.ds .or tr.e area of tr.e Lase of ti.e c,.iinder and 

For an;, c;. linder: V = 3 X 



for 



A trlant'vilar prijr. hac as its base t:.e^rlant:le 
Oi tne crisrr. is 12" • What is tr.e vc^r.e? 




A tin :an has neiisr.t 
Vnat is its vcl'X-ie? 



inches and a case of area 



ciclc arcc. 
feet 



A trac.-'* is called a 5 ton truck if its capacit\ is 
Hov bir is a dunro truck vhicn nas a bod;. 6 feet wide l;. 
Ion.: b;, S feet' high? 

A circular dr^arr. has a height of j5 inches and a base w:.:se raui^s is 
12 inches. Wr.at is its -/olujr.e? (Use the area of a circle forr/uia 
frorr. Chapter 27. ) 



VolJir.es of solid regions bounced b> p:vrainids and cones are naru to find 
forrrulas for ir. t:.e wa;. we have been prcceedint. But, an experi.T.ent £ives 
the fcrrrulas ^lite eiisii,. . If .\ou take a certain p^ranid and ma/.e a model 
of it tirJ 0: r rlsrr. vitr. ^ase and height con^-ruent to those 3f t:.e pxra.-nid, 
:.oa will firo t.-2it if :o-a :ill the p:.'ranid with sand and pour it mlo the 
t.risr., tn^: rrisr. '^ill ce filled after th:*ee such poiurin^'S. The sa^.e is true 
for a cone -ind t- l- corresrorr'ain^ cylinder. 
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(a) 



(b) 






(a) V of a pyramid is one-third V of a corresponding 
prism. « 

(b) V of a cone is one-third V of a corresponding 
cylinder. 

Figure 28-12. 



This leads to the formula: 



For any pyramid or cone: V = j X B X h. 



Problems 



?• A pyramid has square bases with sides each 12 feet and height of 
10 feet^ What is its volume? 

8. Look up the dimensions of the Great Pyramid of Cheops in Egypt. ^ What 
is its volume? 

t 

9- A cone has height 12 feet and base a circle of area 6 square 

feet. What is the height of a cylinder whose base and volume are equal 
to that of the cone'? 

10. A cone has height 10 inches and base a circle of radius 3 inches. 
What is. its volume? 

The Volume of a Sphere 

The last common solid to consider is the sphere. If llhe radius of a 
sphere is r, think of a right circular cone and a right circular cylinder 
each with the same radius r and each with height equal to the diameter of 
the sphere which of course is 2 X r. Consideir hollow model^ of each. 





(a) I (b) / (c) 



h cyli: 




asamem 



figure 28-i3. A cone, cylinder and sphere of radius /r and height 2 X r. 
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If the cone is filled with sand and this sand is poured out of it and 
into the cylinder, the cylinder will be one-third full. If now the sphere 
is also filled with sand and then emptied into the cylinder which is already 
one third full with the sand from the cone, the cylinder will be con5)letely 
full, Thus the volume of the sphere is just two-thirds, that of the cor- 
responding cylinder and just twice that of the corresponding cone. Since 
the radius of the base of the cylinder is r and its height is 2 X r the 
volume, which is B X h, is 

V = (jt ^.j:J< rLx_(2 X rX, 
Therefore, the volume of the sphere is' 

V = I X U X r X r) X (2 X r) 

^ " or 

V = ^XjtXrxrXr, 

Problems 

11, Find the volume of a sphere whose radius is 3 inches, 

12, Find the volume of a raindrop whose radius is ,1 inch. 

Surface Areas of Solids 

Not only is the volume of a solid of interest but frequently so also 
is the area of its surface. This area may be found quite easily for certain 
solids, such as right prisms, whose surfaces have the following property. 
If a cardboard model is made of the surface of the right prism in Figure 28-114-, 
it may be cut along the lateral edge AA' and then along the edges of the 
upper and lower bases BC, CD> EE, EA, B*C' , C'D' , D'il' and E'A* , The 




Figure 28-1^, Model of a ri^ht prism cut to be flattened out. 
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model of the surface can now be flattened out on a plane in the form shown 
in Figure 28-15, 





F =A 



Figure 28-15, Surface of a ri^-ht prism flattened out in the plcuie. 

It can be seen that the surface is made up of two congruent polygons 
which are the bases as well as a number of rectangles each a lateral face which 
together make up the lateral surface > Each of the rectangles has the same 
height, h, as the prism and their union is the rectangle whose base AF 
is the union of all their bases. The area of this rectangle, which is equal 
to the area of the lateral surface of the prism', is called the lateral 
area. It is eaual to its height, h, times the measure of AF. But the 
measure of Af^ is by definition the perimeter of the base of Ithe prism. 
Thus the +otal surface area of a right prisn. is equal to the sum of the areas 
of its two bases piiis its lateral area. As a formula this can be written 

Surface area = (2 X B) + (h X p) | 

where B stands for the area of the base, h the height of the prism 
and P the perimeter of the base. i' 

The surface area of a right circular cylinder can be developed similarly 
and the result is SiLmDSt the same. We cut out the bases, cut along an^ 
element of a model and flatten it out as in Figure 28-16* 
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- Figure 28-1d, The burface area .of a right circular cylinder. ^ 
Hence, we find 

'\,*'*."^^'^ SCir'face area of a cylinder = (2 X b) + (C X h) 

where B and h aije as before and C stands for the circumference of the^ 
base. Express in^j B and C in terms of n and r we get 

Surface area = (2 X n X r x r')-^+ (2 x n x r x h) 
= (2 X n X r) X (r + h). 

Problems 



13- 



A room I5 feet wide and 20 feet long and 10 feet high is to 

be painted. How many square feet of wall space must be covered? WViat 

^ the total area of the room? 

Tne radius of a tirfican is 2 inches and the height is 3 inches. 
What iG the circumference of the base? V/hat is the volume of the 
can? What is the total surface area of the can? 



We can 



consider the surface of anj piraniid by making a model, cuttjinr 



away the base, and then making one cut alon^ a lateral ed(^e in order tcj 
flatten out! the lateral surface on the, plane. "Hiis gives us a polygon and 
a series of ti'iangles* meai.oi'in^; the bases and heights of *these fii^ures 
we can compute their areas ana add them up for the total area. 
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Figure 28-17, The^surface of a pyramid. 

The only type of cone which cein be treated easily in the same manner 
is the special one whose base is a circle and whose vertex lies exactly over 
the center of the base. 





Figure 28-18. Surface area of a right circular cronev 

In this case the lateral area is a fraction of the circle whose radius 

i 

is congruent to an element of the confe as shown in Figure 28-l8. 

The area of a sphere is harder to get since (no cut will ever enable anyone 
to flatten out the surface of a sphere into a plane. This is the reason 
mapi of the earth printed on a flat page can never be completely accurate • 
Ilowiver, it is interesting to. know that the area of the sphere' in Figure 28-13c 
is in fact exactly equal to the lateral area of the cylinder in Figure 28-13b. 
This enables us to write the formula 

^ Area of a sphere = C X 2 X r 

= (2 X n X r) X (2 X r) 
=UxnXrXr 

where r is tihe radius of the sphere and C is the circumference of a circle 
whose radius Is r. , ^ 
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Exercises - Chapter 28 
\ 

1. Suppose the base of a right reatangular prism is left unchanged and the 
measure of its lateral ed^^e doubled^ what is the effect on the volume? 

2. Suppose I and w of a right rectangular prism are each doubled and 
the lateraJL edge left unchanged, what is the effect on the . vo^ • jue ? 

3. If each of / , v, h is doubled for a rectangular prism, what is the 
effect on the volume? ^ 

if. Is a lateral edge of a right prism an altitude of the prism? Why? 

5. Is a lateraJL edge of an oblique prism an altitude of the prism? Why? 

6. In finding the volume of an oblique prism, a st\jdent accidentally used 
the length of a latereJL edge in place of the height of the prism. If 
he made no other errors, was his answer too large or too small? 

?• If the ailtitude of a prism is doubled> its base unaltered ftnd all angles 
unchanged, how does this affect the volume? 

8. If all edges of a rectangular prism are doubled eind its shape left 
unchanged, how is the volume affected? 

9. The side of the square base of a pyramid is doubled. , The height of the 
pyramid is halved. How is the volume affected? 

10. The sides of a rectangular prism are all doubled. How is the total area 
€Lffected? 

11. If the radius of a circle to the nearest inch is 3 inches, the cir- 
cumference is 19 inches. Use this fact to find the .volume of a cylinder' 
whose radius is 6 inches and height is 12 inches. 



12. Use the information in Fxlercise 11 to find the volume of a con^ whose 
radius is 6 inches and height is 12 inches. 



13. Use the information in Exercise 11 to find the volume of a sphere of 
r:.dius 6 inches. 

ik. Use-the information in Pbcercise 11 to find the surface area of the 
cylinder in Exercise 11 .and of the sphere in Exercise 13 . 

15. ,Use the appropriate value of n to find the volume and area of the 
spheres with radii listed below. 

a. r is 3 inches. b. r is 4000 miles". c. r is ,01 inch. 

386 

ERLC ' 



Solutions for Problems 

V = (5 X 3) X 6 = 90. Answer: 9Q^ubic inches 

V = (5.2 X 3.1+) X 6.3 = III.38I1.. ' Since the sides of the prism are 
measured in units of .1 inch the unit of volume is .001 cubic inch. 
So our answer in terms of this unit of volume is 111,381+ cubic 
thoi^andths of an inch. We express the answer in. cubic inches as 
113,*381+ cubic inches. The question of whether or when we should round 
off such an answer is a very tricky one which*we will not attempt to 
discuss here. If the answer is desired to the nearest cubic inch, it 
would be 111 cu. in., if to the nearest .1 of a cubic inch, it 
would be 111.1+ cu. in. 

We do not know whether this answer is less than or more than the 

exact value of V. If the sides of 'the prism were measi^ed to the 

nearest .01 inch, they might well come out such numbers as 5.16, 

3.37 and 6.26 or 5.2I+, 3.I+3, 6.3I+. In the first case our answer 

would be greater than the next better approximation to V, in the 

} 

second case it would be less. ** 

V = B X h, B = I X 6 X 8 = 21+, V = 2J4 X 12 = 288 
Answer: 288 cubic inches. 

V = B X h = 12 X 3.= 36 Answer: 36 cubic inches 

i = 6 ft. / = 2 yds. w. =: 3 yds. ^ = 3 ^^Is. 

V = 2X3X^ = 10 Volume is 10 cu. yds. Answer: This is a 10 ton 

>H truck. 

, V = B X.h. B = n X r = n X 12 X 12. V = n X 12 X 12 X 35 



y X 50iip = 22 X 720 



PP 

Answer: 15,81+0 cubic inches. We may use for n since the 

measurements are to the nearest inch. 



15,81+6 



X 501J0 

PI. A 



V'=ixBXh=|xl2Xl2XlO= 1+80. Answer: I+80 cubic feet 

The Columbia Encyclopedia gives the dimensions as base 768 feet by 
768 feet and height k82 feet. 

V = i X. 1+82 X 768 X 768 



Answer: 31,585,9)^ cubic feet 
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9* Tlie cylinder must have height k feet in order for it t© have the 
same volume as the given cone. ^ 
^ 1 ' 1 - oo 



10 



|x'BX'h=4xrtX3X3xlo = 30Xrt = 30x~ = 66o 



V = 9^.3 Answer: 9^ cubic inches 
V 



|xrtX3X3X3 = 36xjr=36x^ = ^ 



Y = 113.1 Answer: II3 cubic inches 



12. V = - X X .1 X .I'x ,1 



X n 



.'004 



V = •004188 



3 " 3 
Answer: .004 cubic inches 



X 3 ,1416 



.012^664 
3 



13. Wall space is the lateral area. This = 10 X [I5 + 20 + I5 + 20] 

= 10 X 70 = TOO • 

Wall space is 700 square feet. 

Total area = 700 + 2 X 3OO = 700 + 6OO = I3OO. Answer: I3OO square feet 

88 

14, Circumference of base is 2XjrXr = 4Xrt=-7- = 12,6. Answer: I3 inches 
V=jrX2x2X3 =l2Xy = ^ = 37.7. Answer: 38 cubic inches 

Total surface area = (2 X yr X r) X (r + h) 

= (2 X X 2) X (2 + 3) 

= l+XTfX5 =20jr=20Xy=-y^ 

= 63 

Answer: 63 s'^uare inches 



I I 
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Chapter 29 
NJTtATIVE RATIONAL NUMBERS 



< 



Introduction 



are: 



Up tc aow, three different sets of numbers have been studied, , 
the counting numbers: 1, 2, 



the whole numbers:" 0, 1, 2, 3f ***f 

1 9 ' 29 

the rational numbers: 0, ***f 2 ' ***'"3 ' 'i'* ' ' *** * 

JEn this chapter we will extend once again the concept of number b> adding 
the notion of oppositeness or direction to the idea of number which we 
already- have. This will result in a new set of numbers, the set of positive, 
negativ.e and zero rational numbers- From now on this new set of niimbers 
will be called the rational number'^ and the third set above will be called 
the non - negative rationals . If 0 is omitted from this set, the new set 
so obtained is called the positive rationals. 

Each of the three systems of numbers mentioned aoove arose historically 
out of a practical need and was Ubtid to express oeVtain qualities and prop- 
erties "of a physical model. Our new set ot'^numbers also arose out of a 
physical situation which needed a mathentatlcal interpretation. 

This was a situation -where counting or measuring was with respect to 
a fixed reference point from which the direction of counting or measuring 
was important. Examples of such situations are measuring tempei;atiire in 

degrees, or altitude in feet. One talks about a temperature of 33.5 

\ 

degrees above zero or 33.5 degrees below zero, an altitude of 3OO feet 
aboVe or 30(5 feet below sea level. A business firm may have a credit 
balance or a debit/ at its bank. In each cace a number by itself will 
measure the size or the magnitude involved but without mention of the dir- 
ection, -full information on the physical situation is not given. 

In each of these physical situations there are essentially only tvo 
directions iCf^SJVed. We can indicate one direction with the superscript 
and the other with the superscript " . Ihe choice as to which direction 
is labelled ^ and which " is purely arbitrary although often the physical 
situation indicates the best chcdce.^ Thus, usually we indicate temperature 
aboT^e zero, distances to the north from a fixed starting point, altitude 
above sea level and a credit balance at the baiik as being in the positive 
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cbnveniert^^^d instructive at- the moment. "3 is, howeveJ, a nair.e for a ' 
new Kind of ijumber. It is a negative rational number, qpfe of the whole set 



direction in each ccfse^ On the otheu hand, a deep sea diver might want to 

indicate the dejpths of ^his dives as being in the positive direction Wd the 

bank might, vant *to corjsider a firm's credit^ balance ^s mon^ it owes to a 

depositor and as being ir. the negative direction as far as the bank's 

assets and liabilities are) concerned*/ 

/ +i n ' 

^ combination siirh as -r or f 3 of one of the suDerscripts and one 

^ t 'I • 

of^the n^^erals for a positive ^rational gives us an effective name for a 

number yhich-raa^, indicate &oth direction tnd size. Such a nuniber is a . 

rat^ional number/ Actually - is m6.r el v another jaajne for the. number =■ 

which is one^of^the positive rationals studied 4^ ChapWs 17-2U, For these 

posit lye rationals we^'will use or •omit the superscript A as happens to be 

7enieri£ and i 

H'ind of ^Jumb 

of such number^ ^hich. Ve aire now introdu^^ig and are goxng to study in this 

chapter • Together* with 0^ and the positive rationals, these form th^j sgt 

of rational ,^unbers. Sometimes we call these the . s-igned, rationals or'^just 

the signed nymber^ when we want to emphasize' th^ directions involved, 
--1 + '"-?. ^ 
2, . -g, 1 are 'names which- are read "negative ^two," "negative one*iialf" 

and "positive one:" 

Using these signed numbers we can saj, having" agreed that temperatures 

above zero are coQ^idered to be in the positive-direction, "Ihe boiling 

point of •water i»s'* "^212°'' or "The elevation of^a town is "t^CXD feet" \ 

if it is above sea level and we have cfios^n this as the positive direction, 

Sii^ce from now on ve will be talking- most% about rational numbers, we 

will use the simple *>umbers" as short for "rational numbers," If any other 

system is intended, we will say so, 

A Phvsicsd todel ' ^ 

When ve studied whole numbers and positive rationed numbers, we foxind 
that a good ph:v3ical model such as a number line was a great help to our 
understanding. Once again a number line will serve our puiT)ose admirably • ' 
We start as before b> picking a point'^^epresent 0 which we call the 
origin and label 0. .We then pick a direction on the line for the positive 
. direction and a unit lengt'h. The point one unit from^^O in the positivfe 
direction we label 1, or ^1, the point 2 units in the positive direction 
from 0 we label 2, In general, any point which on the number line in 
Chapter l8 was labelled ^ith the number § may now also be labelled • 

D D 

See Figure 29-1. ^ ^ 
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^Figure ^-IZ Positive rational numbers on the number line. 

So far the points of our numbei? line ^hicl> are on one of the rays from * * 
0 , represent onlythe positive rational ivimbers and o: But now, using the' 
ray in the opposite direction from 0, and calling it the negative direction 
ve can represent the negative rational numbers by points on it. Thusf, we 
label the point ^one unit in the negative dii'ection from 0 with' "l, - the 
point two units in the negative direction, ' "2, ^ the point halfway between, 
etc. . . . 



-3 
2 



"5 



^'3 



-1 
• ' 2 



-3 
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+2 
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+1- 
' 2 
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Figure 29-2. Rational numbers onrthe number line. 

When using tke number line, we sometimes talk loosely about the "point" 
or the "number" rather than the "point representing the number." .We hope this 
will not confuse you. It will certainly save time and effort. 

Figure 29-2 makes it apparent tbat the .positive numbers may be thought 
of .'an extending indefinitely to the right of 0, and the negative numbei^s . 
indefinitely to* the left of 0. ^ ^ ^ 

Pairs of numbers such as "l and tl> ' arid are said to be 

"opposites." Thus "2 is the .off osite *of ^2 and is the opposite 

of Zero is considered to befits own opposite. Pairs of opposite 

— * + ' 
numbers such as k and h are represented by pairs of points tt>e same 

distance to the right and left of 0. We write 'h = opp (k) and . 

i**= opp Ch), etc. ' 

Problems * 

1. Are the following 'possible number line models of rational numbers? 




9 
"1 

"2 4- 



I 
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♦ Solutioi\s ,for problems in this chapter are on page k06. 
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•2. *a* * What is the opposite of '3^ , • 

b, " What is the opposite of the opposite of "3? 

c. What is the opposite of 0? ^ / 

ifrrovs ; . A Sgcond Nbdel ' * • <^ y 

.We come now to tl^question of operations on signed .lumbers. , Can. we ^ 
add, 'subtract, multiplySil^divide them and, if we can, do the operatipns' 
have the properties of closure, commutativity ^tnd associativity? Is^ 
multiplication distributive over addition?.^ • , , v 

We^already know about' the non- negative rationals since' they have been 
studied extensively . "Rie real questions ^re: can we extend th^ definitions 
of ad<^ition, multiplication, etc. from these numbers to all rational 
numbers so that al^^the familiar properties still hold? The answer is yes. 
To help us see ITow, we .construct ja second physical model of rational numbers 
•In our previous chapters we used seve^ral different physical models for 
whole numbers and rational numbers to help illuminate different matheaatical 
characteristics, to now a ni^ber, say '3/ has been represented 1^ a 
point on the number line. Our new model f^r the number 3 cAisists of a * 
directed line segment instead of a point. See Figure' 29-3 • We represent 
this directe^d segment by an arrow^ which points in the direction from* the 
point 0 to the point 3 -'and whose length is 3 units. If the\ positive ^ 
direction ^ the number line is from left to right, the model fo^r 3 will 
be en arrow 3 units long pointing t&. the right. Similarly, the model for 
' is 'an arrow one and a'half^units long pointing to the left. In general 

2 ^ • • • n 

if the number r has been represented in our first 'model by the point i{ 
on 1 e number line, the new model is an arrow pointing in the dLrectiq^ . 
from 0 'to R and whose length is equal to the measure of OR.' Notice' 
that we Jiave riot said where the arrow beg^s, just how long it is and In 
which direction it point^. Either arrow in Figure 29-3 may represent 3. 
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Figure 20-3. Directed arrows as models of rational numtrers. 
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Addition 



of Ratioi^s. • 



Kii^ new^dei will help us greatly in •bhi^kdng about addition of 

numbers* Remenier that an operation on two numbers associates a third 

number with an ordered pair of numbers. What number do we'asBoeriate- with 
+ f s * • * . ~ ' ^ ' i * ^ 

5 ahd 3 as theJ*' sum? Sinc^' these ar^ just new names for 5 and 3, 

we know that their sum is 8, Thus, '**5:+ '**3 = '**8, If we thought of "5 

as representing $5,00 earned one day aftd ^3 as $3 ,00 earned a second 

day, the sum 8 Vould telj. us we were |8,00 better off at the end of the 

.second day than at the beginning of^the first. But if-j/e had lost $3,00 

the second day, we wovild be only $2.00 tetter off. We could represent this' 

•situation as ^5 +"3 and the answer seems to be ^2, This sum is easily 
seen using our arrows as models to represent numbers. In our model, addition 

'of two numbers is represented by drawing an ^crrow representing the first and 
then from the heS of this arrow drawing an arrow representing the second. . 
inie sum is then represented by the a^rrov which goes from the tail of the 
first to the head of the second. Thus in Figure 29-^ the arrows represent 
^5 + ^3 = ^8, ^while in Elg-ire*29-5 the arrows' represent '**5 +*''3 = 2, ' ^ 



0 



5 



^8 



+ 

3 



Figure ^'Addition of two positive ratit)nals. 



L- 



+ 

5 • 



Figure 29-5', Addition of a positive and a negative number. 

In these models the arrows should all be drawn in the^same line but 

the figure would be hard to follow, so we have drawn them in separate lines. 

Also notice that in Figure 29-^ th^ arrow for 5 starred opposite the 

poi^t 0 on the number line, while in Figure 29-5 arrow started opposite 

> 
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the point It is imp'ortant to realize that in this nodel for addition * 

the ifirst torow may' start anywhere^ on the- number line^N ^ct.uallj^/ the number 
line Ss important in the figures only to indicate the positive direction 
and the scal^ of . our model. It is not where the arrow stairtfl but^its 
direction and I'ength which tell us what number i|^ ^represents., Thus in ' ♦ 
Figure 29-5 sum of "5 and 73 fs an arrow which go^s from 1 ^ to 3 , 
and therefor^ 2 units long and headed in the positive direction. It 
represents '*"2. In later figures will draw just enough. of , the number* 
line to iniiicate the positive direction and the scale. . ' ' ^ 



Thus, Figure 29-6 is a model for 3 V 



V. 



I 



\ 



^ Figu?*e 29-6. 3 + '5 = 

i • . ' 

The sum is modeled by an arriw 2 units long, and directed to the, left. 

The sum is, therefore, "2. Figure 29-7 shows the addition of tWo opposite 

+ - * . ) 

numbers, * 2 and 2. The sum is 0 *and so it will always be for emy . 

• * ' 

two opposite numibers. . * , tr^ 



-L 



n 



2 - 
"2 



•Figure 29-7. 2 + "2 = 0, - > 

% • • • 

We can equally Veil add two negative numbers and see the answer using 

arrow model's. See Figure 29-8, In'this* case our nuinber line is drawn as 

a vertical linel * , 



V 



1 2 ^ 

Figure 29-8. '2 + 'l = '3. 



?' 
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P;co^lems, . / 

*'•' +- - + - + 

3.» Draw a model to represent 3 + k,, Also for ' + U and 3 + 3, 

Draw a n»del to represent "2 + *3. Also for ' 3 + "5 and 1 f ""^.^ 

5, Draw d model to represeyit "2 "2 • • ^ ^ ^* ^ 

6, Draw a ipodel to represent 3 + Also for 2 + 3» 

The operatiofi of eiddition may become clearer if you think of it as moving 

froi^^home in a c^rtr.in direction a given distance and then following this 

with another wall! in ohe same or the opposite direction pDr another given . 

distance arid finally determining- where you are with respect ^H;6 *the stalrting 

' -i ^ 1 ■ 

point, Thus^ a walk 3 ir blocks east followed by one 5 .- eblocks west- ^ 

brings yQu>^q a point 1 ^ blocks west of your starting point. 3^+5^ = 
The arrows in Figure 29~9 show you starting at a point *3 blocks east of 
City Hall and ending at the point 1 ^ west of where you started, that is, 
at a point 1 ^ blocks east of City%all, " / 



1^^ 



City Hall , ' , 5th St . ^ . 

Figure 29-9* J ^'^ 

Certain general features of the model of addition presented here should 
be noted. - r . - * ^ 

1. In an addition b + c = s where b^ and denote numbers and s 
"\ the unknown sum, the arrow for the first addend b* is always 'j 

drawn first, . \ • * ^ 

' 2, The arrow for the secon^ addend c is trawn next. Its tail starts 
at the head of the arrow for b and Its direction depends on 
whether the number c is pos'itive'or negative, * , > 
3. The arrow giving the unknown sun s is then drawn. Its tail is 
always in ^ine with the tail of the arrow for b and its- head in 
^ line with the liead of the arrow foi^^ c. The length, of this arrov^ 

and its direction determines s, , " ^ 

.10^ the krrow'for b •is drawrf with its tail at 0 the sum 's is 

liw^ys the number "on the ^number line opposite the head of the sum ari^ow. 



3Q0 



From'our inodel it can also be observed t(.at addition of rational numbers '[^ 
is coitjnutative and associative. Figure 29-10^ illustrates cormr.ulJativitj • 



f 



^ — ^ 



^2 



Figure 2S'-10. Comniutativit;^ of addition for rationals: . 3 ^ 2 = 2 + 

Although this one example does not pro^e the property', it is in^ fac\ true. 
Associativity may be shown by exairxles^ such as 

("3 + -5) + ^ = -8 



and also - /-^ +, \ 



This prop^rt:^. in fact holds fo^* the addition of .an;, three rationals.' 

\ ' • ^ » 

Problems ' ' ' , ' 

7. Draw ra)dels to show that "3 + "2 = "2 + "j • 

8. "Rraw models to show that ("3 + "^'2) t-."l + (.^;\+' "l) . 

-2 -4 - > * 
j„ Di'aw a model, to show that — + r- = 2. , . 

Order of the Rational Itoibers 

• v- 

r^t us return to i^he number line model for rationals and let A name 
the point which corresponds to the . Jtiber a .etc. V/h6n usiu^- the pumber. 
'l,ine for positive Vationdl numbers, we saw that if a > ^then on a number 
line in wikch '1 lay to the right of 0^ -point A la> to th.e rit'ht of * 
point B. Also, if point C lay to the right of point D'^then c > d. 

• We sa:, exactly the ^ame thing for the rational numbers? "and tiieir number 
line. If 1 is to ri.^ht of 0 then 2 is to t'he *ri(/ht oX '^1, "3 
to the ri£:ht of 10 and we say 2 is grea/er tjiarr 'h , 'j is greater 
than, "10] or. in mathematical symbols, 2 > '3 > 'lO. We may also 

'Say* is less than 2 and 'lO is*^ less^ than writing • < 2 

and^ 10 <. 

. Another way. of saying that 5 is to the right of 2 is to say that 
ye must add a jiositive riumber to 2 to get 5. In the same way we must 
ad^^a positive number to 10 to get 3, ^ Hence, 5 > 2 and "j > "lO 
mean 5=2+ some positive number and ^ 3 ='"10 plus some positiveyiumber^ 
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In fact, if r and s represent an> two rational numbers and if • r + p = s 

♦ .where ^ ' is a positive hamber, then s > JVlso if ^ > r, then 'there . 
must #^ays b'e a positive nunber p such that r + p = s, 

# • • «. 

Proble.-ns 
7-tr-7 — 

10; Which i- correct: *2 > "3 or "3 > "2? Show the solution on the number 

line and also b;y producing the positive number called for in the second 



definition. 
11. Label. each as True or* False. 
^ a. 2>0 . . ^' l> I 



C 



c. '5 > '2 



_ d. -| > -3 B > 9 

^ Subtraction of Rationals ' s * 

'We have considered addition of rationals ver> cai:efully. Vftiat can we 

say about subtraction? We can consider the' subtraction of r and s 
> — . — 

in. two vays: ^ first directly via the physical rrodels, the arrows wTiich 
represent r and^ s; and second as the inverse of addition, but again 
usi^ng the ari;ows to represent the proper addition problem. In the first 
case we have to* consider what sort of co^oination of the two arrows is a 
model for subtraction; in the second case we say that r - s is the number 
.which answers 'the question, "What number added to s_ will give r?" It 
.is important, of course, that both methods are consistent, i.e., give the 
same answer. In the first case consider \ - ^2. Since ^5 and ^2 , 
are simply .different names for the numbers 5 and 2 we know the answer 
must be 3.^ What could we do to the arrow representing 2 so that we 
could combine it with the one for ^5 and get the one for ^3? The answer 
is quickly s^en to be "Reverse the direction of the '^2 arrow and add if" 
to tne 5 arrow." BuC reversing the direction of a 2 arrow simply 
gives us an arrow representing the opposite of ^2 or '2. Tnis gives 
us the hint we need,. Our' physical model of the -subtraction of a rational 
number will be to reverse its arrow and ^ add . Thus: 

• V -2 = "5 - -2 = "3 
and ' ^2 - '*"5 = "^2 + "5 = '3 

and- 2-5=2+5=7 - * 
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"Actually making physical models of these arrows and using them in this 
fashion is an extremely useful and illuminating experiment • Again 

a^d in general for any two rational number^ r* and -iS 

r - s = r + op^iosite of s. 

The s'econd look at subtraction is as the inverse of addition, llius 
h' - 7 asks us for a number n, if any,- such that 7 + n = 4, But. 
the arrow riddel shows that there is an arrow from the head of 7 to the 
head of k and clearly this an'ow by size and direction represent^ 3« 

^0 ■■ ^ — > ^ " ^ 



n 



^ L 1 1 1 1 1 1 i 1 

, \ . ■ •„ 



. . ^ Figure ^-11, If '**7 +^ = n = 

We fidso see that; k - 7 = n then 



\ 

+ + * 

=7 + 11 but this 

^ n + ^7 ' and if we add 7 iWe get 

\ +."7 = (n + "^7) + "f which- -^^ . 
* = n + ( 7 + '7) or 
= n + 0 



•+ + + -* 

* So we have h + 7 = ^' - 7 and once again we J3ee 

that the subtraction of. any rationed number may be replaced by tht^ addition 

of its opposite, Unlik^ the systems we have had before, the p:ational numbers ' 

are closed under subt^ctiqn, i.e,, for 'any two rational numbers, p 

and q, there always exists a unique rational number, such that' p * q^ = s.« 

This was not true for an:^^ of ^he systems we have^ stud^j^^ before* There was t 

no whole number n /uch that n = 4 - 7> noi ractional number r ' such that 
- k 11 ' ■ ' 
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Problems 



12, ^Ooraplete the sentences, 
^a. 7 - "2 = • 



' 3 3 = ^ 

b. 3 - 5 = , » .^^ -If ^ A _ 

"3 - *5 « . ' ' • ^ \ 5 " 5 

-2 2c. ^ ' '.^ ; 6- ^3..- "3 = 



13 • Label as True or-Falpe. f > i 

a. 7 - 3 = 7 + 3 . • 
•*+- + + ^ 
' \- 3 = ^ +.^3 > ^ ^ • " 

c. ^ - ^3 =;7 + '3.' ' . • . 
+ --+.. 

d. ' 7^+ -3 = 7 - 3 

• - ^dtuc^lrational number system is closed under subtraction, but suddenly 
^ we find we ,don*t need subtraction an> more as any' subtraction can be replaced 
by an addition of the opposite number. This parallels closely what happened 
when we examined division for the- positive rationals. We found that -division 
, by &ny number except zero could be replaced by multiplication by its reciprocals 
In some ways enlarging the number system pays off in increased simplicity 
of operation as well as in applicability to many new kinds of physical 
situations, * " ' , . 

• Multiplication 'of Ra^£nals 4 • 



What about multiplication of rat ionai- numbers ? ^ Since the signed " 
munerals such as 7 and * 5 are simply different names for the positive 

V, ' . ' 

ra-CTLonal numbers .7 and 5, their product is aJ.r^ady known. Thus we may write 

+^ *+ ^ + ^ ' ^ 

, 7 X 5 = • 7 X 5 '= 3? = 35 

end" ^ * +1 y +2 _ 1 2 _ . 2 +2 

. The product 3x2 may be thought of as corresponding to the situation 
that if we lose $2.00 a dav for three days, we have lost a total of i6.00. 
Mathematically, the number sentence would be 3 o< 2 = 6. We hope , 
multiplication of signed numbers is going' to be commutative and therefore 
that "2 X will also be "6. But physically this might be thought of' 
as corresponding to the question, "If I am making ^^.00 a day nSw, how 
dfd my f inane iSLl situation 2 days ago compare to it today?" Obviously, 
I was $6.00 poorer. And it seem? true that ""2 X "*'3 = '6. On the other 
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hand, if yo\x are spending ^3,00 a day, hov did your situation compare 2 
d^s ago with it today? Obviously, you' were ^6.00 better ofi\^ This 
corresponds to 2x3=0,- • • ^ 

• pother way to consider multiplication of positive and negative numbers 
is to consider the pattern in the following sequence. 

We know ' . '*'2 X '^"3 = "^6 ... 

and ,1x3=3 
and 0 X '^"3 = 0. 

Now what should ^3 ^ , * . • 

2 X y * 

If \he pattern of dropping 3* unites each time pn the right side of 
tljese equations is to be preserved, the answers* should be 3 and 6 
respectively. ^ 

w 

mus -' '1 X ■■^3 = '3 

and '2 X ''"3 = "6. 

If the commutative property is to hold,*ve should also have 

. J X -'2 = 

But then another pattern wi^l develop as we see that 

\ . 2 X 2 = M 
■ 1 X -2 = 2 



% 

Ifow it seems rigXit that 



OX 2 = 0. 



"1 X 2 = "^2 



and ' "2 X '2 ' ^ ' 

Corresponding to the phykical ^model and these patterns, -we can • 
define multiplication of rational numbers as follows. Suppose r and' s 
represent positive rationals. We already know from Chapter 21 that r- X s 
is a. positive rational. We define . ' 

• . • 

' ) r X "s = '(r X s); 

- "r X s = '(r X s); • 
^ "r X "s = ^(r X s) = r X s; 
and finally "r'x 0 = 0 x 'r = 0. 



1+00 



Thus, "2 X "^5 = **'(2 X 5) = ^0 and '| x *| - "(^ x 2) . "i 

+ -1 - ' 
and 3 X - ^ 1 and 0 x - . 0. 

Does multiplication thus defined dii;tritate over aadltionV Let'c look fit 
an example; 

"5 X (^6 > "2) ^ X "ao 
and x + x "2) =^ "jO ^ ^10 = "20. 

■So in this case it does distrllute. We, will not attempt a ^ ener^i proof of 
tliis or other propertie:;, lat will acnarc >ou tliat indeed multiplication 
for tne si£ned numbers ic ciojed, jcnunutlat l/c, associative and distributive ' 
over addition. The familiar properties of 0 and 1 also hold, 

A Second Look at Multlplicat lor - - - - - * 

Another way^of approacLIr. l:x wr.ole •vjacatioii of multiplication of 

rational numbers is to asciunc at the be^ iunint that multiplication and 

addition of any tvo rational numlerc du Have uil the properties which these 

V 

operations have for the non-ne^ati/c nx^bcr^ az studied in Chapters 18-21. 
^Jhen, assuminc this is true, ve want to ^liow that the product of a necative 
number and a positive number is a nc^jatlve nombcr and that the product of 
two ne^^-ative n ambers is a positive uambcr. To do this we will need only 
a few of the prupcrties, notably the cornmutalivc property of multiplication, 
the propcrt;. trat p.alti plication is distributive over addition and the 
property that ^oro t irr.os any number is zero. 

The di-tincti/t property of the set of rational numbers beyond the set 
'of noi.-necative rationals is tha't in the set* of rationals there always 
exists fur any number a a unique opposite number b such that a + b ^ 0. 
hor e/.anTple: the opposite of 5 is '5 and 5 + '5 = fi; the opposite of 
;r is and + - 0; the opposite of 0 is 0 and 0+0 = 0. 

Suppose, now, we want to determine what rational number is equal to 
2 x' j. In other words, since 2x'3.isa numeral for some number, what 
is the siniplest numeral fo; this number? 

Consider 2 x ' ^. If we add 2X3 to it we get (2 x '3) + (2x3). 
ajlnt, the distributive property, the property of opposites and the property 
of zero, we get 

(2 X ^3) + (2 X 3) = 2 X ('3 + 3) 
= 2X0 
= 0. 

Q hOl 
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Therefore, 2 x'3 is the opposite of 2 x 3. Since 2x3=6, its 
opposite, 2 X '3, must be "6 or "(2x3). Jn short, 

2 X '3 = "(2 X.3), 

By the commutative property ' ' 

'3 X 2 = 2 X '3 = '(2 X 3) = "(3 X 2) = '6. 

Now consider '3 x "2, We add '3 ^2 to it and get again 

, ' - .('3 x"2) + ("3 X 2) = '3 X ('2 +<2) 

^ . ' ='3x0 

= 0. , ' 

Therefor^, V3 X "2 ..is the opposite of '3 x 2. Since' '3 x 2 = '6, ' ite 
opposite juust be 6, "Tff'linort, 

'3 X "2 = 6 = 3 X 2.- 

Thus, in this instance the product of a negative number by a positive one 

is negative and the product of a negative number- bj^ a negative one is positive. 

Put we can follow exactly the same pattern for any numbers. ^ 

Suppose a and b represent any two pt)sitive numbers, then we know 

a X b is positive and each of 'a, 'b and* "(a x b) is a negative numUer ' 

and is the unique opposite of the corresponding positive number. Consider 
0* 

a x 'b and add a x b» We get 

f (a x''b) + (a X b) = a X ('b + b) 

= a X 0 . ' . 

= 0. 

Therefore (a x 'b) is the opposite of a x b and must be just another 
name for '(a x b) since there is only one opposite for any number. 
By the commutative property 

("a X b) = b X 'a = "(b x a) = "(a x'b). 

Consider ('a x 'b) and add a x b. We get 

("a X "b) + ("a X b) = "a X ("b + b) 
= 'a x 0 ■ 

1=0., 

t 

Therefore, ('a x '\>) is the unique opposite of "a X b. But we just 
proved that this is £^ x b. So | 

• ("a X 'b)'= a X b. 



ERIC 3P:7 



29 



Division . ^ ' 

Division by an^' rational nimiber r * (r ^ O) is, as before, defined as the 
inverse pf multiplication by r. Thus, "^8 ♦ = '2 since x '2 = 
and ^ ♦ ^ = - , since ^ x j = j • In each case r * s is that number 
which multiplied by s will produce £• We see that tne same rules for 
determining the sign of the answer appl> as in multiplication. Also, if 
the reciprocal of r is that number i which multiplied by r produces 1, 
it can be seen that division by any rational numb^ / 0 is equivalent to 
'multiplying by its reciprocal, Tnus "*"3 4 '5 = '^^x ~^ = • 



Problem • 
1^*# Complete • 

^ .-• 1.1 = 

+1 +2 ' 



a. 



3 



Smmcary " , 

In the rational number system subtraction of r can be replaced by 
addition of the opposite of r and division by r, f 0, by multiplication 
by the reciprocal of £• All the rules of the operations have been explored, 
but not all the properties. It hate been asserted that the standard properties 
of closure, commut^tivity and associativity do hold for addition and multjL- 
plication. The rational numbers are also closed under subtraction .and under 
division by all non-zero numbers. This provides a number system capable 
of describing mathematically many more physical situations than we have been 
abl^ to handle up to now. 

In the next chapter we will make one more extension of the number system 
in order to name all the points on the number line with numbers* Did you 
think that because the rational 'points were dense (see Chapter I9) on the ♦ 
num:. - line there were no unnamed points? If sg, you are wrong. In 
Chapter 30 we will find a point which does not correspond to any rational 
number. 
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Exerciseff - Chapter 29 
1. -Copy .and complete the^following sentences by writing the correct sign 



between the numbers, 



d. 



-12 

17 



-8 
3 - 

\_ 
"16 



. 5 
-1+ 
-.5 



19 
"32- 



6. 
h. 
i. 



-3 
7 



1+21 

'26 
12 



Write the number that is 
a. 3 greater than 12 
less than 

+16 
.5 



b. 



c. - 



0. 

greater fhan 



d. 
e. 

f. 



■3. Which arrow has the greater measure? 



a. 

r 

c. 
d. 



2 to 6 or 

"^8 to "^l or 

0 to U or 
+ 



5 



to 
to 



3 
"8 



Complete each 
a 



or 
or 



2 to 6 

*^8 to "1 

"6' to Of 

'3' to "5 

% to \ 



b. 
c. 
d. 



k + 3 
+2 -k 

3 - ^5 
"^ii + "9 



yation: 



.2 

5 less than 

♦•3 

6 greater than O. 

2 les|k than ^9* 



"7 +"^11+ 



^8 



'11 + ^10 
-9.-7^ 
IT ^ IT - 



Complete these mathematical sentences: 

a. *8 + ^ "15 

b. - "9 = '15 

c. *20 - • = '15 . 



d. 1 + 



= 15 



e. 
h. 



2 + 



9/ 



*15 = *6 
*6 
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vfr.ich statenients are true about 0? 

a. It l4 neither positive nor ne .ive. 

It is equal to its opposite. 

c* It is less than any nesrati'/e nu.'nber. 
' 

d. It is the siirn of an:, i^-irxer and its oppoa*^. ^ 

e. It changes the value of anj number to- which it is added. 

f. It is less than an:,' positive number. • ' * ■ 

Conrplete: Use "positive" or '"negative" to cornplete these sentences: 
a. If a number is greater than its opposite, the number is a number. 
If a number is less than its opposite, the number is a number. 
When you add two negative numbers, the sum is a number. 
haer. you aad two positive numbers, the §um is a number. 



b. 
c. 
d. 
e. 



When :.ou add a nee:ative n^^.ber and a positive number, the sum is 

a ^ n'jmcer if tr.e positive addend is further away from 0 than 

is the negative addend, 
f. When :,ou add a positive- number and a negative num.ber, the sum * 

is a number if tr.e nerative addend is further away from 0 

'than is the positive addend." 

Corplete these r^athematical sentences. Show' that the oVder of adding 
two addends may be changed without changing the cum.. 



a. 
b, 
c. 
d. 



7 + 



= "12 + "6 



' + 11 = 



= lo + 7 



Complete the mat.-.ematica. 



c. 



3 

'C 4 



e. 
f. 



13 



"6 +. "9 = 
= "5 



10 




32 + « 15 - 



nee 3 



h. 



witn 


IT "s " 
^ f 




11 


or 


^7 


+ "2 


^^7 


+ 


"2 


^2 


+ "7 


"7 




"2 


"2 


+ "7 


_"2 


+ 


"7 


2 




'7 




+ 

2 



/ 
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'-IQ^ If "6 + ^2 is written in each ^^a^below, will the sentence be 
True^or False? ' 



a* 



> "8 + '8 e. "< 'k + "2 



b. < 0 + "5 ' f. < 0 + "6 



^ > ""6 - ■'2 ' g. , > ""5 *+ "10 



d. > "^6 + "2 ' h. < "7 - "9 

11. Complete ^he following mathematica3. sentences; 

a. "3 X > = . • e\ 0 X 'I = ' - 

b. "I X "I = ' • f. "6 X ("2 X "3) = 

"0. .-f x-i= ■ g.. (-fxf)x'i = 



d. Ax\= . . h. (| X -h X "1 = 



12. Capipute: 



+6 -2 " * . „ 



a. ♦ • -r- 



e. - + 0 



5' 31 5 



^- i ♦ 3 ^- ^3 * 3 

c. "I • ^ 6- '("3 -■■3) ♦ *3^ 

d. 0 ♦ "*"| ' <f h. ("j - "3) ♦ '2 



' Solutions for Problems 

1. Yes. Each are perfectly good nximber lines for representing rational 
nunibers. The crucial items are a choice of 0 and a choice 'of direction 
for the ray on which the positive rationals are to be represented. Thi5 
i*iy may go in' ei<,her direction and then, of course, the negatives must 
be represented on the opposite ray. 

2. a. 3* ^ * 

b. '3 since the opposf^ Of '3 -is 3 and the opposite of 3 is 3. 

c. 0._ 0 is its fm opposite. 

1^06. 
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The following scale is to be used in the answers to Problems 3-8. <; ^ •» ■ ^ 
' '. > 0 1 



« ... 
t»l •< 



5- i 

^ 3 

2 



.3 *^ 

Ik 14 



3. 



-1 



1^. 



- 3 



2. 

2 



1 — - k 



^1 



7. 



8. 



H» 1h 



I* l4 



»i-"l H 
-1^ 



M-i^ 



9. 



3 ■ 



-I 



-6 
3 
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^ f--f 



10. "2 > "3^ '3 "2 "1 0 . 1 

Also ^ 

e'definitionv 

«5? 







i<5 to the richt of 0 


and '2 is to the right of 




'3 


+ 1 = d ' ana. i .is 


ths positive number required by 


II* 


a. 


Fals« / ' ' * 


e. 


True 




b. 


False 


f; 


False • 




c. 






False 




d. 


^Prue ' \ ^ 






12. 


a. 


7 - '2 = 7+2 = 9' 


e. 


1+ 1+ ^1+ 8 
3 ' 3 " 3 3 " 3 




'b. 


3/5 = 3 = '2 


■f. 
&• 






c.^ 
d. 


'3 - '5 = ""3 +5 =-'2 
-2 2 -2 ^ -2 


5" 5 ".5 5 ' 
+ - + + 

3-3=3+3 = 




3 ' 3 " 3 3 3 







13, a. False: ■*'7 - '3 = "*"7 + "^3 

\,b. True . . 1 ' 

c. False (see a) 

d. False; ■*'7 + '3 = ^7 - "^3 c . 
c. "3 ♦ ^ = 3 X *i = 9 g. - X 0 = 0 
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Ghapter 30 
THE- REAL KUJffiERS 



Introduction ^ o . 

. As was said in Chapter 29, we are now ready to maAe the last extension 
. (for us) of the number , system. Inr the first twelve i=tiapters our concern was 
the whole numbers, their operations and properties. In Chapter^ 18. 2V\he 1 
system of non-negati've rational numbers was developed and the operations on 
these numbers and the properties of. the operations .were studied. At the time 
we -dialled this set of^numbers .the rational numbers although, more accurately, 
we suould-have called them, as we did just now, the non-negative rationals, . 
In Chapter 29 w^ developed the complete system of rational numbers' including 
the negative numbers and studied their operations and properties. Remember 
that now "rational number" refers to any such number as: - 

2, 3, "3, 0, "2.3h, 17, etc/ 

' From now on we shall almost always writ^ the positive rationals omitting the 
+ ^perscript. When .a letter each as a or r is, used to represent a 
rational number i^ shouli^\under stood that it may represent 0 , or a ' ' 
negative rational, ^ust as well .as ca positive one. We found that the processes, 
of computing for the,negatiy- r^L£ionals--the operations of addition, sub^rac- 
-tion, multiplicatioh,^^nd divigrfs^i^and their properties such ^ comrautativj,ty 
and associativity are consistent witTKthe processes and properties for tY\e 
* positive rationals. .This is important, of course, if one is to avoid having 
to learn completely new techniques e/ch time the nuinber "system is. extended. " 

' ' Properties of Operations on th^^ ^ j^ional Nuiifcers * ' • , • x 

'Let us summarize the prffierti^i of the system of rational numbers: 
1. Closure Properties :rXf a and b are rational numbers, then 

a + b and a X b' are \rational numbers. ' " ^ 

'.'2.' Commutative Propertie^: If a and b are\rational numbers, then 

a .+ b = b + a -and a X -b =. b X a. " • \^ 
3. Associative Properties: If a, b^ and c are rational numbers, - 

then (a + b) + c = a + (b + c) and (a X b) X c = a x (b X c). 
h, -Jdentities: There is a rational number zero,. 0, such that if 

a is a rational number, then, -a + 0 f 0 + a There is a rational 

number one, 1, such that if a ' is a rational num)3er aXl = lxa = a. 

^ ' Q ' ' ^ ' ^ . 1+09 
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5, Distributive Property: If a, b and c a»e frational numbers, then 
a X (b ^ c) =^ (a X b) + (a X c)/ 

6, Reciproycals: .If r is a ratic^al number, not zero, then there is 
anotjier rational number £, 'such that r X s = !• 'Every rational 
number except zero has a reciprocal. Often s is written as 
i. and tben^ r X - = 1, * * . 

eosites^ If. r is any rational number, then tb'^re is a rational 
number V, such' that r + t = 0, Usually t is written as *r 
and r + r = 0. ^ ' 

Pro^rties 6 and 7 enable 'us to convert any division and subtraction 

problems into multiplication , and addition problems, 'Hence, they make it true 

that the rational nuiribers are closed for subtraction and cflosed for division 

by any number except 0. £ . 

y ^ . \ 

Order: If r and £ are any two distinct rational numbe^rs, the 

statement r < s is the same statement as: a positive rational 
k 

number- can be foUnd such that r + p = s, (which can also be 
written as s - r = p), > - ' , 

I • • 

In Chapter 19 it was shown tli^t if ^ny two rational numbers are given, 
thei^^is^ always another rational number between ^:hem. Another way of saying 
this is. that if r is a rational number, there is no next larger one. This 
property of rational numbers is called density . We say that the rational 
numbers eure dense and include the property in our list. 

9, Density: Between any t<?o distinct rational numbers there is at 
least a third rational number, 4 

Fr^m this it follows that there are many rational humbers and corresponding 
to them on the number line, many rational^ points. Moreover, the points are 
spread throughout the number line. Any segment, no matter how small, contains 
infinitely many rational points. One might think that all the points on the 
number line are rational points, that is, that i&very point on the line corres- 
.ponds to a rational number. This is not so. There ere many points on the 
line that are not assiciated with rational numbers. This is sho.wn in the 
section An Irrational Point, . ' •) - 
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Irrational Nurhbers , * ' * 

If thef« points whose existence-we have promised to show are not asso- 
ciated with rational numbers; are 'they dissociated with an>' namber^ at all? 
Obviously not, unless somehow ^'e can extend our number system again, and this 
is precisely what we now do. We simply say: 

To every point on the number line not associated with 

a' rational number we associate a new kind of nuiiTber > 

which we vill'acall an irraUonal number. 

Irrational numbers are not the product of an irrational mind. "Rational" 
has €yo quite different meanings and "irrational" means in each case simply 
"not rational." When referring t'cj, nuifib^ers , it means "^just that the number 
is one which caruiot be expressed as a function with an integer as numerator 
and a coun-^ing number as denominator. Note that a fraction is one way of 
expressing a "ratio" and this is the origin of the ^rd "rational." 

An Irrational I^int 

It wasr said above that not every point on the line corresponds to a 
rational number* With the rational numbers being dense this might seem like 
a pretty strong- statement. Can we prove it? Can we find even one point on 
the' number- line which definitel^oes not correspond to a rational number? 
Look at a floor tiled iA the pattern illustrated in Figure ^O-lT^ If the 
small squares^are 1 foot on a side, the area of each small square in ' 
Figure 30-la is 1 x 1 or 1 square foot and a total of k square feet 
for the whole figure. Dividing each small square in half by a diagonal segment 
yields the shaded square in Figure 30- lb whose area '•is ^2 square"* feet. 




D 

(a) 

Figure 3O-I. Four tiles each one foot square. 
kll 
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If the lei.feth of the' side of this square is s, it must be true, by the area 
formula for a rectar.glo in Chapter 2?, that s x s = 2.. » 

We lay off a segment congruent to '"AB from 0 on a number lin'e to a 
point P, ^e number associated with'^P should be £. ' ' \' 




OP ^ AB, m(OP) = s. ^ ^ . 

^'i^re 30-2* * * 

If we can show that s is not a ratior.al number, we Vave found a point 
which is not associated with jjptlonal' nomber,* This will show that, in 
spite of the density of the rational numbers ana the points associated with 
them, there are poi^nts of the number line left over* Tho numbers associate 
with these points are^ the irrational momberi;. " . 

How then can it be proved that s is not a i'ational number? 

Indirect Reasoning - ^ ^ 

To do this, a line of reasoning which people very often use will l/e 
followed. This t^pe of reason^int ca'n be illust^rated by the following con- 
versation between o mother and her son. John was late from school. When 
his mother scolded him, he tried to avoid punishment by saying that he had 
run all the way home. "No, you didn't Hyi all the way," she said firmly. 
John was surprised and ashamed and asKed, "How did you know?" "If you had 
run all that wa^v , you vould have been out of breath," she said. "You are not^ 
out of breath. Tf.erefore, you dia not run." 

John's mother r.ad used Indirect reasoning. She assumed the ^opposite of 
the statement she wished to prove, and showed that this assuJfiption led to 
a conclusion which ♦was noi. true. Therefore, her assumption had to be false, 
and the original statement had to be true. ♦ . 
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To prove that^ s is 'not a rational number, indirect reasoning will be 
used. It will be assuJied 'that s is a rational number and then it will be 
shown that this^assumption leads to-en iip^ssible conclusion, 

! A-ssume €hat is a rational ma^r. Then s can be written as 
where £ and q ^ are integers and q / 0, Take £ in simplest form. . 
illiil means that p and . have no conroon factor except 1, * 



Since 



s X 5 = 2, we know that ^ X = 2* 



\ ^ j ' X 2 ^ 

^'^'"'i* qlTq " 1 "^^^^ ^^^^^ (P >< p) X 1 = 2^X (q X q). 



mus 



a]ius ^p X p is an even integer. Now itself is either even or odd, 
BUt^the product of two wen numbers is alwa:ys even and the product of two 
odd numbers is always odd, ito^ exsinple, 6x8^1+8 and 1+ x U = l6 while 
y5 X j = 35 and 3 = So i^ p were odd, ""p x p would be odd and we 

/ know it Is ^^xi. Tnerefore p must be an e^ven number which we can write - ^* 

. ^ ^s 2 X m, Srom this it follows that 

2 X (q X q) ='p X p • • 

= (2 X m) X (2 X m) 
= 2^X [m X (2 X m)] 
= 2 X [2 X (m X m)] 

Therefore, dividing by 2: q X q = 2 X (m X pi) which shows that - q X q is 
an even number, ' But, this means that q is also an evea number and can be 
written 8s, 2 x'n, I'heref ore, both g and q have the conmon factor 2- 
contradicting the fact ^ with which ve staj^;ed, i,e,, that the^ have no coimon 
^ factor except 1. . 

So the statement "s is a rational number" must be false, ^ That is", \ 
8 is not a rational number, but the point" P in Figi^e''30.2,' is a perfectly, 
definite point on the number line, . • ' ^ * ' 

We now %ave a point on the numbe- line and oo rational number to associate 
with it. We sin5)ly assert that there is an irrational number s associated 
with this point. Since s x s = 2 and the rrxdical sign ^ is used . 
ioT square roots, we' give the name /"i" to this number. 

In similar fashion, we can prove that there are points on the number 
line sucfh that if there were numbers b and £ associated with them, it 
would have to be triie that b X b = 3 and c x c = 5, but we c§in also 



prove that b (-= /^)- and c (= v^^) are not rational numbers. V/e assert 
that there are irrujiional noniters corresponding to these points. Further- 
more, trx- prodwict of ar*,, rational n'ai:;ber ti an irrational number is irrational 
sc ».i i*ave znan;> , man>^ irrational nUmbers. Some further e5camples ai*e 

n^'-Tk, ^, ^, etc. 

We have said that to everj point on the number line not associated 
yith a rational number there corresponds an irrational namber. It is also 
true that to each irrational number there corresponds a point on the number 
'lline which does not correspond to an:, rational number. The rati<)nal numbers ,^ 
althoutih dense on the member line le..ve man: points unnamed. ^ The irrational 
numbers fill all the gaps. T 

\ The question ma> well be raised: how can the point on the number line 
corresponding to a given irr^xionai nvonber be foxind? We know from Chapter 23 
that ever> rational number can be written as a terminating or repeating ^ i 
decima^, and that every terminating or repeating decimal is a numeral for 

Hi. 

a rational number. We now assert that every non-repeating decimal is a 
numeral ,for an irrational number a^-id that every i^rrational numbar may be 
written as a non-repeating der...^j.. To locate the point corresponding to 
any number we expiess Lhat number as a decimal. For exan5>le, n = 3:1^159««« 
where we have written six digits and indicated by the dots the fact ti t ^ 
there are more to come, llie points 3 and U are located on' the number ; 
line. The point for if there is one, lies between these points, 

since n > 3 and >n. * It also lies between the points 3;1 and 3-2, 
between the points 3.1^4 and 3.15, between 3*1^1 and 3-1^2, 3«1^15 
and 3.:U*l6, 3.IUI59 and 3.IUI60, etc. , Thus ve can locate the position 
of the point witl. as great accuracy as we pltase and we assei^t that there 
actually is a x ->int which corresponds to the number n and to no other number. 

The subject of irrational nuinbers is a very tricky and subtle one. 
We have made many statements and assertions about them, and will make a 
few more, which we have not proved at all, but we arc doing this 'dellterately 
so that you can compare 'them with the rationals. ' 
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Real Numbers 

The union of the set of all the rationed numbers and the set of all 
the irrational numbers is called the set of real numbers . Every point of * 
the number' line^has been associated either with a rational or an irrational 
number • So every point of the number line ie associated. with a real number 
and/<ience the number line Is called the real number line. 

We thus have a new extended system of numbers, the real numbers, but how 
do we add, subtract, multiply and divide them? Do the familiar properties , 
hold here' as w^ll as for the rationals? At .for the first question we shall 
sh6w in the next paragraph how to add and multiply any two real numbers • 
Subtraction and division are as' usual defined in ^ierms of addition and 
multiplication. To answer- the second question we state that the familiar 
properties of these operations do indeed hold, but the explanations and 
Justifications are* beyond .tfle scope of this course. 

We know that every real number Tian be expressed as a decimal, terminating 
or repeating if the real number is rational, non-repeating and hence non- 
terminating if it is irrational. We can find the sum or product of amy 
two real numbers to at great a degree of accuracy as we wish by writing them 
as decimals, writing for a non-terminating decimal as many places as may 
bva required. In computing the sum or^ product we make use of the properties 
that if a, b, c and ^ d are positive numbers with ' a < b and o < d 
then a + c < b d, and a X c < b X d. Also, if axa<bxb then 
a < b. We have not proved these properties, but you might check -them with 2 
a few exair5)les. 

Then * l.i*l < 1/2 < 1,U2 

1-73 < < 1,.7U, 
Therefor^: ' 3.14 < 1/2 + < 3,16 

and ' ^.i+393 < V2 X V3 < 2,U708, 

Thus, if we want to add or multiply the two real numbers V2 ^nd V3 
tl\e first two digits of the sum are 3,1 and of the product 2,1+, Ifote 
that if accuracy to more than one decimal place is wanted in either the 
sum or the product of 1/2 and V3, it will be necessary to write V2 
and 4% to three or more decimal places, v 
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Sunmary and a Look Ahead 

""""" / 

We have in a certain sen's e completed our development of number systems 
since we now have a number system which is in one-to-one correspondence with 
all the points on a number line, T^^e numbers are ordered according to their 
position on the number line. The;, can be added, subtracted, multiplied and 
divided (except b> zero) and the resulting numbers are on the number line. 
We find the properti^es listed at the beginning 6t this unit all hold for the 
real numbers as well as for the rationals. 

In fact, >ou might suspect that we are getting such a close relatio;iship 
between numbers and points that we should be able to stud> one b^ means/ of ' 
the other. It is as though arithmetic, the study of numbers and their 
relationships, and geometry, the study of sets of points and their relation- 
ships, could profitabl: be considered together. This is true and the 
discovery of this fact was one of the great ac.iievements of 17th century 
mathematics. The idea is to relate more closely the study of sets of numbers 
and the\study of sets of points. This brings together tvo of the streams 
of mathematical concepts we have been looking at, those of . arithmetic and 
those of geometry. If the arithmetic and geometric concepts are tied to- 
gether with the concepts of measurement the> furnish some very powerful 
tools for the farther sxud:^ of, physical situations and of mathematical relation 
ships. 

In high school and college students will continue to study numbers and 
geometric figures. The numbers will be the real numbers, the figures those 
of plane and solid geometry, the union of these two will lead to analytic 
geometry; , calculus and man> fields of higher mathematics. The foundation 
for all this later work must be laid by the studj of the arithmetic of the 
whole and rational numbers and the geometry C>f simple figures. 
« * 

< Exercises - Chapter 30 

1.- Which of the following are irrational numbers? 



a. 


/2 




e. 


9 - ^ 


b. 


3 - /2 
^ 2 




f. 




c. 


0.12 








d. 


16 






8 


111 




h. 


9 
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2. Is Tt rational or irrational? 

2* What is the reciprocal of -V^? Is it irrational? 
Is -| the reciprocal of 1/3? 

5. Is the product of two irrational numbers always an irrational number? 
'Why or why not? ^ . 

6. 'What is the opposite of each of the following? 

?• Is the sum of two irrational numbers always an irrational number? 
Why or why not? 

8. A rule for writing a non-repeating decimal may be given as follows: 
Start by writing 1.1, then write a 0 etting 1,10, next write 
two I's, getting laoil, then a zero fcilowed by three l»s, and- 
continue in this fashion. Thus, tq fourteen decimals we h&va 
I.IOIIOIIIOIIIIO,,, • Is this non-repeating decimal a rational or an 
in-ational number? . . 

9» 'Rie number whose decimal expansion is obtained by writing 

0,123, ^56, 739, 101, 112,131, which is all the numerals written in order 
is again a non-repeating decimal. Is it rational or irrational? Why? 

10. rne sum of a rational and an irrc^tional number is always irrational. 
To show this we cai^use irdirect reasoning. 

If r is rational and s is irrational and r s = t, can ^ be 
rational? No, because ^ = t - r and if t and r are both rational 
s would have to be rational since the rational numbers are closed 
under subtraction, 

^ Use the same type of reasoning to show that the product of a non-zero 
f rational number and any irrational number is always irrational, 

11. If the radius of a circle is 3 inches long, is the measure of the 
circumference a rational number? Why? 

12. If the radius of a circle is 3 inches long, is the measure of the area 
a rational number? Why? 
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EPILOGUE 

\ * t 

There are three' major aspects of any studj^ of mathematics, Jhe fj.rst 
of them is the' conceptual aspect ^Ich is concerned with what is being 
studied. What are numbef^j^jiow ar^ they combined, what properties do they*^ 
and the combination operations r&ve? The second is the computational 
and manipulative asj^ect wLi^h is concerned with how the operations work, 
namely th^ technique's involved in adding or dividing; the algorithms that 
give the results quicl.lj and easily and the skills that are necessary for 
accurate computing anei cnecking. 

The third aspect is that of the applications to problems of the physical 
woVld. . This is concerned wi^^h one of the reasons wh^ studj arithmetic. 
How is arithmetic applied to me'asurement , how are the problems of the world 
around us translated into .number relations? 

The focus of this book has beef? primarily on the first aspect, the 
concepts of numbers and of sets of points. Thic is not because it*^ is any 
more important than the second or tnird aspect, but because irt the past it 
has been rather badl:, net:lected. A careful stud^y of the fundamental concepts 
of number gives more meaning and more unit> to the studj of arithmetic. 
Skill in manipulation is, however, definitel:. important, as is the ability 
to apply and use mathematics • . 

Any stud> of mathematics at an> level ideally should brin^ all its 
aspects in balance. V/e hope that this course nas ^{ivea ^oa a better knowledge 
of the conceptual side .of elementary mathematics ti^at yQ.u will be able to 
give it its rightful share in the elementary school .cui^riculum. V/e also 
hope that :rOU have developed some interest in numbers and sets of points, 
how many different kinds there are, anyhow the^r are related. There are 
still further stems of"* numbers and more complicated geometric figures which 
mathematicians have studied, which are interesting in their own right and 
which are al-sc useful in describing more comr.licated physical situations. 

Mathematics almost always plays a two-fold role, a tool for the sciences 
and an intv^resting, fascinating study in its ovn right. 
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. . ANSWERS TO/fiXERCISES 

Chapter 2 ' 

< !• a and c 
2. 3. 

3« The elements of A and C match. 

k. a. Q; b. 2; c. 5; . d. 1; e. 10. ' * ^ 

5» ^ sj^ti possibly c. 

6. {0,D,A) = A) {a, b, c, d, e, f)\ B, N(a) < N(B) ' 
7- N(a) = 3, N(B) = 6. ' 

8. Take a group bf wide and najrrow objects of the same kind. Put the 
wide ones in a set by themselves* and reject the narrow ones. Repeat 
until the idea get?? across. \ ^ 

9. N(C) < N(B) N(B) < N(A) ^ N(c) < N(A) ^ 

10. picture, .word, gesture, etc. 

11. 0 

12. It is greater than the number represented by the point if 1 is to 
the right of Q. 

13. The greater number is represented by a point to the right if 1 is 
to the right of 0. ^ ^ 

Ik, They indicate that the number line can be extended in either directlonT" ~ 

/. • 

\ Chapter 3 

1. a, b, c and d are all r\ames for the number 3. 
2^ a. 5, V^Tiil- y 6-1. 3 + 2, U + 1 

8, VII' , III . 6 -f ^, 10 - 2, 16 ♦ 2 

^ II , 

c. ||||, IV . 8 ♦ 2, 2 X 2, 2 + 2. 

3. a. 200,106) b. 205I; c. I36O; d. 1,'020,2^3 

1^21 

er|c • iX^ [ . . • 



II »means 2, 11 means 16+1 ox eleven* 

5. * a, c, e, g, * 

6. a, no; no; yes; d. yes; e, no 

7. a* 5683; b. 3965; 7527; d. 8556; e, 10,2^1^ 



# 



er h. 



1.^ 


a. 21+5 ; 


V 

2. 


21*01 


3. 


132 

seven 




a. 7; 
d. 


5. 


0, 1, A, 



b- 5; 




b.' There are/ 7 ' distinct one digit symbols used; c,,</LL; 



lOA, lOZ, 110 



6. 



IX X X X x] 



IX X X x^ 



IX X x^)n n 



IX X xixpcl 



Ix X X xlcl 



IX X X jns\ 

IX X X x"lcl 
IX X X x~xl 



X X 



7. 



IX y: X X X X X X X XI 

tX' X X ,X X X X X X x| 

\_ ^x xxxxxxxxxi ^ 

IXXXXXXXX XXi 



a; 



IX X X X X X xl 



Ix X X X X X XI 



IX X X X X X XI 



IX X X X X X XI 



IX X X X X X XI 



Ix X X X X X xl 



X X 




en 



60 



seven 
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9. a.^Jo, 1, 2, 3, b. 0, 1/2, 3, 5, 6; c. 0, 1, 2, 3, 5, 6, 



. ^ *v five 

. * ' c. 112^. 

five 

• s / 

^ H., a. 12 
> * , , seven 

b. 33 ^ 

-'-'seven 

c. kk 

seven 

a. *13; 'b. 8; c' 

13* a, same 

base. 3 ^ 
€• base 3 

s 

1^+, In each part the answer is base 2. 
/ 

Chapter 5 

1, (dog, cat, cow, pig, duck, horse, elephant} 
, , -2. {1, 2,^ 3, ^, 5^ 6, 7, 8, 10, 12) . 
3/ P 




\ 

\ 



a. 



eJ; 1 i — J i 1 1 1 1 i ' I 1 J l_L- 

9 12 3 4 5 6 . 7 8 9 .10 II J2 13 14 

hf 3~H 5 — —A 



3+5 



-1 



■ \ 



•^1 



V 0' I ^2 3 4 ^ 5 6 -7 8 J 10 || I2 I3 .U * 



■II- 



•<J 1 1 1 1 ' I I II ^ 

9 ' 2 .3 4 5, 6 7 8 9 ioli 12 13 14 * 
c. 4 H ^8 fcJ • 



12 
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• < ' ■ I I I ' ' J I • ' ' ' I I I L_ 

0 I 3 4 5 6 7 8 9 to n 12 13 14 

d. I 2—^ 6 H 



' II I I I I I I I I 1 U 

•^0 12 3 4 5 6 7 8 " 9 10 II 12 13 14 IS 16 17 

e. I 5 H 

I 3. + 5 : M 7 *f 

' I (346) + 7 J 



a -i I I I ' ' ' I ' I I U—i 1 1 1 1 

0 I 2 3 4 5 6 7 8 9 to II 12 13 14 IS 16 17 



f. 



5 ^-4 7 H 

5 + 7 = 



t3^=H 5+7 

: 3 +(5+7) - 



5. a and e 

6. a. Associative 
b; Conanutative 

c. Cominutative 

d. Associative 

e. Commutative 

7. a. 5 

b. 0 

c. 0, 1, 2, 3, ^> 5 



k2k 
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..8. 



9. 



b. 10 

Any whole jiumber* 
Any whole 'number 
0 



e. 

f. 
g. 



0 

None 



J. 



J. 



J. 



2 3 

- 2+3 



5 



•(2+3)+4 



,7 8 



to tl 12 13 14 



r 



J L 



rx2 3 
_2:^l 



4 5 

— 3 + 4 - 
2+ (3+4)- 



10 II 12 IS 14 



b. 



— 5- 



L 



J. 



J L 



2 3 4 5 

S-f I 

(54-l) + 2- 



9 10 II . 12 13 14 



0 



2 -a-^-A. 

-5 



- 1+2- 



5+(l+2)- 



X 



J L 



X 



8 9 10 II 12 13 14 
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10. 



a. 



k 
7 



11 Tina binary system is extremely simple in computation. Large numbers , 
ave tedious v.o write. ' ' 

Ihe ^duodecimal system may be used conveniently to represent 
large numbers. Tvelve ii/ divisible by 1, 2^ 3, 6 and 12, 
while ten is divisible only by 1, 2, 5 and 10. Ihe twelve system 
requires more computational "facts" which will' increase difficulties 
in memorizing tables gf addition and multiplication. We do use twelve 
in counting dozens, gross, etc., and in some of the common measures of 
length. ^ 

12. People who work with coraputers often use the base eight. Tb change 
from binary to oct^ and back is sin5)le with the help of the table: 



Octal 

0 
1 
2 

3 
if 

I 

7 



Binary 

000. 

o6i 

010 » 

oil 

100 
101' • 

no 
111 ' 

For example, we have 

20?°ten = "^1,111,010,000^^ = 3720^ighf 
Note the grouping of numerals by threes in the binary numeral • The 
sum of the place values of digits in each group results in the octal 
numeral, Henoe, 

Oil = (1 X 2) + (1 X 1) I. 3 
. Ill = (1 X 1+) + (1 X 2) + (1^X 1) = 7^ etc/ 



base 


10 


7 


15 


16 


32 


6k 






ba5e 


8 


7 


17 


20 


ho 


100 




00 


base 


2 


111 


nil 


10,000 


100,000 


1,000,000 


100,000,t 
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13, Five weights; 1 02., 2 02., k 02., 8 02,, may be used to check 
8Lny weight up to I5 ounces.^ By adding a I6 02, weigi>t, any wejght 
up to 31 ounces may be checked*. 

Chapter 6 

1. N(A) = 3 ■ N(B) =1+ ' . N(A U B) 

• 2. Subsets of A 

{ ), iOOnA). (O), (Oh O, (A), (0,0^ lODh 
(OAl, iOH). (CA), (OOO, (OOA). OA), 
(OAOh*^{OCA) 

3. c = (0,0^,0,5:^ 

missing addend 

. u. "A - B = {n<y.vM.o.^) 

5« 6 take away method 

6. N(B) =5, B = (^a;©,HJ1^,0) 
7- ^ ' . / 



10 



3 



> « t L i . t I i I I I I 1 1 U — L- 

^ 1 2 3 4 5 6 7 8 9 10 11 12 lFl4 



10-3 = 7 



I 3 



<-J I I 1 I J I I J I « « ' » > 

0 i 2 3 4 S 6 7 8 9 IP 11 12 13 14 



10- 



3 + 7 = 10 
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9^- • . < • 420 



8. \^ 6 1 

J I I I 

0 12 5 

I 9-6= 3-H 



^ I I I ■ I I I 1 I i I 1 1 1 1_> 



-I I I I I J l__J > « » J I ' < 

0 I 2 3 4 5 6 7 8 9' 10 II 12 13 14 

• 3-3=0 , 



Two number lines showing (9.-6)-3=3-3=0 



I I L_J I I I I 1__J J I I U- 

^5 I 2 3 4 5 6 7 8 9 10 II 12 13 14 
I 3 H 



< I f > 1 1 1 1 1 I 1 I I L I t » 

0 I 2 3 4 5 S 7 6 9 10 II 12 13 14 

I 9-3=6 H 

Two number linet- showing 9 - {6 - i) = j - ^ = 6 
9. subtracting 7; adding 8 

10. a. A = (DO A) '' 

B = (a, b) 

AUB = (0,0 A a, b) 
(AU B) ~ B = (DO A a, b) - (a, b) 
^ (A U B) ~ B = {□,OA) = A 

b. If *A and B are not disjoint sets (A U B) - B / A 
Example: A = (0,0 A) 
B = ( A. H ) 
A U B = (0,0 A H ) 
. (AUB) ~ B = (□,OAh) . {A,H)" 
(A U B) ~ B = {\J,OJ f A. 

11. a, c, d 
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Chapter 7 



a. 246 = 200 + i*0 + 6 
• 139 = 3^0 + 30+9 
300 + 70 + 15 

78if =^700 + 80+4* 
926 a 900 + 20 + 6 



300 + 70 + (10 + 5) = 300 + (70 + 10) +, 5 



1600 +100 + 10 = 



(1000 + 600) +100 + 10 

1000 + (600 + 100) + 10 = 1710 



777 = 700 + 70 + 7 

964 s 900 + 60 4 ^ 

1600 + 13P+ 11 =' (1000 + 600) + (100 + 30) + ,(10 + 1) 

* * ' = 1000 +. (600 + 100) + (30 + 10) + 1 = 171*1 

123 a 100 * 20.+ 3 f 

987 = 900 + 80 + 7 

1000 +300 + 10 = 1000 + 100 + 10 = 1110 

486 = 400 + 80 + 6 
766 = 700 + 60 + 6 



1100'+l40+ 12 = (1000 + 100) + (100 + 40) + (10 + 2) 

= 1000 + <\00 + 100) + (40 + 10) + 2 = 1252 



949 = 900 + 40 + 9 

892 =800 + 90 + 2 
1700 +130+11 =1 



/ 

I (1000 + 700) + (100 + 30) + (10 + 1) 
1000 + (700 + 100) + (30 + 10) + 1 = l84l 



200 + 90 1- 10 
all 



a. coDnnutative 

b« coDnnutative .and associative 



a. 764 = 700 + 60 +"4 
199 = 100 + 90 f 9 



c. 710 = 700 + 10 + 0 
. 287 = 200 + 80 + 7 




600 + 150 + 14 
100 + 90*+ 9 

500 + 60+5 =565 



b. ' 402 = 400 + a + 2 = 300 + 90 + 12 
139 = 100 + 30V 9 • 100 + 30 + 9 

200 + 60 + 3 



263 



+ 100 + 10 

200+80+7 o 

400 +, 20 + 3 = 423 



^22 



Chapter 8 



!♦ a, 1+ X 5 = 20 
r,^ b/ 3x2=6 

2. 7^. . , , 



2 X 1+ = 8 
3x3=9 



•5- 



\top 




orange 


yellow 


green 


blue 


red 


rr 


ro 


ry 


rg 


rb 


yellow 


yr 


yo 




yg 


yb 


blue 


br 


bo 


by 


bg 


Mb 



Itotal possible choices: 3 x 5 = 15 ; of these, the choices for same 
color top and body (shown shaded) must be ruled out. Number of choices 
available to Mr. Rhodes is therefore I5 - 3 = 12, 



3x5- 



15 

sweater 



60 I. 

■P JdV. 



Hiis is essentially the same as: the numb^ of colors for sweater: 3, 
each combined with the number of colors for skirt: k, which skirts 
are efich available in either of 2 Styles; so the total number of 
different ensembles is 

5 X i; X 2 = 1+0, 



C'. Never 
d. Always 









' 6. 




Always ^ 




b. 


Never 


7. 


a. 


Array A: 






Array B: 


• \ 




Ar;ray C: 




b* 


Yes 




c» 


Yes 



It X 8 = 32; 
1+ X 3 = 12; 
1^ X 5 =20. 
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8. (90 X 23) + (90 X 27) = 2070 + 2U3O; ^ ' • ^ 

90 X (23 + 27) « 90 X 50 = U5OO 
Jerry, collects P 4500 cents or ^5,00* 

9'* l^ie rows are not disjoint sets, / * 

10, 2P >C^(11 + 28 +11) = 20 X 50 = 1000. 

Capacity of auditorium is 1000 seats • « ^ 

. lir 96 + 2l*8 ='96 + (U + 2kk) rehaming' " ' 

^ = (96 + U) + 2kk associative 

= 100 + feUU renauing \ 

« = 3^^ renaming 
Note: *the label, "rer^aming" is included to identify what was occuring; 
it is not meant to state a property of the operation, !Ihi^ renaming 
may be considered a property^ of a number— that it may have many names • 

12, a, 5xUx3>j2xi = (5x2)x(Ux3)xl 

= 10 X 12 ^ 
* * = 120 

; b* 125 X 7 X 3 X 8 = (.125 X 8) X (7 X 3) 
- = 1000 X 21 
. = 21,000 

c, 250*x lU X U X 2/= (250 X U) X (Ih X 2) 
= 1000 X 28 
^ 28,000 

13*, a. False ' * 

b. ,True 

c. True 

d. False 
False 

Ik. 3 X (U + 3) = (3 X U) + (3 X 3) 

/b, 2 x,(U + 5) = (2 X U) + (2 X 5) 

c. 13 X (6 + U) = (13 X 6) + (13 X k) 
> d- (2 X 7) + (3 X J^) =,(2 + 3) X 7 ' , 



\ 

\ 

f 1*31 

o. 42 i 
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Chapter 9 



2. 



5- 



6. 
7. 



72 ♦ 9 = n, 
61i ♦ 8 = n, 
h2 * q = 7, 



n = 
n = 



a. 20 ♦ 5 = n, n = ' d. 

b. 28 ♦ p = 4, p = 7 e. 

c. 6fn=l, R=6 f. 

a. meaningless f . meaningless 

b. 0 ^ g. ambiguous 

c. ambiguous h. meaningless 

d. 0 ' i. 0 

e. 0 j. 0 

59 has only 1 and 55 factors; hence, only one array is possible. 

60 haa many different factors; hence, many differ^ent arrays are possible. 

No; for example, 6*3=2 but 3*6 is not a whole number. 

a. (8 + li) ♦ 2 = (8 ♦ 2) + (1+ * 2) 

b. (16 + 8) ♦ 8 = (16 ♦ 8) + (8 ♦ 8) 

c. (18 + 8) ♦ 2 = (18 ♦ 2),+ (8 ♦ 2). 

d. + 20) ♦ 5 = (25 ♦ 5) + (20 ♦ 5) 

e. (1000 + 500) ♦ 500 = (1000 ♦ 500) (5CO ♦ 5OO) 

a, b, f, 

Yes, but only if a = 0 



Chapter 10 



a. UO X 30 = 1200 

b. U2 X 30 = (ho + 2) X 30 * 

= {ho X 30) + (2 X 30) 
= 1200 -i 60 
= 1260 

c. 76 X 80 = (70 + 6,) X 80 * " 

= (70 X 80) ^ (6 X 80) 
= 56CO + 1+80 
^ = 6080 



write the product 
k2 = ho + 2 i 
distribut ive 
write the product 
addition 
76 = 70 + 6 
distributive 
write products 
addition 
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90 X 57 = 90 X (50 + 7) 


57 = 50 + 7 




= (90 X 50) + (90 X 7) 


distributive 




= h^OO + 630^ 


vrite products 




= 5130 


addition 


e« 


50 X 76 = 50 X (70 - 6) 


76 = 70 + 6 




. = (50 X 70) + (50 X 6) 


distributive 




= 3500 + 3OO' 


write products 




= 3800 


addition 


f • 


52 X h7 = (50 V 2) X hi 


52 = 50 + 2 




= (50 X 1*7) + (2 X hi) 


distributive 


• 


= [50 X {ho 7)) + (2 


X {ho + 7)) hi =40+7 




= (50 X ho) + (50 X 7) 


(2 X ho) +(2x7) distributive 




= 2000 + 350 + 80 + llf 


write products' 


V 


= 2lflflf 


addi€ion 


2. The 


866 is in the hundreds* position and is meant to convey 200 x 433 


not 


2 X U33, 





3- 4 X 1^33 = l^ X [ {h x- 100) + (3 x 10) + 3) 

^ [h X {hx 100)) + [1* X (3 X 10)) y [h X 3) 

= [(1* X U) X 100) + [(4 X 3) X 10) + 12 

= (16 X 100) + (12 X 10) 12 

= [(10 + 6) X 100) + [(10 + 2) X 10) + do + 2) 

= (10 X 100) + (6 X 100) + (10 X 10) + (2 X 10) + 10 + 2 

= (1 X 1000) + (6 X 100) + (1 X 100) + (2 X 10) + (1 y 10) + 2 

= 1000 + (7 X 100) + (3 X 10) + 2 

= 1000 700+30+2 

'= 1732 

It is sufficient to show 

If X 1+33 = If X (IfOO + 30 + 3) 

= (If X IfOO) +' (If X 30) + (If X 3) 
= 1600 + 120 + 12- 
= 1732- 

h^ h X lf33 = lf33 x h * - 

^ = if33 X (1 + 1 + 1 +.1) 

= (If33 X 1) + (if33 X 1) + (If 33 x.l) ^ (if33 x l) 

= ^33 + ^^33 + ^33 + ^03 



A 



r 'J 



5. a. 1*7 
-_8 

39 
-_8 

31 
._8 

23 
._8 

■7 

1*7 = (5 X 8) + 7 
- 6. 23 times 



28 . 
-_7 
21 

- 7 
HT' 

-J 
7 

- 7 
0 

28 = X 7) + 0 
t 



Chapter 11 



8/512 




1I80 


60 


32 




32 ' 




0 > 





2. 7/5W 
630 



6. 23/Tr 
0 



IT 



90 
2 



92 



21/526 




1*20 


20 






105 




1 


25 



1*. 18/779 






720 


1|0 


0 59 










3 


5 


43 


5. I12/836 






1|20 




10 


IJlS 






378 




9 


3B 




19 



512 = (61* X 8) + 0 



61*1* = (92 X 7) + 0 



526 = (25 X 21) + 1 



779 = (1*3 X 18) + 5 



836 = (19 X 1*2) + 38 
li* = (0,,x 23) +11* 
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1V23 










• 


9 1 


19/720 












ISO 








7 
1 




^ 7 


J 1 






9. 


100/50 






0 


0 




50 


0 


10 


117/6535 






^7X) . 


100 










lULO 


30 










li23 


9 




2 


139 



11- 



,23 = (1 xik) + 9 



720 = (37 X 19) + 17 



50 = (0 X 100) + 50 



6535 = (139 X 



J 



37- 
I 



< » i > 

6x7. 



12- 



0x7 



.1x7 



2x7 



3>^ 



Ux7 



q - 5 

r = 2 



0x6 1x6 



2x6 



3x6 

q = k 
2: = 2 



26 



— M ' ' < * i 



^X7 



5x6 



13- 



0x8 



1x8 



-+- 



2x8 
q = 0 
r = 3 



-I— 



111. 0 = (0 X 52) + 0 



er!c\ 



1*35. 



4 2*8 



Chapter 12 



1. 


a. 


n + 4=6 








b. 


U + 3 J n 








a« 


20 d. 29 








b. 


0 e. 30 








c • 


0 f. /12 








n 


+ 12 = 15 








12 


+ n » 15 








n s 


= 15 - 12, etc. 








a* 


Addition 


d. 


Subtraction 




b. 


^Subtraction 


e. 


Subtrcwtion 




c* 


Subtraction 


f. 


Subtraction 


5* 


a« 


8 > 6 - 








b. 


3 + ^ > 6 








c« 


(20 + 30) = (30 


+ 


20) 




d. 


(200 + 800) > (200 


+ TOO) 




e« 


7120Q + 1000) = 


(1000 + 1200) 


6k 


a* 


33' 








b. 


IhO 








c« 


60 






?• 


c« 


8-3=5 


f. 


6 - n = 3 




d. 


8 + 10 = l8. 


I 


U + 2 = n 




e. 


45 . 20*« ^ * 


h. 


q * -n = p 


8. 


3 X U « U X 3 






9. 




-1 : f 




K 



18 
i 



0>5 



. 2X5 



3>9 



♦ l8 = (3 X 5) + 3 
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Chapter I3 



a. many 
b« one 

a* many 

b. many 
c* one 

a. one 

b. one line^ many^ points 

a. one 

b. one 



8. b ' • - 

^ 10. line 

11- a, AC) b, CA; c. ^; d. ^C 

12* a, 6 if no two points lie in the same straight line. 




ERIC 



1*37 



430 



h if three points lie in one line. 




4 



1 if all four points lie in one line 
^ A B C D 

Chapter Ih 

1, a, c, e, f. 

2* The endpoints do not coincide 
3* a, b, e 

a. f ^ 

- ^- Cow) ^ 2?- 

^- z:^ O ^ 

• a, fc, e, g, h 
6* b, e. 





Vertex 


Sides 


a. 


0 


qX, .65 


b. 


X 






s 






Q 


^, q5 



8, Interior - 

9. Interior 

10. Exterior, Exterior 

11. a* Yes. b. Yes* The interior is that part of the plane that 
contains the interior of A BAC. ' ; 
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A ^ 



12. P is in the interior of the second polygon but not the first. 
13« Yes. 
Ik. Yes 
15. No 

- / 

Chapter I5 



1. AB s GH ^ 

2. a. AB > CD 

b. ^ = CD 

c. Sb > CD ^ 
3- b, d, g 

h. ^ DEF > ^ ABC, Z DEF < ^ GHI, ^ DEF = ^ KLM, ^ DEF < / NOB, 

^ DEF > ^ QRS; DEF = ^ TVW. 

^ GHI < ^ NOP. ' ^NOP > all the other angles, 

5* a* by sides b. by angles 

1. isosceles acute 

2. equilateral acute 
:. scalene ri^ht 
h. isosceles ' obtuse" 
5. scalene acute 
'6. scalene obtuse • 

7. scalene right 

8. scalene * right- 
9» scalene acute 

10. isosceles right ^^^^^^ 

6. a. OA OC, OB, OD d. no aS, Afi. XDB, a'cB, ACD, a5c 

b. Bc ; 
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a. Interior 4 
a. Yes. b. Yes c. Yes d. No 



I 



'*39 
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8, a/ A 8in?)le closed poly£on is a simple closed curve made up of 3 
or more line se^mepts. 

b. A convex i?olygon[is a polygon whose interior lies in the interior 
of each of its angles. 

c. An equilateral triangle is a triangle whose sides are all congruent, 

d. A circle is a simple cldsed curve with a point 0 in its interior 
such that if A and B are any two points on the curve OA = OB. 

9* interior 

10. The circle with radius OA lies in the interior of the circle with 
radius* OB. 

11. k • 

12. a. Two circles are congruent if a representation (tracing) of one can 

be matched with a representation (tracing) of the other. This 
is the general. idea of congruence of any two geometric figures, 
b. Two circles are congruent if their radii are- congruent. 

13. The union is a segment which we could think of as the "perimeter" 

of the polygon. We will find in Chapter I6 that it is the "measure" 
of ^this segment which is the perimeter. 



lU. Ttie center 



1. c, e 

2. a. pounds; b. I8; 
3* a. 9 chalk pieces; 
.U* c^ e 

5. a. 170 mm. 

b. 3U0 cm. 

c. U.8 cm. 



apter I6 



c . 18 pounds 
0. 9; c. a chalk piece 



d. .357 m. 

e. .93 m. 

f . 9100 mm. 
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6*, a. 1^ 1^ 1 

b. k feet 

k is not the sum of 1, 1, !• • ^ 

The error of the measure of ^ach side was an excess. Even though 
eat;»i error was less, than ~ foot, the sum of the errr^rs was 
over half a foot and therefore must be counted in the measure 
of the perimeter, • 

7. Each letter weighed 1^ ounces requiring two U/f stan^js. But all 
five letters weighted only 7 ounces requiring only 7 stainpe. 
(Note* that the problem was written before the I963 raise in postage 
rates.) ^ \ 

8. 90 . 

9. 60 

10. 120 

11. Each ,ic 1. But EF > CD, The measure is assigned in terms of the 
unit • AB. EF > AB afid AB > CD, but the difference in each case 
ie less '»-.han i AB so the measure of each is 1. 

12. WZ < i the unit segiaent. So its measure must be 0 in terms of this 

1 ' 

unit. Similarly ^ MNO < ~ the unit angle. The units suggested are 
not appropriate to.meariore small-segments or angles. It is like trying 
to measure the length of a desk in miles. - 

Chapter 17 

1: 101, 103, 107, 109, 113, 127, 133 > 137,' 13SP5i9 

2. a. X 3 d, .impossiWe h. in5>ossible k. 3x2 
, b. 12x3,18x2 e. 1+ X 2 ' i. 3 X 13 1." iffiposf'ible 

c. impossible f, in5)ossible J. 7x6,21X2, rn, kl X 2 

g. 7 X 5 lU X 3 n, 5 X 19 

3. a. 3 X 5; D, 2 X 3 X 5; c, 3 X 3 X 5; d, 13' is a prime. 

a, 3x5x7 e. 2^2x2x5x5x5 

b, 2x2x3x5x5 prime 

c, 2X2X2X2X2X2 g, 17 X I9 

d, prime 



kkl 

9^ . iS4 





15 


I « 


o 

c. 




1 




12 . 


c • 


12 




8 


d« 


15 


i. 


15- 


e. 


16 


J- 


10 


S* 




(6x0=0 and 6 X 1 « 


b. 


1 








, 1 ' 


» 




7 a. 


Yee 








1 CD 






c • 


Yes 






8. a. 


.6 




26 


b« 


15 




77 ' 


c • 


21 


!• 


2100 




Oc 


J- 


^^l 


e« 




k. 


30 


J- 




1. 


!i800 


9. 9, 


6 




29 




6 


e« 


a 


c*. 


29 




a 




10* 



a, 

b. 



Yes^ 
Yes. 

No 



if they are the 'same number 
g.c.f. of 2 aria 3 is 1, L!>,m* of 2 and 3 is 6 



1« a. 



"T" 

I 



Chapter l8 



— J » 1 1 


-■ ,H 1 


1 1 1 r 
1 ( 1 









. ... J , 
t 




1 f 1 
1 \ \ 
\ \ \ 


~i — 1 — r 
! ! ! 


1 
















d. 


\ "•-'T 

1 r 
1 t 


\ 


< 
i 


I I I i ' • 
1 t i i 1 1 
III:'' 
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I 





-1 — K 


• ■ ■ 






7 
















H (- 


4 






H 1- 


■ 1 » 1 





< ' t < I I i I • i I I 

0 7 2 



9 



'^O ' ' ' I' ' ' ' 21 ' ^ 



4 



6 T ^ . 7 

3- a, jj. ^ 



» 2 0 I 

1 

2 



<: i • ! h — I h 



2 

^ g« not an appropriate model 

3 

eg ^ not an appropriate model 

k 

d. ^ i, not an appropriate model 

^- To ^ ' ^ 

a^ A, i or I ; B, J ; C, ^ ; D, ; E, I 

less than, since B lies to the left of D while 1 lies to 
the right of 0, 

1 2 

2 IT . 



5* a. ^ 




1 

1 — > 1 1 > 


2 

. . . 1 


1 t 1 


3 • 


4 

1 . . 1 ■ 


4i 5 

» * » ' > 




1 , 


1 


2 


3 


4 • 


' V 
5 


6 


^ — 


0 


1 


2 

... 1 




3 


4 


5 










-» — • l-H 


'i 










— H- 






1 










2 
"? 




1 1 


• 


^ 




^ 




« # 1 














0 


■ il 


1 1 1 • 


H- 


n 







Chapter 19 

1 i 12 7 U12 2 

* U ' 12 ' 13 ' ^ ' 7 ' 3 

o o 11 12 7 ^+12 2 ^ ^ ' ^ . . 

a. If > 12 ' 13 ' 1il2 ' "7~ ' 3 ^ prime number either in 

the numerator or the denominator and each fraction is in lowest 
terms, has a prime In the numerator but is noi in lowest 
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terms since 26 is a multiple of I3. < 

b. If either tKe^'xnerator (or denominator) is a prime, the only 
way the fraction *can be reduced to simpler form is to diyide 
numerator and denominator by that prime. But this will be pos- 
sible only if the denominator (or numerator) is a multiple of 
that prime. 

3- ^<2ir ^^"^^ ^ X 2lv < 2l| X ^ 

V. ' 12. ^ 12 , 11 X 26 , ^ X 2U 286 , 288 

^- 2ir<25 ^^"^^ 2li X 26 < 2? X 2U ^^"^^ 2I; X 26 < 2I; X 26 

7 5 ^ • . 7x6.8x5 

c. Since ^^>^^ 

17 1 , 17 16 
since 35 >^ 

M9 1 
= ^ since both are = - . 

U. A. a. b. -< ^- f ^ it 

3x5<6x3 itXli<5xlO I5xl2<8x^ 
15 < 18 1+1+ < 50 180 < 200 

H 9 ^ 8 ' 13 ^2 ii[^l67 

12 > 12 . 15 ^ 3 113 55 

9 X 12 > 15 X 8 13 X 3 > 15 X 2 337 X 55 < ll3'x 167 

108 >-96 39 > 30 . '18535 < 18871 

D d 

if axd>bxc 



D ^ d 



/ 



J . Chapter 20 



1» a., 
b* 



2. a. 



S i£ 

30-' 30 
22 2|t 
•60 ' 60 

112 ' 112 



b. Impossible; the lowest coinaon denominator is 56. 
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.... a. p i . 

1 1 i 1 


— ^ 

— 1 1 — 


i- 
-1 


— H 
— . — 1 — 






0 12 3 

3 T » T 

1 


4 5 

3 3 

_^4- 


3 "3 


• • 

T 7 
*\ 


1 t ■ 


— >• 



7 



4 



J. 
4 



4 



JL ± 

4 4 



— 
4 



— h- 
4 



1 
4 



4 



-i- 



T 

t 1 



z T 



ii ! 


-1 






1 
2 


I 
1 
1 


— 1 — h 
{ 2 . 


' r ! 
j 1 


Ml 


■i 


^ ^ ? I I 


1 

» - - .J 


■ 

L . ,,, 


222 


1 J 1 
t t 1 
1 . • ] 


2 




I ■ 

i 
I 


1 1 7 
! ! ^ 






■ 1 I 1 
t 1 t 
1 1 1 


1 J ] 
1 1 
1 1 4 




2 X 7 _ 9 
IT ^IT " IT 





a. 


3 








3 






b. 


-7 
5" 








7 






a. 






= 2 


b. 


n 






c« 


n 


*i 






Ii 






a. 


2 


or 


2 


b. 


6 

2 


or 


3 


c* 


No 






d. 


No 
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9. a. 
b. 
c. 




8 a 2 1^ - 2 X 1^ - 2 X (3 X5) 2x3x5 

* 3 . 24 - 3 X 24 "* 3 X (2-'x 2x2x3) ■'3x2x2x2x3 

^ (2 X 3) X 3 _^ ^2x3 3 ^ ^ 

*" (2 X 3) X (2 X 2 X 3) ^2x3^2x2x3^-^^ 12'' 12 ^ 

h I X ^ X -i - X 2 X 6 7x2x2x3 
^•3 12 U - 3 X 12 X 14 " 3x2x2x3x2x7 

_ 2x2x3x7x1 _ 2X2X3X7 ^ 1 t 
"2x2x3x7x2x3 2x2x3x7 2ir3 

=lxj=i 

60. 

V X - 12^1 _ 2x2x3x7 2x2x3x7x 1 
21 16 21 X 16 3x7x2x2x2x2" 2x2x3x7x2x2 

_ 2x2x3x7 1 _ ■« 1 
"2x2x3x7^ FxT " ^ ^ ^ = IT 

^ 6 _ 3^ X 6 ^ (2 X 3 X 3 X 3) X (2 X 3) 
12 ^ 2^^ " 12 X 2U (2 X 2 X 3) X (2x2x2x3) 

^ 2x2x3x3x3x3 ^ ( 2x2x3X3)x (3x3) 
"^2x2x2x2x2x3x3 X 2 X 3 X 3} X (2 X 2 X 2) 

2x2x3x3 3x3 _ ^ 9 9 
'2x2x3x3 2X2X2*" H H 

9« a« 2 X - • 2 is a prime factor of denominator only once* 

b« 2 'is net a factor of the numerator. 

c. Tne expression is not a fract^sn but the sum of 1^0 fractions* 
As it stands it is a sum not a division. 



10. 



11 • a. vhen b<ie nu-T.ber is between 0 and 1 exclusive of 0 and 1, 

b, when ths naTxer is greater than i. 

c, when tr.e number is 1 

d, Yes 

Chapter 22 

1* a. False, a i vis ion is not commutative. 

b. False, division is not assocf.ative* 

c. False, division is not commutative* 
^ d. False, division is not commutative* 

e* True, 1 is a right hand identity* 

f* True, right hand distributive property of division 
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8« 
h. 

i.- 

j. 
k. 
1. 



False, there is no left hand distributive property of division. 
False 

True, 0*^ = 0 (if ^ / O) 

True, 0 ♦ ^ = 0 (if I / 0) 

True 

True 

True (closure) 

False, division by 0 is meaningless. 
True 

16 



2. a. 10; b, 

3. a. = 

b. > 

c. = 

d* < 



59 



6- > 



Two methods are outlined: 
1 X ^' 2 • 

2 .2 5 



1 



111 

hi 



^ X 2 
1X2 



5 X ^ 



2 
*5 



5- 4- 

b 

6. 4 



But 



a_ 

b a 



I ^^^^^ 3 



1 
2 



2^ 



b 
a 

1 
1 



2 
5 



a 
b 



111 



a X b 
1 X b 



by Exercise h 

1 



and — eure reciprocals since 

5 ^ 



x^ 
5 2x5 



a x^ 
b 



a X 1 



b 

Q 



1, 



a. 



1 
2 
3 



4 



22 



^ 1 , g 
3 "3 



f. 



1 

9 



1 ^ 

1 

1 

2 



11 



1 

51 



_2_ 

55 



8. a. 
b. 
c. 



True 
True 
False 
False 



e. True 

f . True 
True 
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3 7 1 



5 3 2 
3 



I><_^x7_ (fx3)x7 _ ^ 
^"x 3 X ? X 7) X 3 5 X 3 •" 15 

.| X 5 X 3 (I X 5) X 3 

-5 _ 5 -^^ ^ ^ 3x3 _ _9_ 

f x:,x3 (f\x3)x5 "2x5-10 



10. 



19 

Answer: 5^ hours, 
lU 18,375 ♦ 25 = 18,375 ♦ ^ = 18,375 X 



n = ^ . 1 = ^ X 1 = ijLiLT ^ 119 19 



18,375 X k ^ 73.300 
100 " 100 



12, 16 = I X n 



13 • a. yes, — 



16 
2 
3 



b« yes, 
c. no 



1000 



16 X I = 2U 



d, no 

e, no 



f. yes. 3^ 



yes. 



1000 



g. yes. 



100 



1^+* For non-zero numerators this is possible ;4ien only 2«s and/or 
appear as prime factors of the denominptcr. 



Chapter 23 



1. 



2. 



a. 


three 


hundred 


five tenths 






three 


hundredths 


five thousandths 






three 


tenths 


first 5 is five thousands 
is five thousandths 


; second 




three 


thousandths 


five tenths 




e. 


three 


hundredths 


five thousandths 


f. 


three 


tenths 


five 




a. 


375 




.375 




b. 


37.5 




e. .0375 




c. 


3.75 




f. .00375 
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3. a. 1680 

c. 95 

d. 11.9, 



check .6 x 1680 = 1008^0 
check 3*75 'x 57*0^^ = 213.9 
check 6.8 X 95 = 6U6 



check 11.9 X 2.6 = 30.9^ 



• h. a. 8.153 ♦ 2.63 =3.1 - . 

b. 8.153 ♦ 26.3 = .31 

c. 81.53 ♦ 26.3 = 3.1 

5. a. .0078 X 7.5 .05850 
' b. 7.8 X 7.5 =58.50 

- c. 78 X 7.5 = 585.0 

d. .075 X 7,800 = 585.0 ^ 

6. ^ = .075923 ^ 

a. no 

b. after 6 divisions since the remainder 1 reappears 

c. .076923 

7. a. — = .5 repeats vith 6 



c. 



I- .875 



repeats with 1 



8. a. 



b. 




11 - 

IT = 4 = 



c. 



9. Yes 



10. a. 



b. 



c. 



.2, .h, .8 
.05, .15, .55 

.oox, .111,.. 927 



a. 



b. 



11 

1 
7 



1 since ^ = .3 




X 3 



1+50 



12, a. 



d. 



iSj.Q _ 1638 3x7x2x3x13 78 156 

-TTf-- - ^ - i ^ = — ^ ^ = 15.6 



10.5 ^105 3x5x7 
Ansver: '1^*6 miles per gallon. 



50 100 ^* 



hours 



Answer 2.88 

.60 + (7 X .07) ? .60 + .U9 = 1,09 

M + (7 X .09) = M + .63 = JL.ll 

Answer: Rosemary's was .02 pounds heavier 

2.3 X 19.8 = 45.54 Answer: ^5.54 secoilds 

50 X 1,094 = 54.7 Answer: 54.7 yards 
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1. 
2. 

• 3* 

4. 

^ 5. 



a. 3:5; b. 1:2; c. 3:2; d. 4:7; 

a, 10:20 = 1:2; b, 2:4 = 1:2 . , 

a. 10:4 = 5:2; b, 4:10 := 2:5 * 

c. 4:8 = 1:2; d. 8:4 = 2:1 



e. 



8:10 





l6:h 


8:2 


20:5 


36:9 


100:^ 


12:3 


2h:6 


32:8 


1+0:10 





6. 
•7. 
4 



550 
200; 



a. 


b. 


c. - 


kt8 


10:4 


6:10 


1:2 


30:12 


12:20 


8:16 


5:2 


18:50' 


16:32 


- 20: S 


30:50 


2:k 


50:20 


24:40 


12:2k 


60:24 


48:80 


2h:kQ 


100:40 


60:100 


20:liO 


40: 16 




36:72 


80:32 


36:60 


32:61i' 


1000:400 


42:70 


3:6 


15:6 


3:5 




25:10 


9:15 


22 ; 1 ; 


80 






!*5l 

Hi 
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1, a. A BAD = A DCB 

A BGC =.A DGC 
c. AABC=AFED AAFC=AIXJF 
A AB^ = A CBD = A- CDB 

e. A ABH = A CDB = A EFD = A GHF ' , 

f . A ABE = A CBE = CDE = A ADE; A ABD = A CBD; 

V 

Z ABC = Z E = Z PQS = Z 2YV ana possibly Z D 



A ABC = ' A ADC 



2. 
3- 



AB = PQ, BC ^ .OR, AC ^= PR' 
ZA=ZP, ZB=/Q, ZC=ZR 

U. Yes. A XYZ = A MNL 

5. Not necessarily. 



6. m(PQ) = 5; . m(z PQR) = ^2 





7. 


a. 


Yes 








b. 


No 






8. 


a. 


m(zAO = 


^'30, 


m(ZB« ) = 75 




b. 


m(At»") 


= 8 






c* 


m(B*cSj 


= 15 


mCA'B*) is unknown 




d. 


m(AC) = 


8 


m(BC) is unknown 


9. 


a 


and i 








d 


and h 








f 


and m 






10. 


a. 


m(^) = 


9, 


m(3C2) = 15 




b. 


in(AC) = 


20, 


m(3C2) = ^ 



11. 

12. 



17 

.T 



inches 



inches 



a. S miles 

b. hk^ miles 
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1. Triangular pyramid 

2. Rectangxilax prism 

3. Quadrangular pyramid 



U52 44'"' 




5- 
6. 

7. 
8. 

9. 
10. 



11. 



12. 



Rectangular prism 

Sphere 

Right prism 

Right triangular prism 

Right cylinder* 

Cone 



1. 


a. 


A iCD; b. 


AB; c* A 




a. 


A»B»C»D'; 


b, AAT; c 


3- 


a. 


QRST; 


PQ; Q,; 


k. 


a. 






5- 




0; e. OP 


; h, ?F 


6. 


a. 


ABODE; b. 


AB; c, C 


7- 


a. 


A ABC; b. 


AD; c, B 


8. 


a. 


circle ABC; 


BD 


9- 


e. 


circle 0; . 


c* A; f. 



g' 

A; 

g* 

W; 



A ABC 
AF; 
A PQB 



f. DD'; ^ g. 
AD; g. 



g. DCC'D« 
g. WZZ'W 
>CBB»C». 

/bcfe 



vc 



Circle -of latitude is circle PQR. 
Circle of longitude is circle f}ps. 
^ POD measures latitude of P. 
/ PI^ measures longitude of P. 




Chapter 27 



1. a 

2. b 



3. a 

The triangle 



(The aboveZare exarap/les. Other 
answers are possible) 
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5. a. 7 

31' 

c. 7, 31 • 
d. 

6. a. 1*9. 

b. 91 

c. If9, 91 

d. ii2 

e. lo| . . ^ 

7. a. A = 5 X 10. Ahswer: 50 square feet 

b. A = (2 X 2) + (3 X 2) = ao. Answer: 10 square inches 

c. A=ix 60 X75 = 2250. Answer: • 2^, square feet 

d. A = (| X 26 X 1*8) + (| X 26 X 21*) = (13 X 1*8) + (13 X 21*) 

= 13 X 72 = 936. . Answer: 93^ square feet ^ 

8. A = 183 X 21*9 = **5,567 Answer: 1*5,5^7 square inches 
Compare the answer to that of Problem 9. 

* Answer: square feet 

9. length, 21 feet; width, I5 feet; area, 3I5 square feet 
The unit being larger, the measure of area is less accurate. 

10. ^ Estimate of area = II6 square units 
Estimate of C = 37.5 units 
Estimate of d = 12 units ^ 
Estimate of r = 6 units 

A=ixCXr = 3X 37.5 = 

Estimte of area fn the drawing is 3.5 units larger than the area 
coE)?)Uted frc u.. r.^^es of radius and circumference. This is surprising- 
ly accurate. 

U. C = 3t X d = 3.11* X I1.2 = 13.188 

A=3txrxr = 3-1^ X 2.1 X 2.1 = 13.81*7^ 
Answer: circumference is I3.2 inches 
area is I3.85 square inches 

12. A=jtXrXr = 3.11* x \\\ = l*52.l6 Answer: area is 1*52 square 

feet 



1*5^ 
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Chapter 28 * 



1. multiplied by two 

2. multiplied by four 

3. miatiplled by eight 

k. Yes, because in a right prism the lateral edge is perpendicular, to 
the base* 

5. No, sinc'e an edge is not perpendicular to the base as arfvaltitude 
must be . > • . , ^ 

6. Too large 

7. It is multiplied by two. 
8; It is multiplied by eight. 
9# It is multiplied by two, 

10. It is multiplied by fdur. 

11. V = A X h = (| X r X C) .X h = (i X 6 X 19) X 12 = 57 X 12 
V = 684 'Answer: 68if cubic inches 

12. V = ixAxh=ix68if Answer: 228. cubic inches 

2 

13. V = - X 684 = 1+56 Answer: I+56 cubic inches 

14. Surface area of cylinder = ('2 x A) + (C x h) = 2 x (i x r X C) + (C x h) 

= (6 X 19) + (19 X 12) 
= 19 X (6 + 12) = 19 X 18 
= 342 

Answer: 342 square inches 
Surface area of sphere =CX2Xr=l9xl2= 228 

Answer: 228 square inches 

15 • a. £ is 3 inches 

y = |x;rX3X3x3 = 36jt=36x^ = ^ 

V = 113. Answer: Volume is II3 cubic inches 
A=4x;rX3X3 = 36jt=113 Answer: Area is II3 square 

* — -V inches 

b. r is 4000 miles ^ • 

V = ^ X ;r X 4000 X 4000 x 4000 

A = 4 X ;r X 4000 X 4000. Ilie appropriate value of ;r depends 
on whether 4000 is a measure of r to the nearest mile or 
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whether it is to the nearest 10 miles or 100 miles or 
1000 -miles. Talking it to be to the nearest 100 miles means 
two figure accuracy on r and we can use 3 ♦1^2 as an approx- 
imation to n. This gives V ^ 258,116,000,000 and 
A = 201,090,000. Ihe radius of the earth is about UOOO miles. 
Its surface area is, therefore, about 201,090,000 square miles 
and its volume about ^8,116,000,000 cubic miles, 
r ~ #01 inch 

k ' , ^ X n X .000001 

V = ^ X n X .01 X .01 X .01 = ' — ^ 

V = .00000^* Answer: ♦OOOOOU cubic inches 
A = U X it X ,01 X .01 = n X .OOOit = .0013 

Answer: ♦0013 square inches 

Chapter 29 



1. a. 


^3<^5 


f. 


^79 > ^ **21 


b. 
c. 


-12 -U 

17 ^ 5 
-8 ^ 
3< IT 


6- 
h. 


^89 < -"95 
-26 = -26 


d. 


^1 > "19 


i. 


-3 <i2 
7 12 


e. 


'16 > "32 


J. 


0 > "7 


2. a. 


"9 


d. 


-17 

3 


"b. 


"7 


e* 


6 


c. 


k 


f. 


7 


3. a. 


2 to 6 


d. 


• ^5 to "3 


b. 


"^8 to '1 


e. 


"U to "8 


c. 


"6 to 0 






U. a. 


"7 


e. 






+22 


f. 


^1 


c. 


'2 




'l 


d. 


"5 


h. 






1I56 



5* 


a. 


"23 




e* 








•24 




f. 


'9 




c. 






6* 


+ 

3 




d. 


"16 


V 

/ 


h. 


'3 


6. 


a. 


True 




d. 


True 




b. 


True . 




e* 


False 




c. 


False 






True 


?• 


a. 


positive 






positive 




b. 


xiegative 




e. 


positi'^ 


8. 


c. 
a* 


negative 


'1+ + 


f. 


negative 




b. 


"6 + -12 f 






V. '6 



3 + 11= 11+ 3 = 14 



'9 

10 + '5 



= 8 + '13 = ^5 

= '9 + "6 = :i5 
- + + 
= 5 + 10 = 5 



d. 


'•7 + *16 = 


= "16 


+ "7 


= '23 


,h\ 


"^32 + '19 




'19 + ^32 


9* a. 


'3 + "6 = 


'6 + 


'3 




\ 
e. 


"^7 + "2 < 




+ ^2 


b. 


3 + 6 < 


'3 + 


"6 




f. 


'''2 + "7 = 


"7 


+ ^2 


c* 


"6 . ^3 > 


'6 + 


"3 




6* 


"2 + '7 = 


"2 


+ '7 


d. 


-6 . ^3 = 


^3- 


"6 




•h. 


'2 + ^7 > 


'7 


+ ^2 


10« a* 


True 






e. 


False 








b* 


True 






f. 


False 








c* 


False 






&• 


False 








d. 


False 






h. 


True 









13 



11. a. 
b. 
c* 
d. 



12 



2 
5 
1 



1 

12. a. 

d. 0 



e. 
f. 

h. 
e. 

f * 

h. 



'36 
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Chapter 30 



!• a, ' ' f. ^ V2 



9 - ^ 



2. Irrational 
1 ^ 

3, = — It is irrational, 
V2 ^ ^ 

-'t. Yes, since ^ X ^ ^ = ^ = 1 

3 33 

5, lib. /2 X v^'^ 2 

d\ a, "v^ d, + 

8, Irrational as is any r«on-repeatin^^ decimal, 
^, Irrational ac is any non-repeating decimaj , 

10, ^ If r is a non-zero rational and s is aii irrational and r X s - t 

then must be irration«.l. 

It' t were rational, then since s - l ♦ r, s would have to be 
rational because the rational numbers are closed under division by 
an>' non-zero number. But c is given to be irrational, so 
must be irrational, 

11, l^ic ar.cv/cT ir "no", rt is irrational. See 10 above, 

1<^, A = rr X r X r - ^ x Eut cy Exercise 11 ihe product ol' the 
rational numter ^ ly the irrational nunber jt is irrational. 
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GLOSSARY 



Mathematical tenns and expressions are frequently used with different 
meanings and connotations in the different fields or levels of mathematics. 
The following glossary exp.ains some of the mathematical words and phrases 
as they are used in this book. Tl- ?se are not intended to.be formal • 
definitions, ^tore eJcplanat'ions as well 'as figures and examples may be 
found in. the book by reference through the index. 

A 

ADDITION. An operation on two numbers called the addends to obtain a 
third ntunber called the sum. 

ALGORITHM (ALGORISM). A numerical process that ma> be applied to obtain 
the solution of a problem. 

AIIGLE. The union of two rays which have the same endpoint but which do 
not lie in the same line. 

ARC. A part of a circle determined by two points on the circle. 

AREA. A numerical measure in terms of a specified unit which is assigned 
to a surface or a plan^ region. Note that both number and unit must 
be given, as 3O square feet.^ 

ARRAY. An orderly arrangement of rows and columns \^ich may be used as 
a physical model to interpret multiplication of whole numbers. 

ASSOCIATIVE PROPERTY OF ADDITION. When thxee numbers are added in a * 

stated order the stun is independent of the grouping, i.e. ' 
(a + b) + c = a + (b f c). ' 

ASSOCIATIVE PROPERTY OF I^TIPLICATION. When three numbers are multiplied 
in ,a stated order the product is independent of the grouping, i.e. , 
(a X b) X c = a X (b X c). 

AXIOM (Syn. P0S1ULATE) . A statement which is accepted without proof. 

B 

BASE (of a numeration system). The number used in the fundamental 
grouping. Thus 10 is the base of the decimal system and 2 is 
the base of the binary system. 

BASE (of a geometric figure;. A particular side or .ace of a geometric 
figure . 
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BINARY NUMERATION SYSTEM. A numeration system whose base is two. 



BUJARY OPERATION. An operation applied to a pair of numbers, 

BIS£.CT» To divide a segment or an angle into two congruent parts. 

BRACES { ]. Symbols used in this book exclusively to indicate sets of 
objects. The members of the set are libtea or .^ecified within 
the braces, 

BRACKETS [ ] . Symbols used to indicate that the enclosed numerals or 
symbols belong together. 

BROKEN LINE CURVE. A curve formed from segments joined end to end but 
not forming a straight line. 

C 

CIRCLE, The set of all points in a plane which are the same distance 
from a given point. Alternatively, a simple closed curve having 
a point 0 in its interior and such that if A and B are any 
two pointy of the circle OA = OB. 

CIRCULAR REGION. The union of a circle and its interior. 

CI/DSED CURVE. A curve which has no en'^points; i.e., in drawing a 
representation the starting and end points are the same. 

CUDSURE. An operation in a set has the property of closur- il .he result 
of the operation on members of the set is a member of the set. Thus 
addition and multiplication have closure in the set of whole numbers 
but subtraction and division do not. Divi<?ion has closure in the 
set of positive rational numbers and subtraction has closure in the 
set of all rational numbers, 

COMMON DENOMINATOR, A common multiple of the denominators of tvo or 
more fractions, 

COMMUTATIVE PROPERTY. An operation is commutative if the result of wA'..^ 
it with the ordered pair (a,b) is the same as -with (b,a), 

CO-trOSITE NUMBER, A whole number greater than ^1 vhich is not a prime 
number, 

CO!^E» A cone is a set of points with a base which is a surface consisting 
of a plane region bounded by a simple closed curve, a point called 
the vertex not in the plane of the base, and all the* line segments with 
one endpoint the vertex arid the other any point in the given curve. 

CONGRUENCE. The relationship between two geometric figiares which have 
exactly the same size and shppe. 

CONVEX POLYGON. A polygon whose interior is in the interior of each of 
its angles. 
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CORRESPONDING ANGLES. Pairs of angles whose vertices are paired in a 
1-1 pairing of the vertices of two polygons. 

CORRESPONDHIG SIDES. Pairs of sides whose endpoints are paired in a 
1-1 pairing of the vertices of two polygons. 

COUNTING NUMBERS. Whole numbers with the exception of zero. 

CUBE. A prism with squai-e bases and square lateral faces. 

CURVE. A set of all those points which lie on a particular path from 
A to B. 

CYLIOTER. A surface with bases which are congruent simple closed curves 

lying in parallel planes and with a lateral surface Lade up of parallel 
segments whose endpoints are in the curves. 

4 

D 

DECAGON. A polygon with ten sides. 

DECir-^AL. A numeral written in the extended decimal place value system. 

DECIMAL PLACE VALUE SYSTEM. A place value numeration system with ten as 
the base for grouping. ^ 

DECIMAL POINT. A dot written to indicate the units position in a decimal. 

DEGP^. The DOst common unit for numerical measure of angles. The symbol 
for a degree is 

DETJSE. A property of the sets of rational and real nianbers. The rational 
(real) numbers are dense because between any two rational (real) 
numbers there is a third rational (real) nmber. 

DIAMETER OF A CIRCLE. A line segment which contains the center of the 
circle and whose endpoints lie on the circle. 

DIAf^ETER OF A SPHERE. A line segment which contains the center of tl:e 
sphere and whose endpoints lie on the sphere. 

DISJOINT SETS. Two or more sets which have no members in common. 

DISTRIBUTIVE PROPERTY. A joint property of multiplication and addition. 
This property says that multiplication is distributive over addition 
which means that ax (b + c) = (a x b) + (axe). 

DIVISION. An operation on two numbers a and b such that a ♦ b = n 
if and only if n x b = a . 

E 

EDGE. The intersection of two polygonal regions which are faces of the 
surface of a solid. 
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ELEMENT OF A SET. An object in a set; a member of a set. 

.ELEMENT OF A CONE. Any segment from the vertex to a point in the 
boundary of the base. 

ELEMENT OF A CYIINDE? (PRISM) . Any segment connectirig corresponding 
points in the boundaries of the bases. 

ELLIPSE, Cne of the cur\'es determined by the intersection of the lateral 
surface of a cone with a plsme. 

EMPTY SET. The set which has no members. 

EQUAL, symbol A = B means that A and B are two different names 

for the same object. For example, 5 - 2 = 3 J and A = B where 
A = {x, y, z) and B = [z, x, y) . 

EQUIVALENCE. A relationship existing between different numerals that 
name the same number. 

EXPANDED FORM. 532 written as x (10 x 10]) + (3 x 10) + (2x1) 
is said to be written in expanded form. 

EXTE^;DED BLCllAPiL PLACE VALUE SYSTE^.. A decimal place value system 

extended so that places to the right of the decimal point indicate 
tenths, hundredths, thousandths, etc. 

F 

FACTOR, Any of the niftnbers to be multiplied to form a product. 

FRACTION, Any expression of the form ^ where x and y represent 
any numbers, 

G 

GREATER THATi, FOR NUT^IBERS. a is greater than b if a-b isa 
positive number. It is written a > b. 

GREATEST COMJ'CN FACTOR, The largest whole number which is a factor of 
two or more given whole humbers. 

H 

HALF- LINE. A line separated by a point results in two half- lines, 
neither of which contains the point. 

HALF-PL^, A plane separated by a line results in two half-planes, 
neither of \^ich contains the line. 

HALF-SPACE, Space separated b> a plane results in two half spaces, 
neither of which contains the plane. 

HEXAGON. A polygon with six sides. 
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HYPERBOLIC ARC. One of the curves determined by the intersection of a 
plane with the lateral surface of a cone. 



IDENTITY EIEMSNT. For addition, is that number 0 such that 

0 + a = ,<i + 0 = a; for multiplication, is that number 1 such that 
axl=lxa=a. 

IIiTH}ER. An;^- ;mole number or its opposite. 

IM'ERIO? 0? A PLAIiT GBOMETFIC Fld^i^E. One of the sets of points into 
which the figure separates the plar.e in which it lies. 

iriTERIOR OF A SOLID GEOMETRIC Fia^^E. One of the sets of poirrts into 
which the figure separates the space in which.it lies. ' 

IKTERSECTIOK. The set of points common to two or more sets of points. 

INVERSE OPERATICNS, T-^'o operations such that one "undoes" what the 
other one "does." 

IPFsATICNAL Mj?-3E?. Any number which cannot be expressed in the form - 
where a is ar. integer and b is a counting number, i.e. , an^ real 
namber that is not a rational number. 

J 

JOII;. The union of* two disjoint sets. 



LATEPAl SUPF.ACE, The surface of a prism, pyramid, cylin-ier or cor.e. 
exclusive of the bases. 

LATITUDE. A line or circle of latitude is the intersection of the surface 
of the earth with a plane perpendicular to the line from the north 
to the south pole. .Also a number assigned to s'^ch a lir.e. 

LEAST CONC-IDN MJLIIPLE, Tne smallest non-zero whole member which is a 
multiple of each of two given whole numbers. 

LENGTH OF A LllJE SEOMSri. A numerical measure in terms of a specified 
unit which is assigned to the segment. Note thai? both number and 
unit must be given, as 3 feet or - miles, etc. 

LESS THATi, FOR NV^IBERS. a is less than b if b . a is a positive 
number. It is written a < b. 

LESS Tim, FOR 8ETS. "A is less thar. 3" means that in pairing elements 
of A with those of 3, there are elements of B left over after 
all the elements of A have been paired. 

LINL (SITlAIGhT LHiE) . A particular set of points. InformaJl:. it can 
be thought as the extension of a line segment. 
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LINE SEGNENT. A special case of the curves between two points. It may 
be represented by a string stretched tautly between its two, endpoints. 



LONGITUDE. A line of longitude is the line^ of intersection of the surface 
of the earth with a plane passing through the north and south poles. 
Also the number assigned to such a line.' 

M 

MATCH. Two sets 'match each other if their meiubers can be put in one-to- 
one correspondence. 
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jvEASURE. nuAber assigned to a geometric figure indicating its size 
J with rejpeqt to a specific unit. * 

ICASURE, fny^OR OF. Difference between an indicated measure of 'length 

(area, volume) and the number which is e^proximated better and better 
as the unit of measure becomes smaller and smaller. 

ME^BER OF A SET. An object in a sex. ^ 

.MERIDIAN. Technical name for line of longitude. 

METRIC SYSTEM. A decimal system of measure with the meter as the 
standard unit of length. 

M)RE lliAN, FOR SETS. A is more than B if B is less than A." 
See LESS THAN. 

MULTIPLE OF A WHOLE NUKiBER. A product of that number and any whole nvunber 

i-^ULTIPLICATION. An operation on. two numbers called factcrs to of^tain a 
third number called the product. 

N 

NEGATIVE RATIONAL TJUI-IBER. Any rational number less than zero. 

NON-NEGATIVE RATIONAL rJUMBER. All the positive rational numbers and zero. 

NUMBER. ' 

See Whole number ' * 

Counting number 
Rational number 
Negative rational number 
Irrational number 
Real number, 

NUMBER LITJE. A model to show numbers and their properties'. Th3 model is 
used first for the whole numbers. The markings and namec are extended 
as the number system is, extended until finally a 1-1 correspondence 
is set up between all the points, of the line an*d all the real numbers. 

NUMBER PROPERTY OF A SET. The number of elements in the set. The number 
property of set A is written N(A). 




NVMERAL. A^na£e used for a number. 

NUMERMIICN SYSTEfvI. A numeral system for naming numbers. 



^ER SENTENCE. A sentence involving numbers. 
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OCTAGON. A polygon with eight sides. 

ONE-TO-^rrii CORRESPONDENCE. A pairing between two sets A, B, which 
associates with each member of A a single member of and with 
each member of B a single member of A. 

V 

OPEN SENTENCE. A sentence "with one or more symbols that may be replaced 
by the elements of a given set. 

OPERATION. A (binary) operation is an association of an ordered pair of 
numbers with a third number. 

OPPOSITE NUMBERS. A pair of numbers whose sum is 0. 

ORDER. A property of a set of numbers which permits one to say when a 
and b are in the set whether a is "less than/' "greater than,""" 
or "equal to" b. " ; o , 

ORDERED PAIR. An ordered pair of objects is a set of tvo objects in which 
one of them is specified as being first. 



PAIRING. A correspondence between an element of one set and an element 
of another set. 

PARABOLIC ARC. The intersection of the lateral surface of a cone with a 
plane which is parallel to an element. 

PARALLEL LINES. Lines in the same plane whicb do not intersect. 

PARALLEL PLANES. Planes that do not intersect. ^ 

PARALLEIX)GRAM^ A quadrilateral \^ose opposite sides are parallel. 

PAREOTHESES ( ). J^arks to indicate grouping. 

PERCENT. Means "per' hundred, " as 3 per hundred or 3 percent. 

PERIMETER. The length of the line segment which is the union of all the 
non- overlapping line segments congruent to the sides of the polygon. 

PENTAGO?!^ A polygon with five sides. 

PMCE VALUE. The value given to a certain rosition in a numeral. 
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PLACE VALUE NUMERATION SYSTEM. A numeration system which uses the 

position or place in the numeral to indicate the value of the digit 
in that place. ^ 

PLANE. A particular set of points which can be thought of as the extension 
of a flat surface^ such as a table. 

' . \ 

PLANE CUKVE. A plane curve is a curve all points of which lie in a plane. > 

PLANE REG^IdN. The interior of any simple closed plane curve together ' 
with the curve. 

POINT. An undefined term. It may be thought of pt, ai/'exact^ location in 
space. 

POLYGON. A sin^jle closed curve which is the union o# three or more line 
segments. " t 

POSITIVE RATIONAL NUMBER. Any rational number greater than zero. 

PRIME NUMBER. Any whole number that has exactly two different factors 
(namely itself and l) . 

PRISM. A surface consisting of the folloving set of points: two 
congruent polygonal regii3ns which lie in parallel plane's; and a 
number of other plane regions which are all bounded by parallelograms. 

PROPORTION. A statement of equality between two ratios. 

PYRAMID. A surface which is a set of points consisting of a polygonal 
region called th'e base, a point called the vertex not in the same 
plane as the base, and all the triangular regions determined by 
the vertex and the sides of the base. ^ 

Q 

QUADRANGLE. A quadrilateral. 
QUADRILATERAL. A polygon with four sides. 

.R 

RADIUS OF CIRCLE. A line segment with one endpoint the center of the 
circle and the other endpoint on the circle. 

RADIUS OF SPHERE. A line segment with one endpoint the center of the 
sphere and the other endpoint on the sphere. 

RATE. A special kind of ratio wit^ the comparison usually between two 
quantities of different types. Thus postage rates are cents per 
ounce; speed may be miles per hour, etc. 

RATIO. A relationship a:b between an ordered pair of numbers a and 
b where b 0. The ratio may be also expressed by the fraction r^. 
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RATIONAL NUMBER* In Chapters l8-23 a number which can be written in the 

form ^ where a is a whole number and b is a counting number* 

In Chapters 29 and 3O such a number is called a positive rational 
number if it is not equal to zero. Rational numbers are then all 
the above numbers along with the? r opposites* 

RAY, a5. The union of a point A and all those points of the line AB 
on the same side of A as B, 

REAL NUMBERS. The union of the set of rational numbers and the set of 
irrational numbers, 

RECIPROCALS. Any pair of numbers whose product is 1, 

RECTANGLE, A parallelogram with four right angles. 

RECTANGULAR PRISM. A right prism whose base is a rectangle. 

REGION. *See PLANE REGION and SOLID REGION. 

REGROUPING. A word used to replace the words "carrying" and "borrowing." 

«» 

r 

REMAINDER SET, If B is a subset of A a new set A ~ B is the 
remainder set. It consis1?s of all the elements of A which are 
not elements of B, 



S.CALE, A scale is a number line with the segment xrom 0 to 1 
congruent to the unit being used. 

SEGMENT. See LINE SEGMENT. 

SEPARATE, To divide a given set of points such as a line, plane, sphere, 
space, etc. into disjoint subsets by use of another subset such as a 
point, line, circle, plane, etc, 

SET, A set is any collection of things listed or specified well enough 
so that one can say exactly whether a certain thing does or does not 
belong to it, 4 

SIMPLE Cl/)pED CURffi^ A plane closed curve which does not intersect itself. 



SIMILAR, A relationship between two geometric figures which have the 
same shape but not necessarily the same size. 

SKEW, Two lines which do not intersect and are not parallel. 

SOLID REGION, All the points of the interior of a closed surface 
together with the points of the surface, 

SOLUTION SET, The set of all numbers which make an open number sentence 
true, 

SPACE. The set of all points. 
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SPHERE. The set of all points in space which are at the same distance 
from a given fixed point. Alternatively, a simple closed surface 
having a point 0 in its interior and such that if A and B are 
any two points in the surface OA " OB. 

SUBSCKIPr. A sy.^bol written at the lower right of another s>^nbol. 

SUBSEi. Giver, two sots A and B, B Is a subset of ^ if every 
niunber of B is also a mem' er of A. 

SUBTRACTION. The operation a - b such that a b = n if n + b = a 

SUPERSCRIPT. A s^Tnbol written at the upper left or right of another 
symbol. 

SURt'ACE AREA. The total area of the surface of a solid. 

SURFACE OF A SOLID. A closed surface; loosely, the "skin" of the solid 

T 

TALLY. A mark made to record each successive member of a set. 

THEOREM. A statement provable on the basis of previously proved or 
assumed statements. 

TRIANGLE. A polygon with three sides. 

U 

UNION (OF SETS A AND B) . The set which has as its members all the 
members of A and also all the members of and no other members 

UNIQUE. An adjective meaning one and or.ly one. 

V 

VERTEX (pi. VERTICES). 

of an angle: the common endpoint of its two ray^s. 

of a polygon: the common endpoint of two segments* 

of a prism or pyramid: the common endpoint of three or more edges. 

Volume. a numerical measure in terms of a specified unit which is 

assigned to a solid region. Note that Doth number and unit must be 
' given ; as 3 cubic feet. 

W 

WHCftiE NUMBER. 'The common propert;> associated with a set of matched set 



ZERO. The number associated with the empty set. 
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MATHEMAnCAL SYMBOLS USED IN THIS TEXT 

+ plus; add; also used as a superscript, e*g*, "*"3 for "positive thi^e" 

minus; subtract; also used as a superscript, e.g., "3 for "negative three" 
+ plus or ninus 
X multiply 

♦ divide • 
/~ division 

square root 

^ fraction, rational number; ratio; divide 

angle • { 

A triangle 

AB line segment 

•23 a repeating decimal 

AB arc 

= is equal to 

= is congruent to 

< is less than 

< is less than or 'equal to 

> is greater than 

> is greater than or equal to 
^ is not equal to 
B B bar 
U join or union 
A' A prime 

^ • pi (jr = 3-1^159 ...) 
t^* line 
aS ray 

N(A) number property of set A 

wiggle, removal of one set from another 
{ ) curly braces " ^ 
( ) parentheses 
[ ] 'brackets 
• a:b ratio 
m(AB) measure of a line segment 
(ZABC)* measure of an angle 
10° 30 degrees 
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addition 

of decimals, 298 

of rational numbers, 2kk, 393 

of whole numbers, kk 
algorithm, 113 X 
angle, 161 

applications, kl9 ! 
arc, 180 
area, 355, 36o 

of a circle, 365 

of a parallelogram, 363 

of a rectangle, 36I 

of a triangle, 363 

of plane regions, 35^ 
array, 78 ^ 

associative property, U5, 82, 2li9, 

263 
axiom, 139 



of a numeration system, 31, ^1 

of solid figures, 3*^1 
bisect, 172 
braces, 2 
brackets, 32 
broken-line curve, I58 



cancel, 268 

circle, 198 

circular region, 180 

closed curve, 158 

closure, k6, 79, 9^+, 263, 283 

commutative property, U5, 81, 2U9, 

263 n 
composite number, 205 
computational, 203, ^19 
conceptual, 203, ^19 
cone, 3^6 
congruence, 327 

of angles, 173 

of circles, 328 

of rectangles, 329 

of segments, 170 

of triangles, 330 ^ 
convex polygon, 175 
corresponding points, 225 
counting numbers, Ik 
X cross products, 236 
cube, 3^^ 
curve, lUl 
cylinder, 3^6 



decagon, 160 

decimal notation, 293 

decimal place, 29k , 

decimal place value system, 31 

decimal point, 29U 

decimals, 293 

degree, 197 

denominator, 22k 

dense, 237, ^^03, ^+10 

diameter 

of a circle, i8o * 

of a sphere, 350 
disjoint sets, kk 

distributive property, 8U, 99, 107, 

109, 263 
dividend, 9^ 
division ^ 

of decimals, 301 

of rational numbers, 275, 279, ^03 
of whole numbers, 93, 95, 103 
divisor, 9^ 



edge, 3^3 

equal, symbol =,22 
element 

of a cone, 3^7 

of a cylinder, 3^6 

of a set, 2 
ellipse, 3^8 
empty set, 2, 12, ^^5 
equivalent decimals, 296 
equivalent fractions, 229, 260 
Eratosthenes Sieve, 205 
expanded form, 67, 71 
extended decimal place value system, 

29k 

exterior, l62 



factor, 79, 203 

factoring, 206 

factorization, 2o6 

fraction, 22U, 282 

fraction form, 2S5 

Fundamental Iheorem of Arithmetic 

(syn. : Unique Factorization 

theorem), 206 



geometry, 139 

greater than, -for nximbers, 16 
greatest common factor, 208, 232 
grouping, 23, 2k, 28. 31' 



half -line, 155 
half.plane, 155 
half. spaces, l^k 
hexagon, 160 
hyperbola, 3^8 



number sentence, 15, 127 
numeral, 21 

nuiceration system, 21, 33 , ^3 
nunterator, 224 



identity element, U7, 83, 26 j 

inequalities, 129 

interior, 162 

intersection, 1^7, 153 

inverse operations, 55, 93, 252, 266 

irmional number, iill 

irrational point, 411 



Join, kk 



octagon, 160 

one-to-oi)e correspondence, 57, 310 

open sentence, 127 

operation, hk, 132 

opposite number, 398, hOl 

order 

of decimals, 296 

of rational- numbers, 233, 396 

of whole numbers, I3, 21 

ordered pair, 78 



lateral face, 3^2 
latitude, 35O 

least common denominator, 235 
least common multiple, 211, 235 
lengthy 170 
less than 

for numbers, 16 

for sets,, 6, 16 
line, lj;2 
l^e segment, lk2 
longitude, 350 



match, 6 
measure 

error of, 188 

estimate, 188 

of a segment, I85 

of an angle, 195 

of tirae, 198 

standard units, 189 * 
meridian, 351 

metric properties of figures, 169 

metric system, 190 

Mbebius band, 166 

more than, for sets, 16 

multiples, 205 

multiplication 

of deciijials, 299 

of negative rationals, 399, 401 

of rational numbers, 257 , 26l 

of whole numbers, 79 

negatl^ve rational numbers, 389 
non-repeating c'ecimal, klk 
number, 1, 12 

number line, 15, 47, 62, 1^, 223, 

237, 249, 260, 276, 391 1 
number property, 11, 13, 21, 46, 53 



pairing, 5 

parabola, 348 

parallel, 153 

parentheses, 32 

path, 141 

pentagon, 160 

percent, 32I 

perimeter, 193 

place v^lue, 25, 27, 28, 4l 

place value numeration system, 31 

plane, l45 

plane curve, 157 

point, 139 

polygon, 160 

powers of ten, 293 

prime factorization, 206 

prime number, 204 

prism, 343 

product, 78, 203 

proof, 264 

proportion, 320 

protractor, 198 

pyramid, 342 



quadrilateral, 16O 

classification of, 198 
quotient, 94 



radius, 179 
rate, 319r321 
ratio, 317 

rational number, 219, 224 
ray, 144 

real numbers, 409, 4l5 
reciprocal, 263, 267, 277 
rectangular grid, 372 
region, 160 
regrouping, 67, 252 
remainder, 94 
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remainder set, 55, 72 2erd, 12, 26, 27, U?, 97 

repeated subtraction, llU, 257 
repeating decimal, 308, klU 
right angle, 17^ 



scale, 191 
separation, 15 
set, 1, 2, 5 
signed numbers, 390 
similarity, 327 

of rectangles, 33^ 

of triangles, 33** 
simple closed surface, 3U2 
skew 153 

solid region, 3**3, 372 

solution set, 132 

space, ihl 
, sphere, 3U9 

square root, U13 

subscript, 32 

subset, 53^ 72 

subtraction 

of decimals, 299' 

of rational numbers, 250, 397 

of whole n»:imbers, 53, 55, 59 > 70 

s\Jim, 70 

superscript, 38^ 
surface area, 3^2 
symbol, 21 



•tall5', 21, 23, 2k, 25 
terminating decimals, 307, ^1** 
theorem, 139 
triangle, I60 

classification of, 176 



union, hh 
unique, 11 



vertex, I6I, 3^^ 
voluiae, 372 

of a cone, 381 

of a pyramid, 38I 

of a rectangular prism, 37^, 377 

of a si^ere, 38I 

of a triangular prism, 37Y 

of any cylinder, 380^ 

of any right prism, 378 



whole number, 13 
"wigglfe", 55 
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